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Preface to the Fourth Edition 


After almost two decades since the appearance of the third edition of this book, it 
is time for a new revision of the text. While the original structure and selection of 
material proved to be reasonable and can be preserved, the progress in research and 
education asked for additions, improvements, polishing, and—unfortunately—error 
corrections. Apparently, many people read and actually used the previous editions. 
Moreover, by an agreement between Springer and Science Press (Beijing), a Chinese 
translation has been published in 2010 that remained until now the most up-to-date 
version. 

As before, the book structure has been kept intact. Most of the changes reflect 
recent theoretical and software developments in which the author was involved. 
Hopefully, the book will remain readable for students and applied researchers with 
a moderate mathematical background. Major changes in the fourth edition can be 
summarized as follows. 

Chapter |. Introduction to Dynamical Systems. Appendix A is added that 
discusses the general properties of orbits in planar autonomous ODEs, including 
proofs of the classical Poinaré-Bendixson Theorem and Bendixson-Dulac Criterion. 
While this material is treated in many standard textbooks, a brief summary of the 
main ideas is included here for completeness. Another new Appendix C is added that 
introduces an important class of infinite-dimensional dynamical systems, i.e., DDEs 
(ordinary differential equations with finite time delays). Such equations describe 
many important natural and industrial processes and appear, e.g., in the mathematical 
modeling of epidemics or lasers with optical feedback. It is explained why such 
systems have infinite-dimensional phase spaces, and how to determine the stability 
of their equilibria. 

Chapter 2. Topological Equivalence, Bifurcations, and Structural Stability 
of Dynamical Systems. More results on the topological equivalence of scalar maps 
are given, including a condition for the equivalence of strictly increasing maps, with 
a proof based on the fundamental domains. This result is then used several times in 
the other chapters. 

Chapter 3. One-Parameter Bifurcations of Equilibria in Continuous-Time 
Dynamical Systems. The construction of the local conjugating homeomorphism for 
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the Andronov-Hopf bifurcation in Appendix A is revised and is now based on the 
local topological equivalence of the corresponding Poincaré maps. A proof of the 
uniqueness of the bifurcating cycle at this bifurcation using the Bendixson-Dulac 
Criterion is added as a new Exercise. 

Chapter 4. One-Parameter Bifurcations of Fixed Points in Discrete-Time 
Dynamical Systems. Recent elementary proofs of the local topological equivalence 
of the normal forms for the fold and the period-doubling bifurcations of maps to their 
perturbations are included. In particular, the new Appendix A presents a detailed 
proof for the period-doubling case. The proof in Appendix B of the appearance of a 
closed invariant curve via the Neimark-Sacker bifurcation is considerably improved 
so that the uniqueness of the invariant curve in a non-shrinking neighborhood of the 
bifurcating fixed point is now demonstrated. 

Chapter 5. Bifurcations of Equilibria and Periodic Orbits in n-Dimensional 
Dynamical Systems. The section on the computation of center manifolds for codim 
1 bifurcations of ODEs and maps is completely rewritten. Here, the homological 
equation technique for the simultaneous center manifold reduction and normalization 
on the center manifold is introduced and applied for both ODEs and iterated maps. 
This simplified the presentation. Moreover, a similar approach due to G. Iooss is 
used in the new Appendix A to derive explicit formulas for the coefficients of the 
critical normal forms on the periodic center manifolds near codim | limit cycles. 
Thus, two approaches are used now for the analysis of bifurcations of limit cycles: 
The center manifold reduction for Poincaré maps and a more recent one, based 
on the center manifold reduction near the cycle in the original ODE system, that 
completely avoids full Poincaré maps. Appendix B on (Andronov-)Hopf bifurcation 
in reaction-diffusion systems is modified accordingly, while another Appendix C on 
Hopf bifurcation in DDEs is added. 

Chapter 6. Bifurcations of Orbits Homoclinic and Heteroclinic to Hyper- 
bolic Equilibria. While the majority of the material is kept intact, some small 
improvements have been introduced and the bibliographical notes are extended. 

Chapter 7. Other One-Parameter Bifurcations in Continuous-Time Dynam- 
ical Systems. Here, only minor misprints are corrected and some basic references 
on quasi-periodic bifurcations are added. 

Chapter 8. Two-Parameter Bifurcations of Equilibria in Continuous-Time 
Dynamical Systems. The derivation of the smooth orbital normal form for the 
Bogdanov-Takens bifurcation in planar ODEs is rectified. 

Chapter 9. Two-Parameter Bifurcations of Fixed Points in Discrete-Time 
Dynamical Systems. New sections presenting recent results on codim 2 bifurcations 
of fixed points with three- and four-dimensional center manifolds, i.e., fold-Neimark- 
Sacker, flip-Neimark-Sacker, and double Neimark-Sacker bifurcations, are added. 
These bifurcations were not treated in the previous editions. Thus, all eleven codim 2 
bifurcations of fixed points are now covered, including the computation of the critical 
normal form coefficients on the center manifolds via the homological equation. 

Chapter 10. Numerical Analysis of Bifurcations. In Appendix A, a self- 
contained proof of the quadratic local convergence of Newton’s method to a regular 
solution of a nonlinear system f(x) = 0 in R” is added. 
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Bibliographical notes in all chapters and References are updated. The text, 
including some additional material provided to students as online notes, is used 
many times in the Bachelor’s and Master’s courses on nonlinear dynamical systems 
and their numerical analysis, both at the Utrecht University and the University of 
Twente. The new approaches emerged in a joint work and numerous discussions 
with many colleagues, in particular, with O. Diekmann and H. Hanssmann (Utrecht 
University), W. Govaerts (Ghent University), S. van Gils and H. G. E. Meijer (Univer- 
sity of Twente), and E. Doedel (Concordia University). The translator C. F. Jin of 
the third edition into Chinese has found a number of unnoticed misprints in the third 
edition, which are now corrected. Other remarks and suggestions from all over the 
world have helped to improve the text. 

There is one global change in the notation that is useful to mention here: An 
element x € R” is written in one of the following equivalent forms: 


pal 


x2 
T 
(%1, @2,..., pn) = (41 L2+++ Lp) = : ’ 


which can be interpreted as an identification of R” with its tangent space. 

Let me conclude by acknowledging the constant support of my wife, Lioudmila, 
and my daughters, Elena and Ouliana. My two grandchildren also became a constant 
source of inspiration. 


Utrecht, The Netherlands Yuri A. Kuznetsov 
October 2022 


Preface to the Third Edition 


The years that have passed since the publication of the first edition of this book proved 
that the basic principles used to select and present the material made sense. The idea 
was to write a simple text that could serve as a serious introduction to the subject. Of 
course, the meaning of “simplicity” varies from person to person and from country 
to country. The word “introduction” contains even more ambiguity. To start reading 
this book, only a moderate knowledge of linear algebra and calculus is required. 
Other preliminaries, qualified as “elementary” in modern mathematics, are explicitly 
formulated in the book. These include the Fredholm Alternative for linear systems 
and the multidimensional Implicit Function Theorem. Using these very limited tools, 
a framework of notions, results, and methods is gradually built that allows one to read 
(and possibly write) scientific papers on bifurcations of nonlinear dynamical systems. 
Among other things, progress in the sciences means that mathematical results and 
methods that once were new become standard and routinely used by the research and 
development community. Hopefully, this edition of the book will contribute to this 
process. 

The book’s structure has been kept intact. Most of the changes introduced reflect 
recent theoretical and software developments in which the author was involved. 
Important changes in the third edition can be summarized as follows. A new section 
devoted to the fold-flip bifurcation for maps has appeared in Chapter 9. We derive 
there a parameter-dependent normal form for the map having at critical parameter 
values a fixed point with eigenvalues +1, approximate this normal form by a flow, 
present generic bifurcation diagrams, and discuss their relationships with the original 
map. The treatment of the strong resonance 1:1 is extended considerably along similar 
lines. 

A modern technique, due to Coullet and Spiegel, of the simultaneous center mani- 
fold reduction and normalization on the center manifold is introduced in Chapters 8 
and 9. Using this technique, explicit formulas for the normal form coefficients for 
codim 2 local bifurcations of n-dimensional ODEs and maps are derived, including 
the fold-flip bifurcation. The resulting formulas are independent of n and equally 
suitable for both symbolic and numerical evaluation in the original basis. The center 
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manifold computations for codim 1 local bifurcations in Chapter 5 were also recti- 
fied. The reader should be warned that the scaling of some coefficients differs slightly 
from that in the previous editions. 

The Hénon map now plays a prominent role in the book. It is used to illustrate 
the Smale horseshoe in Chapter 1 and the codim 1 bifurcation curves in Chapter 4. 
In Chapter 7, it is shown that this map approximates rescaled return maps defined 
near a nontransversal homoclinic orbit to a saddle limit cycle. Using these facts, we 
sketch a proof of the classical results by Gavrilov and Shil’nikov concerning the 
accumulation of folds and flips on this bifurcation. 

Following numerous suggestions, two new appendices are included. Appendix 
B to Chapter 3 gives a rather standard introduction to the theory of the Poincaré 
normal forms of ODEs near an equilibrium. This provides the reader with a uniform 
point of view on various normal form computations in the book. Appendix B to 
Chapter 10 is devoted to an elementary treatment of the bialternate matrix product. 
This product has proved to be an important tool in the numerical analysis of Hopf 
and Neimark-Sacker bifurcations but it is not considered in the standard courses on 
Linear Algebra. 

While preparing this edition, I have corrected misprints and errors found in the 
second edition. The bibliography was extended and checked against the AMS Math- 
SciNet reference database; if known, the references to English translations are added. 
All figures were revised, and in some cases relevant data were recomputed. 

I am thankful to all colleagues for comments, suggestions, and discussions that 
led to text improvements. Finally, may the constant support by my wife, Lioudmila, 
and my daughters, Elena and Ouliana, be acknowledged. 


Utrecht, The Netherlands Yuri A. Kuznetsov 
April 2004 


Preface to the Second Edition 


The favorable reaction to the first edition of this book confirmed that the publication 
of such an application-oriented text on bifurcation theory of dynamical systems 
was well timed. The selected topics indeed cover major practical issues of applying 
the bifurcation theory to finite-dimensional problems. This new edition preserves 
the structure of the first edition while updating the context to incorporate recent 
theoretical developments, in particular, new and improved numerical methods for 
bifurcation analysis. The treatment of some topics has been clarified. 

Major additions can be summarized as follows: In Chapter 3, an elementary proof 
of the topological equivalence of the original and truncated normal forms for the fold 
bifurcation is given. This makes the analysis of codimension-one equilibrium bifur- 
cations of ODEs in the book complete. This chapter also includes an example of the 
Hopf bifurcation analysis in a planar system using MAPLE, a symbolic manipulation 
software. Chapter 4 includes a detailed normal form analysis of the Neimark-Sacker 
bifurcation in the delayed logistic map. In Chapter 5, we derive explicit formulas 
for the critical normal form coefficients of all codim | bifurcations of n-dimensional 
iterated maps (i.e., fold, flip, and Neimark-Sacker bifurcations). The section on homo- 
clinic bifurcations in n-dimensional ODEs in Chapter 6 is completely rewritten and 
introduces the Melnikov integral that allows us to verify the regularity of the mani- 
fold splitting under parameter variations. Recently proved results on the existence 
of center manifolds near homoclinic bifurcations are also included. By their means 
the study of generic codim | homoclinic bifurcations in n-dimensional systems is 
reduced to that in some two-, three-, or four-dimensional systems. Two- and three- 
dimensional cases are treated in the main text, while the analysis of bifurcations in 
four-dimensional systems with a homoclinic orbit to a focus-focus is outlined in the 
new appendix. In Chapter 7, an explicit example of the “blue sky” bifurcation is 
discussed. Chapter 10, devoted to the numerical analysis of bifurcations, has been 
changed most substantially. We have introduced bordering methods to continue fold 
and Hopf bifurcations in two parameters. In this approach, the defining function 
for the bifurcation used in the minimal augmented system is computed by solving 
a bordered linear system. It allows for explicit computation of the gradient of this 
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function, contrary to the approach when determinants are used as the defining func- 
tions. The main text now includes BVP methods to continue codim | homoclinic 
bifurcations in two parameters, as well as all codim 1 limit cycle bifurcations. A 
new appendix to this chapter provides test functions to detect all codim 2 homoclinic 
bifurcations involving a single homoclinic orbit to an equilibrium. The software 
review in the last appendix to this chapter is updated to present recently developed 
programs, including AUTO97 with HomCont, DsTool, and CONTENT providing 
the information on their availability by ftp. 

A number of misprints and minor errors have been corrected while preparing 
this edition. I would like to thank many colleagues who have sent comments and 
suggestions, including E. Doedel (Concordia University, Montreal), B. Krauskopf 
(VU, Amsterdam), S. van Gils (TU Twente, Enschede), B. Sandstede (WIAS, 
Berlin), W.-J. Beyn (Bielefeld University), FS. Berezovskaya (Center for Ecological 
Problems and Forest Productivity, Moscow), E. Nikolaev and E.E. Shnoll (IMPB, 
Pushchino, Moscow Region), W. Langford (University of Guelph), O. Diekmann 
(Utrecht University), and A. Champneys (University of Bristol). 

I am thankful to my wife, Lioudmila, and to my daughters, Elena and Ouliana, 
for their understanding, support, and patience, while I was working on this book and 
developing the bifurcation software CONTENT. 

Finally, I would like to acknowledge the Research Institute for Applications of 
Computer Algebra (RIACA, Eindhoven) for the financial support of my work at CWI 
(Amsterdam) in 1995-1997. 


Amsterdam, The Netherlands Yuri A. Kuznetsov 
September 1997 


Preface to the First Edition 


During the last few years, several good textbooks on nonlinear dynamics have 
appeared for graduate students in applied mathematics. It seems, however, that the 
majority of such books are still too theoretically oriented and leave many practical 
issues unclear for people intending to apply the theory to particular research prob- 
lems. This book is designed for advanced undergraduate or graduate students in math- 
ematics who will participate in applied research. It is also addressed to professional 
researchers in physics, biology, engineering, and economics who use dynamical 
systems as modeling tools in their studies. Therefore, only a moderate mathemat- 
ical background in geometry, linear algebra, analysis, and differential equations is 
required. A brief summary of general mathematical terms and results, which are 
assumed to be known in the main text, appears at the end of the book. Whenever 
possible, only elementary mathematical tools are used. For example, we do not try 
to present normal form theory in full generality, instead developing only the portion 
of the technique sufficient for our purposes. 

The book aims to provide the student (or researcher) with both a solid basis 
in dynamical systems theory and the necessary understanding of the approaches, 
methods, results, and terminology used in the modern applied mathematics literature. 
A key theme is that of topological equivalence and codimension, or “what one may 
expect to occur in the dynamics with a given number of parameters allowed to vary.” 
Actually, the material covered is sufficient to perform quite complex bifurcation 
analysis of dynamical systems arising in applications. The book examines the basic 
topics of bifurcation theory and could be used to compose a course on nonlinear 
dynamical systems or systems theory. Certain classical results, such as Andronov- 
Hopf and homoclinic bifurcation in two-dimensional systems, are presented in great 
detail, including self-contained proofs. For more complex topics of the theory, such 
as homoclinic bifurcations in more than two dimensions and two-parameter local 
bifurcations, we try to make clear the relevant geometrical ideas behind the proofs 
but only sketch them or, sometimes, discuss and illustrate the results but give only 
references of where to find the proofs. This approach, we hope, makes the book 
readable for a wide audience and keeps it relatively short and able to be browsed. We 
also present several recent theoretical results concerning, in particular, bifurcations 
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of homoclinic orbits to nonhyperbolic equilibria and one-parameter bifurcations of 
limit cycles in systems with reflectional symmetry. These results are hardly covered 
in standard graduate-level textbooks but seem to be important in applications. 

In this book we try to provide the reader with explicit procedures for application 
of general mathematical theorems to particular research problems. Special attention 
is given to numerical implementation of the developed techniques. Several examples, 
mainly from mathematical biology, are used as illustrations. 

The present text originated in a graduate course on nonlinear systems taught by 
the author at the Politecnico di Milano in the Spring of 1991. A similar postgraduate 
course was given at the Centrum voor Wiskunde en Informatica (CWI, Amsterdam) 
in February, 1993. Many of the examples and approaches used in the book were first 
presented at the seminars held at the Research Computing Centre! of the Russian 
Academy of Sciences (Pushchino, Moscow Region). 

Let us briefly characterize the content of each chapter. 


Chapter 1. Introduction to dynamical systems. In this chapter we introduce 
basic terminology. A dynamical system is defined geometrically as a family of evolu- 
tion operators g' acting in some state space X and parametrized by continuous or 
discrete time t. Some examples, including symbolic dynamics, are presented. Orbits, 
phase portraits, and invariant sets appear before any differential equations, which are 
treated as one of the ways to define a dynamical system. The Smale horseshoe is 
used to illustrate the existence of very complex invariant sets having fractal struc- 
ture. Stability criteria for the simplest invariant sets (equilibria and periodic orbits) are 
formulated. An example of infinite-dimensional continuous-time dynamical systems 
is discussed, namely, reaction-diffusion systems. 

Chapter 2. Topological equivalence, bifurcations, and structural stability of 
dynamical systems. Two dynamical systems are called topologically equivalent if 
their phase portraits are homeomorphic. This notion is then used to define structurally 
stable systems and bifurcations. The topological classification of generic (hyperbolic) 
equilibria and fixed points of dynamical systems defined by autonomous ordinary 
differential equations (ODEs) and iterated maps is given, and the geometry of the 
phase portrait near such points is studied. A bifurcation diagram of a parameter- 
dependent system is introduced as a partitioning of its parameter space induced 
by the topological equivalence of corresponding phase portraits. We introduce the 
notion of codimension (codim for short) in a rather naive way as the number of 
conditions defining the bifurcation. Topological normal forms (universal unfoldings 
of nondegenerate parameter-dependent systems) for bifurcations are defined, and an 
example of such a normal form is demonstrated for the Hopf bifurcation. 

Chapter 3. One-parameter bifurcations of equilibria in continuous-time 
dynamical systems. Two generic codim 1 bifurcations — tangent (fold) and 
Andronov-Hopf — are studied in detail following the same general approach: (1) 
formulation of the corresponding topological normal form and analysis of its bifur- 
cations; (2) reduction of a generic parameter-dependent system to the normal form 
up to terms of a certain order; and (3) demonstration that higher-order terms do not 


' Renamed in 1992 as the Institute of Mathematical Problems of Biology (IMPB). 


Preface to the First Edition XVii 


affect the local bifurcation diagram. Step 2 (finite normalization) is performed by 
means of polynomial changes of variables with unknown coefficients that are then 
fixed at particular values to simplify the equations. Relevant normal form and nonde- 
generacy (genericity) conditions for a bifurcation appear naturally at this step. An 
example of the Hopf bifurcation in a predator-prey system is analyzed. 

Chapter 4. One-parameter bifurcations of fixed points in discrete-time 
dynamical systems. The approach formulated in Chapter 3 is applied to study 
tangent (fold), flip (period-doubling), and Hopf (Neimark-Sacker) bifurcations of 
discrete-time dynamical systems. For the Neimark-Sacker bifurcation, as is known, 
a normal form so obtained captures only the appearance of a closed invariant curve 
but does not describe the orbit structure on this curve. Feigenbaum’s universality in 
the cascade of period doublings is explained geometrically using saddle properties 
of the period-doubling map in an appropriate function space. 

Chapter 5. Bifurcations of equilibria and periodic orbits in n-dimensional 
dynamical systems. This chapter explains how the results on codim 1 bifurca- 
tions from the two previous chapters can be applied to multidimensional systems. 
A geometrical construction is presented upon which a proof of the Center Manifold 
Theorem is based. Explicit formulas are derived for the quadratic coefficients of the 
Taylor approximations to the center manifold for all codim 1 bifurcations in both 
continuous and discrete time. An example is discussed where the linear approxima- 
tion of the center manifold leads to the wrong stability analysis of an equilibrium. 
We present in detail a projection method for center manifold computation that avoids 
the transformation of the system into its eigenbasis. Using this method, we derive 
a compact formula to determine the direction of a Hopf bifurcation in multidimen- 
sional systems. Finally, we consider a reaction-diffusion system on an interval to 
illustrate the necessary modifications of the technique to handle the Hopf bifurcation 
in some infinite-dimensional systems. 

Chapter 6. Bifurcations of orbits homoclinic and heteroclinic to hyperbolic 
equilibria. This chapter is devoted to the generation of periodic orbits via homoclinic 
bifurcations. A theorem due to Andronov and Leontovich describing homoclinic 
bifurcation in planar continuous-time systems is formulated. A simple proof is given 
which uses a constructive C!-linearization of a system near its saddle point. All codim 
1 bifurcations of homoclinic orbits to saddle and saddle-focus equilibrium points in 
three-dimensional ODEs are then studied. The relevant theorems by Shil’nikov are 
formulated together with the main geometrical constructions involved in their proofs. 
The role of the orientability of invariant manifolds is emphasized. Generalizations to 
more dimensions are also discussed. An application of Shil’nikov’s results to nerve 
impulse modeling is given. 

Chapter 7. Other one-parameter bifurcations in continuous-time dynamical 
systems. This chapter treats some bifurcations of homoclinic orbits to nonhyperbolic 
equilibrium points, including the case of several homoclinic orbits to a saddle-saddle 
point, which provides one of the simplest mechanisms for the generation of an infinite 
number of periodic orbits. Bifurcations leading to a change in the rotation number 
on an invariant torus and some other global bifurcations are also reviewed. All codim 
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1 bifurcations of equilibria and limit cycles in Z2-symmetric systems are described 
together with their normal forms. 

Chapter 8. Two-parameter bifurcations of equilibria in continuous-time 
dynamical systems. One-dimensional manifolds in the direct product of phase and 
parameter spaces corresponding to the tangent and Hopf bifurcations are defined and 
used to specify all possible codim 2 bifurcations of equilibria in generic continuous- 
time systems. Topological normal forms are presented and discussed in detail for the 
cusp, Bogdanov-Takens, and generalized Andronov-Hopf (Bautin) bifurcations. An 
example of a two-parameter analysis of Bazykin’s predator-prey model is consid- 
ered in detail. Approximating symmetric normal forms for zero-Hopf and Hopf-Hopf 
bifurcations are derived and studied, and their relationship with the original problems 
is discussed. Explicit formulas for the critical normal form coefficients are given for 
the majority of the codim 2 cases. 

Chapter 9. Two-parameter bifurcations of fixed points in discrete-time 
dynamical systems. A list of all possible codim 2 bifurcations of fixed points in 
generic discrete-time systems is presented. Topological normal forms are obtained 
for the cusp and degenerate flip bifurcations with explicit formulas for their coeffi- 
cients. An approximate normal form is presented for the Neimark-Sacker bifurca- 
tion with cubic degeneracy (Chenciner bifurcation). Approximating normal forms 
are expressed in terms of continuous-time planar dynamical systems for all strong 
resonances (1:1, 1:2, 1:3, and 1:4). The Taylor coefficients of these continuous-time 
systems are explicitly given in terms of those of the maps in question. A periodically 
forced predator-prey model is used to illustrate resonant phenomena. 

Chapter 10. Numerical analysis of bifurcations. This final chapter deals with 
numerical analysis of bifurcations, which in most cases is the only tool to attack real 
problems. Numerical procedures are presented for the location and stability anal- 
ysis of equilibria and the local approximation of their invariant manifolds as well as 
methods for the location of limit cycles (including orthogonal collocation). Several 
methods are discussed for equilibrium continuation and detection of codim 1| bifur- 
cations based on predictor-corrector schemes. Numerical methods for continuation 
and analysis of homoclinic bifurcations are also formulated. 

Each chapter contains exercises, and we have provided hints for the most difficult 
of them. The references and comments to the literature are summarized at the end of 
each chapter as separate bibliographical notes. The aim of these notes is mainly to 
provide a reader with information on further reading. The end of a theorem’s proof 
(or its absence) is marked by the symbol LU, while that of a remark (example) is 
denoted by ¢ (©), respectively. 

As is clear from this Preface, there are many important issues this book does not 
touch. In fact, we study only the first bifurcations on a route to chaos and try to 
avoid the detailed treatment of chaotic dynamics, which requires more sophisticated 
mathematical tools. We do not consider important classes of dynamical systems such 
as Hamiltonian systems (e.g., KAM-theory and Melnikov methods are left outside 
the scope of this book). Only introductory information is provided on bifurcations in 
systems with symmetries. The list of omissions can easily be extended. Nevertheless, 
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we hope the reader will find the book useful, especially as an interface between 
undergraduate and postgraduate studies. 

This book would have never appeared without the encouragement and help from 
many friends and colleagues to whom I am very much indebted. The idea of such 
an application-oriented book on bifurcations emerged in discussions and joint work 
with A.M. Molchanov, A.D. Bazykin, E.E. Shnol, and A.I. Khibnik at the former 
Research Computing Centre of the USSR Academy of Sciences (Pushchino). S. 
Rinaldi asked me to prepare and give a course on nonlinear systems at the Politec- 
nico di Milano that would be useful for applied scientists and engineers. O. Diekmann 
(CWI, Amsterdam) was the first to propose the conversion of these brief lecture notes 
into a book. He also commented on some of the chapters and gave friendly support 
during the whole project. S. van Gils (TU Twente, Enschede) read the manuscript 
and gave some very useful suggestions that allowed me to improve the content and 
style. Iam particularly thankful to A.R. Champneys of the University of Bristol, who 
reviewed the whole text and not only corrected the language but also proposed many 
improvements in the selection and presentation of the material. Certain topics have 
been discussed with J. Sanders (VU/RIACA/CWI, Amsterdam), B. Werner (Univer- 
sity of Hamburg), E. Nikolaev (IMPB, Pushchino), E. Doedel (Concordia Univer- 
sity, Montreal), B. Sandstede (IAAS, Berlin), M. Kirkilonis (CWI, Amsterdam), J. 
de Vries (CWI, Amsterdam), and others, whom I would like to thank. Of course, 
the responsibility for all remaining mistakes is mine. I would also like to thank A. 
Heck (CAN, Amsterdam) and V.V. Levitin IMPB, Pushchino/CWI, Amsterdam) for 
computer assistance. Finally, I thank the Nederlandse Organisatie voor Wetenschap- 
pelijk Onderzoek (NWO) for providing financial support during my stay at CWI, 
Amsterdam. 


Amsterdam, The Netherlands Yuri A. Kuznetsov 
December 1994 


Contents 


1 Introduction to Dynamical Systems .......................00000- 
1.1 Definition of a Dynamical System .......................0.. 
Lil Sitie Spate .csccs cence enti eitii eiiienierads 
Ll Te 520 oper opera eet te ekads ebatiencesaces 
LL: volition Operdier sy susacyescuecepsaaeritesxtians as 
1.1.4 Definition of a Dynamical System ................... 
L2 Orbits and Phase Porras. .2 20,0222. s0eek coagen reds eneeseais 
bai: JAN ets acct chtehnh debe beg eeiebeeadoideisei ech 
Lod 6 Detimitien and Types ca asku das voaaek exes vere hens 
La Sinale Horseshoe 2 cscs. cdee wie aeeavareuveeeava 
1.3.3 Stability OF Invariant Sets .o52ccs5scssdesaaccseeces 
1.4 Differential Equations and Dynamical Systems ............... 
LS - Pomcare Maps: ciose cries iueteenen te hiicaddchataaessaa es 
3.1 —“Thtie- SHU Mapes inc canted ek ie tart taaeeta 
1.5.2. Poincaré Map and Stability of Cycles ................ 
1.5.3. Poincaré Map for Periodically Forced Systems ........ 
BG -PRBrches sgescc des eeicieeccieteuindsiiehoiieee ech 
LY Appendm Ar Planar ODE Systems 20s rccdacviaesxcresyers 
1.8 Appendix B: Reaction-Diffusion Systems .................... 
1.9 Appendix C: Differential Equations with Delays .............. 
1.10 Appendix D: Bibliographical Notes ......................0.. 
2 Topological Equivalence, Bifurcations, and Structural 

Stability of Dynamical Systems ................... eee eee eee eee 
2.1 Equivalence of Dynamical Systems ......................0.. 

2.2 Topological Classification of Generic Equilibria and Fixed 
POW: coctins ciace ce ieehakgeosmisiinaeaceueacussasernesy 

2.2.1 Hyperbolic Equilibria in Continuous-Time 

PVSICMG: whos 2600 idbieessGlebeiserieivssasedens ad 
2.2.2 Hyperbolic Fixed Points in Discrete-Time Systems .... 
22.0 dyperbolic Lanut Cycles csccncacstkacearaseesaens eee 


5.4 


Contents 


2.3 Bifurcations and Bifurcation Diagrams ...................... 68 
2.4 Topological Normal Forms for Bifurcations .................. 74 
ao siiuctiral Stability .occuiiecsscesavecterediavadiareczevada TS 


2.7 Appendix: Bit Hopraphieal Notes ejb ticees dee mca Saceeey. Oe 


One-Parameter Bifurcations of Equilibria in Continuous-Time 


3.7 Appendix Ar ‘Pot of Lani y Ne ysctiay ecenehntnbuata 119 
3.8 Appendix B: Poincaré Normal Fie cccsiindadicdnbioncetes 122 
3.9 Appendix C: Bibliographical Notes .......... Mageangecind Joe 


iain ryt naeaaaia of Fixed Points in Discrete-Time 


in n-Dimensi 
5.1 Cente 
SA 
5.122 


nal Dynamical Systems ..................020.020+2 175 
Mentos eens Pedder sAoedehebeeneteene. Nae 


ids eee MS Gedrirewesies 
5.3 Bifreations of Limit Cyees .----esessers ee eeseteseeee 189 


5.5 
5.6 


Contents Xxiii 


5.6.1. Periodic Center Manifolds ......................... 209 
5.6.2. Periodic Normal Forms for Codim 1 Bifurcations 
reared ec uedes Pate bined pide hee Neneh se sas cae 


5.7 


5.8 


5.9 hence Bitdiogephical Notes sche eir hehe iaudeteaied ar 


Bifurcations of Orbits Homockhke and Heteroclinic 


to Nonkype bolic E rig : 281 
7.1.1. Saddle- Node Homoclinic Bifurcation on h Plane veiaa 282 
7.1.2. Saddle-Node and Saddle-Saddle Homo : 

Bifurcations in R? 


7.2 Bifurcations of Orbits Homoclinic to Lim cles. 
7.2.1. Nontransversal Homoclinic Orbit to a Hiietholie 
is ein werreee Nev on ee 


cs 


aoe tion ete “at te Lie dedencudeaaed 

Structural Stability and Bifurcations ................. 

Phase Locking Near a Neimark-Sacker 

Bifurcation: Amold Tongues .......:00c0cercrcecena BOF 

7.4 Bifurcations in Symmetric Systems ....... 310 
7.4.1 General Properties of Symmetric 


XXiV 


8.4 


8.5 


8.7 


8.8 


Contents 


7.4.3 Codim | Bifurcations of Equilibria 
in Zp-Equiv 


nt Systems ... 


744 uel ! Bifurcations of Cycles in  Beulivariats 


en Bifurcation .......... aes as 
8.2.1 | Normal Form Derivation ie bee ihehatiet> 28 
8.2.2 hia oe of the Noncaied Normal 


eal oan Cary OM ten sk teri eeg tees teen tne 
iia Diagram of the Trasicntet Noval 


8.4.3 


Fold-Hopf Bifurcatio 
8.5.1 “Derival jon 


8.5.3 Effect gher Order T No dachvin eeucders OU 
Hopf-Hopf Bifurcation ........... +... .seeeeeeee eee eeeeeees 384 


Critical Nema Forms for n-Di edad 
Sl Whe Method i cies isseiergs abs iaeeaaeaniaseoag SNS 
8.7.4 
8.7.5 
8.7.6 
Encecines ; 


Contents XXV 


10 


8.9 Appendix A: Limit Cycles and Homoclinic Orbits 
of Bogdanov Normal Form ...............00ceeeeeeeeeeeees 431 
8.10 Appendix B: Bibliographical Motes. Subaleveedospeshedeecsaey Oe 


Two-Parameter Bifurcations of Fixed Points in Discrete-Time 
Dynamical Systems ................. 0000 e eens Diet eeg asst cae. Sl 
9.1 List of Codim 2 Tiaecatna of Fixed Pediat ded ieedatdededired: el 
Cusp Bift tion - : 446 
( 448 
452 
456 
456 
459 
469 
483 
490 
502 
516 


ane emus Nein 
9.5 Strong Resonance: eRe 
05.1 Approximati mn by a F 


9.6 
9.7 
9.8 
327 


9.8.5 Effects of Higher-Order ils VisiidduLauanteasetesh- Oe 
9.9 — Critical alin Forms for n-Dimensional Maps .............. 539 
9.9.2 Generalized Flip... pike Mitekcleneeeseeete. Se 
903 PBRUMICAIOM 140550icdesidehrieessaeetins BFE 
9.9.4 al aeeerree 
9.9.5 Oe vaca ee 
9.9.6 Re nance 1:3 . 
9.9.7 Resonance 1:4. 
9.9.9  Fold- Neluuak adie were ree eee eT ee 
o8.10 Flip-Neintark-Sacker isi00ssiatceiarsereiacsnise rae 28 
9.9.11 Double Neimark-S: hick eS wice es 
9.10 Codim 2 Bifurcations of Limit — isbidichehdcehadceenedan OO 
O11 Exercises 2.44. Lini ke pete etererseh oo eeriag rer rns mee 
9.12 Appendix: Bibliographical Notes Heisei beri SOO 


Numerical Analysis of Bifurcations ......................000002. 569 
10.1 Numerical Analysis at Fixed Parameter Values ............... 570 
10:11 Equilibrivm Location: 25 247s wevsacrvenee epsak vvie 570 
10.1.2 Modified Newton’s Methods .................++22+- 572 


XXVi Contents 


IMS Equilibrium Analysis .452c2xscdssieeesenxexaversere BPD 
eM Location of Limit ee eis hci 


10.2 


10.3 


10.3.2 Cou tion of fCodim 1 1 Limit it Cycle Di tincedions ag Mle 
10.3.3 Continuation of tan 1 Homoclinic Ort 2( 


10.4 
10.5 
10.6 
10.7 
10.8 


10. 8. 2 Orbit ‘ed I pclae qt 
10.8.3 Singularities elias Saddle-Node Pinrsectnke 
Risch 


Appendix A: Basic Notions from Algebra, Analysis, and Geometry ..... 657 
References .......0.0.0... 0.00. e ee eeeeeeeseeee. 671 


® 


Check for 
1 updates 


Introduction to Dynamical Systems 


This chapter introduces some basic terminology. First, we define a dynamical system 
and give several examples, including symbolic dynamics. Then we introduce the 
notions of orbits, invariant sets, and their stability. As we shall see while analyzing 
the Smale horseshoe, invariant sets can have very complex structures. This is closely 
related to the fact discovered in the 1960s that rather simple dynamical systems may 
behave “randomly,” or “chaotically.” Finally, we discuss how differential equations 
can define dynamical systems in both finite- and infinite-dimensional spaces. 


1.1. Definition of a Dynamical System 


The notion of a dynamical system is the mathematical formalization of the general 
scientific concept of a deterministic process. The future and past states of many 
physical, chemical, biological, ecological, economical, and even social systems can 
be predicted to a certain extent by knowing their present state and the laws governing 
their evolution. Provided these laws do not change in time, the behavior of such a 
system could be considered as completely defined by its initial state. Thus, the notion 
of a dynamical system includes a set of its possible states (state space) and a law of 
the evolution of the state in time. Let us discuss these ingredients separately and then 
give a formal definition of a dynamical system. 


1.1.1 State Space 


All possible states of a system are characterized by the points of some set X. This set 
is called the state space of the system. Actually, the specification of a point x € X 
must be sufficient not only to describe the current “position” of the system but also 
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 1 
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Fig. 1.1 Classical pendulum 


to determine its evolution. Different branches of science provide us with appropriate 
state spaces. Often, the state space is called a phase space, following a tradition from 
classical mechanics. 


Example 1.1 (Pendulum) 


The state of an ideal pendulum is completely characterized by defining its angular 
displacement (p (mod 277) from the vertical position and the corresponding angular 
velocity —~ (see Fig. 1.1). Notice that the angle y alone is insufficient to determine 
the future state of the pendulum. Therefore, for this simple mechanical system, the 
state space is X = S! x R!, where S! is the unit circle parametrized by the angle, 
and R! is the real axis corresponding to the set of all possible velocities. The set X 
can be considered as a smooth two-dimensional manifold (cylinder) in R*. © 


Example 1.2 (General mechanical system) 


In classical mechanics, the state of an isolated system with s degrees of freedom 
is characterized by a 2s-dimensional real vector: 


Cie q2, +++5s,P1, P2, w+ +5 Ds), 


where q; are the generalized coordinates, while p; are the corresponding generalized 
momenta. Therefore, in this case, X = R?°. If k coordinates are cyclic, X = S* x 
IR?°-*. In the case of the pendulum, s = k = 1, q, = y, and we can take p; = 9. > 


Example 1.3 (Quantum system) 


In quantum mechanics, the state of a system with two observable states is char- 
acterized by a vector 
a 2 
= eC, 


where a;, 2 = 1, 2, are complex numbers called amplitudes, satisfying the condition 


2 2 
lay|" + lag|” = 1. 


Ww 


1.1 Definition of a Dynamical System 


The probability of finding the system in the ith state is equal to p; = |a;|?, i = 1, 2. 
% 
Example 1.4 (Chemical reactor) 


The state of a well-mixed isothermic chemical reactor is defined by specifying 
the volume concentrations of the n reacting chemical substances 


c= (cr, C2, ane) Cn): 
Clearly, the concentrations c; must be nonnegative. Thus, 
X = {c:c= (C1, ©,..-, Cn) € R", G = O}. O 


Example 1.5 (Ecological system) 


Similar to the previous example, the state of an ecological community within a 
certain domain can be described by a vector with nonnegative components 


N= (Ni, No,..., Nn) eR”. 


Here N; is the number (or density) of the zth species or other group (e.g., predators 
or prey). © 


Example 1.6 (Symbolic dynamics) 


To complete our list of state spaces, consider a set (29 of all possible bi-infinite 
sequences of two symbols, say {1, 2}. A point w € X is the sequence 


w= {..., W2, W_1, Wo, W1,W2, Be 


where w; € {1, 2}. Note that the zero position in a sequence must be pointed out; for 
example, there are two distinct periodic sequences that can be written as 


Be ID Oe 


one with wo = 1, and the other with wo = 2. The space Q2 will play an important 
role in the following. 

Sometimes, it is useful to identify two sequences that differ only by a shift of the 
origin. Such sequences are called equivalent. The classes of equivalent sequences 
form a set denoted by Q». The two periodic sequences mentioned above represent 
the same point in Gs. ©) 

In all the above examples, the state space has a certain natural structure, allowing 
for comparison between different states. More specifically, a distance p between two 
states is defined, making these sets metric spaces. 
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In the examples from mechanics and in the examples from chemistry and ecol- 
ogy, the state space was a real vector space R” of some finite dimension n, or a 
(sub-)manifold (hypersurface) in this space. The Euclidean norm can be used to mea- 
sure the distance between two states parametrized by the points x, y € R”, namely 


pz, y) = lla -yll=J/@-ye-y) = | o@i-—y?, (1.1) 
i=l 
where (-, -) is the standard scalar product in R”, 
aoa p= 0 aie 
i=l 


Ifnecessary, the distance between two (close) points on a manifold can be measured as 
the minimal length of a curve connecting these points within the manifold. Similarly, 
the distance between two states ~, yy of the quantum system from Example 1.3 can 
be defined using the standard scalar product in C”, 


WA=B 9= > big 


i=1 


with n = 2. Meanwhile, (w, w) = (y, y) = 1. 

When the state space is a function space, there is a variety of possible distances, 
depending on the smoothness (differentiability) of the functions allowed. For exam- 
ple, we can introduce a distance between two continuous vector-valued real functions 
u(a) and u(x) defined in a bounded closed domain Q € R” by 


plu, v) = |ju— v|| = max sup |u;(x) — 1;(@)I. 
ee 2 rEQ 


Finally, in Example 1.6 the distance between two sequences w, @ € Q2 can be 
measured by 


+00 
pity >  oi5,2-"; (1.2) 


k=—00 


where 
5 = 0 if Wr, = On, 
wid 1 if wy F Op. 


According to this formula, two sequences are considered to be close if they have a 
long block of coinciding elements centered at position zero (check!). 

Using the previously defined distances, the introduced state spaces X are com- 
plete metric spaces. Loosely speaking, this means that any sequence of states, all of 
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whose sufficiently future elements are separated by an arbitrarily small distance, is 
convergent (the space has no “holes’’). 

According to the dimension of the underlying state space X, the dynamical sys- 
tem is called either finite- or infinite-dimensional. Usually, one distinguishes finite- 
dimensional systems defined in X = R” from those defined on manifolds. 


1.1.2 Time 


The evolution of a dynamical system means a change in the state of the system 
with time t € T, where T is a number set. We will consider two types of dynamical 
systems: those with continuous (real) time T = R', and those with discrete (integer) 
time T = Z. Systems of the first type are called continuous-time dynamical systems, 
while those of the second are termed discrete-time dynamical systems. Discrete-time 
systems appear naturally in ecology and economics when the state of a system at a 
certain moment of time ¢ completely determines its state after a year, say at t+ 1. 


1.1.3 Evolution Operator 


The main component of a dynamical system is an evolution law that determines the 
state x, of the system at time t, provided the initial state x) is known. The most 
general way to specify the evolution is to assume that for given t € T a map y* is 
defined in the state space X, 

giX— xX, 


which transforms an initial state 7) € X into some state x; € X at time ft: 
_ ot 
t= yp x. 


The map yy’ is often called the evolution operator of the dynamical system. It might 
be known explicitly; however, in most cases, it is defined indirectly and can be 
computed only approximately. In the continuous-time case, the family {y}ier of 
evolution operators is called a flow. 

Note that yo’ may not be defined for all pairs (2, t) € X x T. Dynamical systems 
with evolution operator yy! defined for both ¢ > 0 and t < 0 are called invertible. In 
such systems the initial state x 9 completely defines not only the future states of the 
system, but its past behavior as well. However, it is useful to consider also dynamical 
systems whose future behavior for t > 0 is completely determined by their initial 
state Xo at t = 0, but the history for ¢ < 0 can not be unambigously reconstructed. 
Such (noninvertible) dynamical systems are described by evolution operators defined 
only for t > 0 (Le., for t € Ri or Z,.). In the continuous-time case, they are called 
semiflows. 
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It is also possible that yo is defined only locally in time, for example, for 
0 < t < to, where to depends on xp € X. An important example of such a behavior 
is a “blow-up,” when a continuous-time system in X = R” approaches infinity within 
a finite time, 1.e., 
lle*aoll > +00, 


for t > to. 
The evolution operators have two natural properties that reflect the deterministic 
character of the behavior of dynamical systems. First of all, 


(DS.0) yp? = id, 


where id is the identity map on X, id (7) = & for all x € X. The property (DS.0) 
implies that the system does not change its state “spontaneously.” The second prop- 
erty of the evolution operators reads 


(DS.1) git = ploy’. 


It means that 
t+ 


ga = p'(¢*2) 

for all x € X and t,s € T, such that both sides of the last equation are defined.' 
Essentially, the property (DS.1) states that the result of the evolution of the system 
in the course of ¢ + s units of time, starting at a point x € X, is the same as if the 
system were first allowed to change from the state x over only s units of time and 
then evolved over the next ¢ units of time from the resulting state y*x (see Fig. 1.2). 

This property means that the law governing the behavior of the system does not 
change in time: The system is “autonomous.” 

For invertible systems, the evolution operator yy’ satisfies the property (DS.1) for ¢ 
and s both negative and nonnegative. In such systems, the operator ~~ is the inverse 
to y', (y')~! = ~~ since 


A discrete-time dynamical system with integer t is fully specified by defining only 
one map f = y!, called “time-one map.” Indeed, using (DS.1), we obtain 


yap ey Sfefey; 


where f? is the second iterate of the map /. Similarly, 


' Whenever possible, we will avoid explicit statements on the domain of definition of y'x. 
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Fig. 1.2 Evolution operator 


for all / > O. If the discrete-time system is invertible, the above equation holds for 
k < 0, where - = id. 

Finally, let us point out that, for many systems, yx is a continuous function of 
x € X,and if t € R’, it is also continuous in time. Here, the continuity is supposed 
to be defined with respect to the corresponding metric or norm in X. Furthermore, 
many systems defined on R”, or on smooth manifolds in R", are such that yx is 
smooth as a function of («, t). Such systems are called smooth dynamical systems. 


1.1.4 Definition of a Dynamical System 


Now we are able to give a formal definition of a dynamical system. 


Definition 1.1 A dynamical system is a triple {T, X, y'}, where T is a time set, X 
is a state space, and y' : X + X is a family of evolution operators parametrized by 
t € T and satisfying the properties (DS.0) and (DS.1). 


Let us illustrate the definition by two explicit examples. 


Example 1.7 (A linear planar system) 
Consider the plane X = R? and a family of linear nonsingular transformations on 
X given by the matrix depending ont € R!: 


where J, js 4 Oarereal numbers. Obviously, it specifies a continuous-time dynamical 
system on X. The system is invertible and is defined for all (x, t). The map ¢ is 
continuous (and smooth) in x, as well as in t. © 
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Example 1.8 (Symbolic dynamics revisited) 
Take the space X = Q2) of all bi-infinite sequences of two symbols {1, 2} intro- 
duced in Example 1.6. Consider a map o : X — X, which transforms the sequence 


W= {...,W_2, W_1, Wo, W1, wW2,...} € x 
into the sequence 6 = a(w), 
6= {..., 0-2, O_1, 9%, 01, 02, ...} iS X, 


where 
Oy = Wr+l, keZ. 


The map o merely shifts the sequence by one position to the left. It is called a shift 
map. The shift map defines a discrete-time dynamical system {Z, Q2, a*} called the 
symbolic dynamics, that is invertible (find a—'). Notice that two sequences, 0 and w, 
are equivalent if and only if 9 = o*°(w) for some ko € Z. © 

Later on in the book, we will encounter many different examples of dynamical 
systems and will study them in detail. 


1.2. Orbits and Phase Portraits 


Throughout the book, we use a geometrical point of view on dynamical systems. We 
shall always try to present their properties in geometrical images since this facili- 
tates their understanding. The basic geometrical objects associated with a dynamical 
system {7, X, y"} are its orbits in the state space and the phase portrait composed 
of these orbits. 


Definition 1.2 An orbit starting at xo is an ordered subset of the state space X, 
Or(z) ={w@eEeX: x= y' xo, for allt € T such that y' ro is defined}. 


Orbits of a continuous-time system with a continuous evolution operator are 
curves in the state space X parametrized by the time ¢ and oriented by its direc- 
tion of increase (see Fig. 1.3). Orbits of a discrete-time system are sequences of 
points in the state space X enumerated by increasing integers. 


Example 1.9 (Scalar maps) 

Let f: R!' > R', x £= f(z) be a smooth map. There is a useful tech- 
nique to visualize orbits of the corresponding discrete-time dynamical system: Stair- 
case/cobweb diagrams, sometimes called Lemeray’s diagrams (Fig. 1.4). Consider 
the graph of f in the (2, x)-plane together with the line = x. Take a point (a, a) 
on this line and then produce the sequence of points 
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Fig. 1.3. Orbits of a 
continuous-time system 


Fig. 1.4 Staircase diagram zr 


(a, a), (a, f(a), (f@, f@), F@, f@), (PF? @), f?(@),.-- 


by “jumping” vertically and horizontally between the graph of f and the line 7 = «x. 
Now notice that the sequence obtained by taking the first coordinate of all odd points 
composes the forward part 


Ce CO id (2) ee 


of the orbit starting at a € R. If f is invertible, the backward part can be constructed 
in a similar manner by jumping between the line x = x and the graph of f, that is, 
in the opposite order. Notice that constant orbits 


..+,04,4,0,@,... 


correspond to those points, where the graph of f intersects the line 7 = x: f(a) = a. 
% 

Orbits are often also called trajectories. If yo = yx for some to, the sets Or (xo) 
and Or (yo) coincide. For example, two equivalent sequences 0, w € Qz2 generate the 
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same orbit of the symbolic dynamics {Z, Qo, of }. Thus, all different orbits of the 
symbolic dynamics are represented by points in the set 22 introduced in Example 
1.6. 

The simplest orbits are equilibria. 


Definition 1.3 A point x° € X is called an equilibrium (fixed point) if y'x® = x° 


forallt € T. 


The evolution operator maps an equilibrium onto itself. Equivalently, a system 
placed at an equilibrium remains there forever. Thus, equilibria represent the sim- 
plest mode of behavior of the system. We will reserve the name “equilibrium” for 
continuous-time dynamical systems, while using the term “fixed point” for corre- 
sponding objects of discrete-time systems. The system from Example 1.7 obviously 
has a single equilibrium at the origin, 2° = (0, 0)". If A, 4 < 0, all orbits converge 
to x° as t > +00 (this is the simplest mode of asymptotic behavior for large time). 
The symbolic dynamics from Example 1.7 have only two fixed points, represented 
by the sequences 

wi={...,1,1,1,...} 


and 
a DO 


Clearly, the shift o does not change these sequences: g(w!7) = w!?, 


Another relatively simple type of orbit is a cycle. 


Definition 1.4 A cycle is a periodic orbit, namely a nonequilibrium orbit Lo, such 
that each point xy € Lo satisfies yt x9 = y'xo with some Ty > 0, for allt € T. 


The minimal 7p with this property is called the period of the cycle Lo. If a system 
starts its evolution at a point zo on the cycle, it will return exactly to this point after 
every 7p units of time. The system exhibits periodic oscillations. In the continuous- 
time case a cycle Lo is a closed curve (see Fig. 1.5(a)). 


Definition 1.5 A cycle of a continuous-time dynamical system, in a neighborhood 
of which there are no other cycles, is called a limit cycle. 


(a) (b) 


Fig. 1.5 Periodic orbits in (a) a continuous-time and (b) a discrete-time system 


1.3 Invariant Sets 11 
In the discrete-time case a cycle is a (finite) set of distinct points 
N 2 No-1 
f°°(£o) = Xo, f(®o), f° (£0), Fo), 


where f = y! and the period JT) = No is obviously an integer (Fig. 1.5(b)). Notice 
that each point of this set is a fixed point of the Noth iterate f%° of the map f. The 
system from Example 1.7 has no cycles. In contrast, the symbolic dynamics (Example 
1.8) have an infinite number of cycles. Indeed, any periodic sequence composed of 
repeating blocks of length No > 1 represents a cycle of period No since we need to 
apply the shift o exactly No times to transform such a sequence into itself. Clearly, 
there is an infinite (though countable) number of such periodic sequences. Equivalent 
periodic sequences define the same periodic orbit. 

We can roughly classify all possible orbits in dynamical systems into fixed points, 
cycles, and “all others.” 


Definition 1.6 The phase portrait of a dynamical system is a partitioning of the state 
space into orbits. 


The phase portrait contains a lot of information on the behavior of a dynamical 
system. By looking at the phase portrait, we can determine the number and types 
of asymptotic states to which the system tends as t ~ +00 (and as t > —ow if 
the system is invertible). Of course, it is impossible to draw all orbits in a figure. 
In practice, only several key orbits are depicted in the diagrams to present phase 
portraits schematically (as we did in Fig. 1.3). A phase portrait of a continuous-time 
dynamical system could be interpreted as an image of the flow of some fluid, where 
the orbits show the paths of “liquid particles” as they follow the current. This analogy 
explains the use of the term “flow” for the evolution operator in the continuous-time 
case. 


1.3. Invariant Sets 
1.3.1 Definition and Types 


To further classify elements of a phase portrait—in particular, possible asymptotic 
states of the system—the following definition is useful. 


Definition 1.7 An invariant set of a dynamical system {T, X, y"} is a subset S C X 
such that xq € S implies yp'xo € S for allt € T. 


The definition means that y'S C Sforallt € T. Clearly, an invariant set S consists 
of orbits of the dynamical system. Any individual orbit Or(ao) is obviously an 
invariant set. We always can restrict the evolution operator iy! of the system to its 
invariant set S' and consider a dynamical system {T, S, 7)'}, where y' : S > S is the 
map induced by y in S. We will use the symbol ¢ for the restriction, instead of ~". 


12 1 Introduction to Dynamical Systems 


Fig. 1.6 Invariant torus 


On 


If the state space X is endowed with a metric p, we could consider closed invari- 
ant sets in X. Equilibria (fixed points) and cycles are clearly the simplest exam- 
ples of closed invariant sets. There are other types of closed invariant sets. The 
next more complex are invariant manifolds, that is, finite-dimensional hypersurfaces 
in some space R*. Figure 1.6 sketches an invariant two-dimensional torus T? of 
a continuous-time dynamical system in R? and a typical orbit on that manifold. 
One of the major discoveries in dynamical systems theory was the recognition that 
very simple, invertible, differentiable dynamical systems can have extremely com- 
plex closed invariant sets containing an infinite number of periodic and nonperiodic 
orbits. Smale constructed the most famous example of such a system. It provides an 
invertible discrete-time dynamical system on the plane possessing an invariant set 
A, whose points are in one-to-one correspondence with all the bi-infinite sequences 
of two symbols. The invariant set A is not a manifold. Moreover, the restriction of 
the system to this invariant set behaves, in a certain sense, as the symbolic dynamics 
specified in Example 1.8. That is how we can verify that it has an infinite number of 
cycles. Let us explore Smale’s example in some detail. 


1.3.2. Smale Horseshoe 


Consider the geometrical construction in Fig. 1.7.Take a square S on the plane (Fig. 
1.7(a)). Contract it in the horizontal direction and expand it in the vertical direction 
(Fig. 1.7(b)). Fold it in the middle (Fig. 1.7(c)) and place it so that it intersects the 
original square S along two vertical strips (Fig. 1.7(d)). This procedure defines a map 
f : R* > R’. The image f(S) of the square S under this transformation resembles 
a horseshoe. That is why it is called a horseshoe map. The exact shape of the image 
f (S) is irrelevant; however, let us assume for simplicity that both the contraction and 
expansion are linear and that the vertical strips in the intersection are rectangles. The 
map f can be made invertible and smooth together with its inverse (a diffeomorphism). 
The inverse map f~! transforms the horseshoe f (S) back into the square S through 
stages (d)-(a). This inverse transformation maps the dotted square S shown in Fig. 
1.7(d) into the dotted horizontal horseshoe in Fig. 1.7(a), which we assume intersects 
the original square S along two horizontal rectangles. 
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(a) (b) (c) (d) 


Fig. 1.7 Construction of the horseshoe map 


Yi Va ViiVo1  Va2 Via 
Hy 
» a 
———=—=— |= Hh 
_ Hy 
args) S10 F(5)9 PCS) Sn f(s) Sn f-(s)n f(s) 
(a) (b) () @) 


Fig. 1.8 Vertical and horizontal strips 


Denote the vertical strips in the intersection $M f(S) by V; and V2, 
SN f(S)=ViU Vo 
(see Fig. 1.8(a)). Now make the most important step: Perform the second iteration 
of the map /. Under this iteration, the vertical strips Vj,2 will be transformed into 
two “thin horseshoes” that intersect the square S along four narrow vertical strips: 


Vi1, V21, V22, and Vj2 (see Fig. 1.8(b)). We write this as 


SA f(S)N f?(S) = Vir U Var U Vao U Vp. 
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Via VoVo2 Vie 


(c) 


Fig. 1.9 Transformation f° (ij) =Vij,i,j=1,2 


Similarly, 
SO f-(S) = H, U Ap, 


where H) 2 are the horizontal strips shown in Fig. 1.8(c), and 

SO f-N(S)0 f-?(S) = A U Az U Haz U Hai, 
with four narrow horizontal strips H;; (Fig. 1.8(d)). Notice that f(H;) = V;, 7 = 1, 2, 
as well as f? (Hi) = Vj;, 1,79 = 1, 2 (Fig. 1.9). 

Iterating the map f further, we obtain 2" vertical strips in the intersection SQ 
f*(S), k=1,2,.... Similarly, iteration of f~! gives 2’ horizontal strips in the 
intersection SM f-*(S), k= 1,2,.... 

Most points leave the square S under iteration of f or f~!. Forget about such 


points, and instead consider a set composed of all points in the plane that remain in 
the square S under all iterations of f and f~!: 


A={xeS: f*(x) ES, forall k € Z}. 


Clearly, if the set A is nonempty, it is an invariant set of the discrete-time dynamical 
system defined by f. This set can be alternatively presented as an infinite intersection, 


A= Af *(syn- Af SNF TS)ASN FS) f2syn--- fRS) N+ 


(any point x € A must belong to each of the involved sets). It is clear from this 
representation that the set A has a peculiar shape. Indeed, it should be located within 


f-'(S)N SN F(S), 


which is formed by four small squares (see Fig. 1.10(a)). 
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F-NS)NSN f(S) FS) N FS) NSN F(S) 
(a) (b) 


Fig. 1.10 Location of the invariant set 


Furthermore, it should be located inside 
FPS) NFS) NS FS) 9 F705), 
which is the union of sixteen smaller squares (Fig. 1.10(b)), and so forth. In the limit, 
we obtain a Cantor (fractal) set. 


Lemma 1.1 There is a one-to-one correspondence h : A — Qn2, between points of 
A and all bi-infinite sequences of two symbols. 


Proof: 
For any point x € A, define a sequence of two symbols {1, 2} 


w= {...,W_2,W_1, Wo, W1,W2,...} 


by the formula 


oo [; if f*(x) © Mh, (13) 


2 if f*(x) € Fh, 


fork = 0, +1, +2,.... Here, fe = id, the identity map. Clearly, this formula defines 
amap h: A — Qb, which assigns a sequence to each point of the invariant set. 

To verify that this map is invertible, take a sequence w € Qz, fix m > 0, and 
consider a set R,,,(w) of all points x € S, not necessarily belonging to A, such that 


fr @ye Ay; 


for —m < k < m — 1. For example, if m = 1, the set R, is one of the four intersec- 
tions V; 1 Hz. In general, R,,, belongs to the intersection of a vertical and a horizontal 
strip. These strips are getting thinner and thinner as m — +00, approaching in the 
limit a vertical and a horizontal segment, respectively. Such segments obviously 
intersect at a single point x with h(a) = w. Thus, h : A — Qz2 is a one-to-one map. 
It implies that A is nonempty. 
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Remark: 

The map h : A — QQ. is continuous together with its inverse (a homeomorphism) 
if we use the standard metric (1.1) in S C R? and the metric given by (1.2) in Qy. } 

Consider now a point x € A and its corresponding sequence w = h(x), where h 
is the map previously constructed. Next, consider a point y = f(x), that is, the image 
of x under the horseshoe map f. Since y € A by definition, there is a sequence that 
corresponds to y : 6 = h(y). Is there a relation between these sequences w and 4? 
As one can easily see from (1.3), such a relation exists and is very simple. Namely, 


0, = Wri, kEZ, 


since f*(f(x)) = f**!(«). In other words, the sequence 6 can be obtained from the 
sequence w by the shift map o, defined in Example 1.8: 


0 = ow). 


Therefore, the restriction of f to its invariant set A C R? is equivalent to the shift 
map a on the set of sequences (22. Let us formulate this result as the following short 
lemma. 


Lemma 1.2 h(f(x)) = o(A(a)), forall az € A. 


We can write an even shorter one: 
fla zh ocoh. 


Combining Lemmas 1.1 and 1.2 with obvious properties of the shift dynamics 
on Q2, we get a theorem giving a rather complete description of the behavior of the 
horseshoe map. 


Theorem 1.1 (Smale (1963)) The horseshoe map f has a closed invariant set 
A that contains a countable set of periodic orbits of arbitrarily long period, and 
an uncountable set of nonperiodic orbits, among which there are orbits passing 
arbitrarily close to any point of A. 


The dynamics on A have certain features of “random motion.” Indeed, for any 
sequence of two symbols we generate “randomly,” thus prescribing the phase point 
to visit the horizontal strips H, and H in a certain order, there is an orbit showing 
this feature among those composing A. 

The next important feature of the horseshoe example is that we can slightly perturb 
the constructed map f without qualitative changes to its dynamics. Clearly, Smale’s 
construction is based on a sufficiently strong contraction/expansion, combined with 
a folding. Thus, a (smooth) perturbation i will have similar vertical and horizontal 
strips, which are no longer rectangles but curvilinear regions. However, provided the 
perturbation is sufficiently small (see the next chapter for precise definitions), these 
strips will shrink to curves that deviate only slightly from vertical and horizontal 
lines. Thus, the construction can be carried through verbatim, and the perturbed map 
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6 


yo 


Fig. 1.11 Smale horseshoe in the Hénon map 


f will have an invariant set A on which the dynamics are completely described by 
the shift map o on the sequence space 022. As we will discuss in Chap. 2, this is an 
example of structurally stable behavior. 


Remark: 

One can precisely specify the contraction/expansion properties required by the 
horseshoe map in terms of expanding and contracting cones of the Jacobian matrix 
fic (see the literature cited in the bibliographical notes in Appendix D to this chapter). 

° 


Example 1.10 (Hénon map) 
Consider the following planar quadratic map depending on two parameters: 


.{ % y 
na: (2) (8g) as 


An equivalent map was introduced by Hénon (1976) as the simplest map with “ran- 
dom dynamics.” The map f,,¢ is invertible if 6 A 0 and has the essential stretching 
and folding properties of the horseshoe map in a certain parameter range. 

For example, fix a = 4.5, @ = 0.2, and consider the first two images f,,3(R) 
and i 3(R) of a rectangle R, shown in Fig. 1.11. The similarity to Fig. 1.9(c) is 
obvious. ©) 
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1.3.3 Stability of Invariant Sets 


To represent an observable asymptotic state of a dynamical system, an invariant set 
So must be stable; in other words, it should “attract” nearby orbits. Suppose we have 
a dynamical system {7, X, y'} with a complete metric state space X. Let Sp be a 
closed invariant set. 


Definition 1.8 An invariant set So is called stable if 


(i) for any sufficiently small neighborhood U D So there exists a neighborhood 
V D So such that y'x € U forall x € V and allt > 0; 

(ii) there exists a neighborhood Up D So such that ya — So for all x € Up, as 
t > +00. 


If So is an equilibrium or a cycle, this definition turns into the standard definition 
of stable equilibria or cycles. 

Property (i) of the definition is called Lyapunov stability. If a set Sg is Lyapunov 
stable, nearby orbits do not leave its neighborhood. Property (ii) is sometimes called 
asymptotic stability. There are invariant sets that are Lyapunov stable but not asymp- 
totically stable (see Fig. 1.12(a)). In contrast, there are invariant sets that are attracting 
but not Lyapunov stable since some orbits starting near Sg eventually approach So, 
but only after an excursion outside a small but fixed neighborhood of this set (see 
Fig. 1.12(b)). 

If x° is a fixed point of a finite-dimensional, smooth, discrete-time dynamical 
system, then sufficient conditions for its stability can be formulated in terms of the 
Jacobian matrix evaluated at x°. 


Theorem 1.2 Consider a discrete-time dynamical system 


ctr f(x), ceER", 


(a) (b) 


Fig. 1.12 (a) Lyapunov versus (b) asymptotic stability 
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where f is a smooth map. Suppose it has a fixed point x°, namely f(x°) = x°, 
and denote by A the Jacobian matrix of f(a) evaluated at x°, A = f,(x°). If all 
eigenvalues [1y, [l2,..., [bn Of A Satisfy |u| < 1, then the fixed point is stable. 


Recall that the eigenvalues are roots of the characteristic equation 
det(A ~~ pun) = 0, 


where J, is the n x n unit matrix. 

The eigenvalues of a fixed point are usually called multipliers. In the linear case, 
the theorem is obvious from the Jordan normal form. Theorem 1.2, being applied 
to the Noth iterate f° of the map f at any point of the periodic orbit, also gives a 
sufficient condition for the stability of an No-cycle. 

Stability of fixed points of a scalar diffeomorphism 


the x= f(x), reR'!, 


defined by a strictly increasing function f : R' > R! can be fully understood geo- 
metrically. Indeed, such a map can only have isolated fixed points. Depending on 
behavior of the “displacement function” g(x) = f(x) — x neara fixed point xo, there 
are three possibilities for local orbit structure (see staircase diagrams in Fig. 1.13). 
The point Zp is attracting if in its neighborhood g(x) < 0 for x < xo and g(x) > 0 
for x > Xo. The point 79 is repelling if in its neighborhood g(x) < 0 for x > xo and 
g(x) > 0 for x < Zo. Finally, the fixed point x is semistable if in its neighborhood 
either g(x) > 0 or g(x) < 0 for x £ Xp. A semistable point will be called positive 
or negative according to the sign of g(x) near xo. All orbits of f starting near an 
attracting fixed point converge to it monotonously, so that it is stable. A repelling 
fixed point is unstable, since all orbits of f starting near such a fixed point diverge 
from it”. Near a semistable point, orbits starting on one side from 29 converge to 
this fixed point, while those starting on the other side from xo diverge from it, so 
such point is also unstable. Clearly, if 4 = f’(xo) < 1 then the fixed point zo of f is 
attracting (in accordance with Theorem 1.2). 

Another important case where we can establish the stability of a fixed point of a 
discrete-time dynamical system is provided by the following theorem. 


Theorem 1.3 (Contraction Mapping Principle) Let X be a complete metric space 
with distance defined by p. Assume that there is amap f : X — X that satisfies, for 
allx,y € X, 

P(f (x), f(y) < A(z, y), 


with some 0 < X < 1. Then the discrete-time dynamical system {Z.., X, f*} has a 
stable fixed point x° € X. Moreover, f*(x) > x° as k — +00, starting from any 
point x € X. 


2 Notice that a repelling fixed point for f is an attracting fixed point for f—!. 
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(a) (b) (©) 


Fig. 1.13 Fixed points of monotone maps: attracting (a), repelling (b), and (positive) semistable (c) 


The proof of this fundamental theorem can be found in any text on mathematical 
analysis or differential equations. Notice that there is no restriction on the dimension 
of the space X: It can be, for example, an infinite-dimensional function space. Another 
important difference from Theorem 1.2 is that Theorem 1.3 guarantees the existence 
and uniqueness of the fixed point x°, whereas this has to be assumed in Theorem 
1.2. Actually, the map f from Theorem 1.2 is a contraction near x°, provided an 
appropriate metric (norm) in R” is introduced. The Contraction Mapping Principle 
is a powerful tool: Using this principle, we can prove the Implicit Function Theorem, 
the Inverse Function Theorem, as well as Theorem 1.4 ahead. We will apply the 
Contraction Mapping Principle in Chap. 4 to prove the existence, uniqueness, and 
stability of a closed invariant curve that appears under parameter variation from 
a fixed point of a generic planar map. Notice also that Theorem 1.3 gives global 
asymptotic stability: Any orbit of {Z,, X, f*} converges to x°. 

Finally, let us point out that the invariant set A of the horseshoe map is not stable. 
However, there are invariant fractal sets that are stable. Such objects are called strange 
attractors. 


1.4 Differential Equations and Dynamical Systems 


The most common way to define a continuous-time dynamical system is by differen- 
tial equations. Suppose that the state space of a system is X = R” with coordinates 
(1, %2,..., Up). If the system is defined on a manifold, these can be considered as 
local coordinates on it. Very often the law of evolution of the system is given implic- 
itly, in terms of the velocities x; as functions of the coordinates (11, 42,..., Zn): 


Lp fi (Ci, Xa, +35 En) 1=1,2,...,n, 


or in the vector form 


&= f@), (1.5) 
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where the vector-valued function f : R” — R” is supposed to be sufficiently dif- 
ferentiable (smooth). The function in the right-hand side of (1.5) is referred to as a 
vector field since it assigns a vector f(a) to each point x. Equation (1.5) represents 
a system of n autonomous ordinary differential equations, ODEs for short. Let us 
revisit some of the examples introduced earlier by presenting differential equations 
governing the evolution of the corresponding systems. 


Example |.1 (revisited) 
The dynamics of an ideal pendulum are described by Newton’s second law, 


~ = —k’ sing, 
with 
where [ is the pendulum length, and g is the gravity acceleration constant. If we 


introduce w = ¢, so that (¥y, 7) represents a point in the state space X = S! x R!, 
the above differential equation can be rewritten in the form of equation (1.5): 


[2 ae (16) 
Here 
--(9) 
while 


p\_ wy 
f (2) = eo 0 
Example |.2 (revisited) 


The behavior of an isolated energy-conserving mechanical system with s degrees 
of freedom is determined by 2s Hamiltonian equations: 


OH OH 
i= >>. Pi=- > 17 
q Bp; p Ba, (1.7) 
for2 = 1,2,..., s. Here the scalar function H = H(q, p) is the Hamilton function. 


The equations of motion of the pendulum (1.6) are Hamiltonian equations with 


(q, p) = (y, W) and : 


A(y, w) = F — Reosy. 0 
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Example | .3 (revisited) 
The behavior of a quantum system with two states having different energies can 
be described between “observations” by the Heisenberg equation, 


dy 
i Es 
ae v 


where i? = —1, 


The symmetric real matrix 


_( Eo -A 
a= (4 =a) Eo, A> 0, 


is the Hamiltonian matrix of the system, and fi is Plank’s constant divided by 27. The 
Heisenberg equation can be written as the following system of two linear complex 
equations for the amplitudes 


: 1 
a, = (Epa, — Aag), 
i (1.8) 
az = —(—Aa, + Ean). 
ih 


Example 1.4 (revisited) 

As an example of a chemical system, let us consider the Brusselator (Lefever 
& Prigogine 1968). This hypothetical system is composed of substances that react 
through the following irreversible stages: 


A+ x 
B+X —% Y4+D 
2X+Y 3s 3x 


x 5 gE. 


Here capital letters denote reagents, while the constants k; over the arrows indicate 
the corresponding reaction rates. The substances D and E do not re-enter the reaction, 
while A and B are assumed to remain constant. Thus, the law of mass action gives 
the following system of two nonlinear equations for the concentrations [X] and [Y]: 


d{X] 
“dt 
d[Y] 


= ky [A] — ko[ BILX] — kalX] + ks XP, 
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Linear scaling of the variables and time yields the Brusselator equations, 
&é=a—(b+)Da+zx’y, 
y = ba — xy. 0 pe) 


Example 1.5 (revisited) 
One of the earliest models of ecosystems was the system of two nonlinear differ- 
ential equations proposed by Volterra (1931): 
NA = aN, a BN\No, 
; 1.10 
{%. — —yNz + ON{Np. ( ) 


Here N, and N> are the numbers of prey and predators, respectively, in an ecological 
community, @ is the prey growth rate, 7 is the predator mortality, while @ and 6 
describe the predators’ efficiency of consumption of the prey. © 

Under very general conditions, solutions of ODEs define smooth continuous-time 
dynamical systems. Few types of differential equations can be solved analytically (in 
terms of elementary functions). However, for smooth right-hand sides, the solutions 
are guaranteed to exist according to the following theorem. This theorem can be 
found in any textbook on ordinary differential equations. We formulate it without 
proof. 


Theorem 1.4 (Existence, uniqueness, and smooth dependence) 
Consider a system of ordinary differential equations 


t= f(x), ceR’, 


where f : IR” — R" is smooth in an open region U C R". Then there is a unique 
function x = x(t, x), @: R! x R” > R", that is smooth in (t, x9), and satisfies, 
for each xg € U, the following conditions: 
(i) x(0, xo) = Xo; 
(ii) there is an interval J = (—6, 5), where 5), = 51,2(%9) > 0, such that, for 
allte J, 
y(t) = x(t, zo) € U, 


and 


yt) = fy@). 


The degree of smoothness of x(t, x9) with respect to 79 in Theorem 1.4 is the 
same as that of f as a function of x. The function x = x(t, xo), considered as a 
function of time f, is called a solution starting at xq. It defines, for each xp € U, two 
objects: a solution curve 


Cr(xo) = {(t, x) : x = x(t, 20), t € J} CR! x R"” 
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Fig. 1.14 Solution curve and orbit 


and an orbit, which is the projection of Cr(2) onto the state space, 
Or(x0) = {x: x2 = x(t, ro), t € J} C R" 


(see Fig. 1.14). Both curves are parametrized by time ¢ and oriented by the direction 
of time advance. A nonzero vector f (xo) is tangent to the orbit Or(xp) at xo. There 
is a unique orbit passing through a point zp € U. 
Under the conditions of the theorem, the orbit either leaves U at t = —6, (and/or 
t = 62), or stays in U forever; in the latter case, we can take 7 = (—oo, +00). 
Now we can define the evolution operator y’ : R” — R” by the formula 


yao = a(t, &o), 


which assigns to zo a point on the orbit through zo that is passed ¢ time units later. 
Obviously, {R!, R”, y'} is a continuous-time dynamical system (check!). This sys- 
tem is invertible. Each evolution operator yt is defined for x € U andt € J, where 
J depends on 2 and is smooth in x. In practice, the evolution operator y’ cor- 
responding to a smooth system of ODEs can be found numerically on fixed time 
intervals to within desired accuracy. One of the standard ODE solvers can be used 
to accomplish this. 

One of the major tasks of dynamical systems theory is to analyze the behavior of 
a dynamical system defined by ODEs. Of course, one might try to solve this problem 
by “brute force,’ merely computing many orbits numerically (by “simulations’’). 
However, the most useful aspect of the theory is that we can predict some features of 
the phase portrait of a system defined by ODEs without actually solving the system. 
The simplest example of such information is the number and positions of equilibria. 
Indeed, the equilibria of a system defined by (1.5) are zeros of the vector field given 
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by its right-hand side: 
f(x) =0. (1.11) 


Clearly, if f(x°) = 0, then y'ao = xo for all t € R!. The stability of an equilibrium 
can also be detected without solving the system. For example, sufficient conditions 
for an equilibrium ° to be stable are provided by the following classical theorem. 


Theorem 1.5 (Lyapunov (1892)) Consider a dynamical system defined by 
t= f(r), ceR’, 


where f is smooth. Suppose that it has an equilibrium x (i.e., f(a) = 0), and 
denote by A the Jacobian matrix of f(x) evaluated at the equilibrium, A = f, (x°). 
Then x° is stable if all eigenvalues X,, 2, ..., An Of A satisfy Re X < 0. 


The theorem can easily be proved for a linear system 


z=Az, xc eR", 


by its explicit solution in a basis where A has Jordan normal form, as well as for a 
general nonlinear system by constructing a Lyapunov function L(x) near the equi- 
librium. More precisely, by a shift of coordinates, one can place the equilibrium 
at the origin, 2° = 0, and find a certain quadratic form L(x) whose level surfaces 
L(x) = Lo surround the origin and are such that the vector field points strictly inside 
each level surface, sufficiently close to the equilibrium x° (see Fig. 1.15). 

Actually, the Lyapunov function L(x) is the same for both linear and nonlin- 
ear systems and is fully determined by the Jacobian matrix A. The details can be 
found in any standard text on differential equations (see the bibliographical notes in 
Appendix D). Note also that the theorem can also be derived from Theorem 1.2 (see 
Exercise 7). 

Unfortunately, in general it is impossible to tell by looking at the right-hand side 
of (1.5), whether this system has cycles (periodic solutions). Later on in the book we 
will formulate some efficient methods to prove the appearance of cycles under small 
perturbation of the system (e.g., by variation of parameters on which the system 
depends). 

If the system has a smooth invariant manifold M, then its defining vector field f(a) 
is tangent to M at any point x € M, where f(x) 4 0. For an (n — 1)-dimensional 


Fig. 1.15 Lyapunov 
function 
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smooth manifold M C R”, which is locally defined by g(a) = 0 for some scalar 
function g : R"” > R!, the invariance means 


(Vg(a), f(a)) = 0. 
Here Vg(x) denotes the gradient 


_ (Aga) Og(x) Og(«) 
vate) = ( Ox; ’ Oar’? Oay ). 


which is orthogonal to M at x. 


1.5 Poincaré Maps 


There are many cases where discrete-time dynamical systems (maps) naturally appear 
in the study of continuous-time dynamical systems defined by differential equations. 
The introduction of such maps allows us to apply the results concerning maps to 
differential equations. This is particularly efficient if the resulting map is defined in 
a lower-dimensional space than the original system. We will call maps arising from 
ODEs Poincaré maps. 


1.5.1 Time-Shift Maps 


The simplest way to extract a discrete-time dynamical system from a continuous-time 
system {R!, X, —'} is to fix some Ty > 0 and consider a system on X that is generated 
by iteration of the map f = y”. This map is called a Ty-shift map along orbits of 
{R!, X, y"}. Any invariant set of {IR', X, y"} is an invariant set of the map f. For 
example, isolated fixed points of f are located at those positions where {R', X, y"} 
has isolated equilibria. 

In this context, the inverse problem is more interesting: Is it possible to construct 
a system of ODEs whose 7o-shift map y”° reproduces a given smooth and invert- 
ible map f? If we require the discrete-time system to have the same dimension as 
the continuous-time one, the answer is negative. The simplest counterexample is 
provided by the linear scalar map 


nH fe) =—52, ceR', (1.12) 


The map in (1.12) has a single fixed point «° = 0 that is stable. Clearly, there is no 
scalar ODE 
z= F(x), ceR', (1.13) 
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Fig. 1.16 Suspension flow t 
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such that its evolution operator 7° = f. Indeed, «° = 0 must be an equilibrium of 


(1.13), thus none of its orbits can “jump” over the origin like those of (1.12). We 
will return to this inverse problem in Chap. 9, where we explicitly construct ODE 
systems approximating certain maps. 


Remark: 

If we allow for ODEs on manifolds, the inverse problem can always be solved. 
Specifically, consider a map f :R” — R” that is assumed to be smooth, together 
with its inverse. Take a layer 


{(t, 2) € R' x R": t € [0, To]} 


(see Fig. 1.16) and identify (“glue”) a point (7p, x) on the “top” face of X with the 
point (0, f(x)) on the “bottom” face. Thus, the constructed space X is an (n+ 1)- 
dimensional manifold with coordinates ({ mod To, x). Specify now an autonomous 
system of ODEs on this manifold, called the suspension, by the equations 


t=1, 
be (1.14) 


The orbits of (1.14) (viewed as subsets of R' x R”) are straight lines inside the layer 
interrupted by “jumps” from its “top” face to the “bottom” face. Obviously, the 7o- 
shift along orbits of (1.14) y” coincides on its invariant hyperplane {t = 0} with the 
map f. 

Let k > 0 satisfy the equation e*”) = 2. The suspension system corresponding to 
the map (1.12) has the same orbit structure as the system 
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t=Th 


t=0 
x 


Fig. 1.17 Stable limit cycle on the Mobius strip 


i= 1, 
“z= —ka, 


defined on an (infinitely wide) Mobius strip obtained by identifying the points (Jo, x) 
and (0, —x) (see Fig. 1.17). In both systems, x = 0 corresponds to a stable limit cycle 
of period 7p with the multiplier uy = —5. ° 


1.5.2. Poincaré Map and Stability of Cycles 


Consider a continuous-time dynamical system defined by 
t= f(x), cER’, (1.15) 


with smooth f. Assume, that (1.15) has a periodic orbit Lo. Take a point xo € Lo 
and introduce a cross-section & to the cycle at this point (see Fig. 1.18). The cross- 
section & is a smooth hypersurface of dimension n — 1, intersecting Lo at a nonzero 
angle. Since the dimension of & is one less than the dimension of the state space, 
we say that the hypersurface & is of “codimension” one, codim & = 1. Suppose 
that & is defined near the point 2 by the zero-level set of a smooth scalar function 
g: R" > R', g(Zo) = 0, 


x = {x € R”: g(x) = O}. 


A nonzero intersection angle (“transversality”) means that the gradient 
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Fig. 1.18 The Poincaré map 
associated with a cycle 


_ (Aga) Og(x) Og(«) 
Vata) = ( Ox, > Ox.’ Oxy ) 


is not orthogonal to Lo at xo, that is, 


(Vg(xo), f(to)) #9, 


where (-,-) is the standard scalar product in R”. The simplest choice of & is a 
hyperplane orthogonal to the cycle Lo at xo. Such a cross-section is obviously given 
by the zero-level set of the linear function 


g(x) = (f(x),  — Xo). 


Consider now orbits of (1.15) near the cycle Lo. The cycle itself is an orbit that 
starts at a point on & and returns to & at the same point (xp € J). Since the solutions 
of (1.15) depend smoothly on their initial points (Theorem 1.4), an orbit starting at 
a point x € & sufficiently close to x also returns to X at some point % € DY near xo. 
Moreover, nearby orbits will also intersect & transversally. Thus,amap P : & > &, 


rhe £= P(x), 


is constructed. 
Definition 1.9 The map P is called a Poincaré map associated with the cycle Lo. 


The Poincaré map P is locally defined, is as smooth as the right-hand side of (1.15), 
and is invertible near x9. The invertibility follows from the invertibility of the dynam- 
ical system defined by (1.15). The inverse map P~'! : 5 — ¥ can be constructed 
by extending the orbits crossing & backward in time until reaching their previous 
intersection with the cross-section. This implies that the Poincaré map P is a (local) 
diffeomorphism near xo. The intersection point 29 is a fixed point of the Poincaré 
map: P(%o) = 2o. 
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Let us introduce local coordinates € = (€), &2,...,&€n—1) on Y such that € = 0 
corresponds to xo. Then the Poincaré map will be characterized by a locally defined 
map P : R"-! — R"~!, which transforms € corresponding to x into € corresponding 
to Z, 


P(g) =€. 


The origin € = 0 of R""! is a fixed point of the map P : P(0) = 0. The stability 
of the cycle Lo is equivalent to the stability of the fixed point &) = 0 of the Poincaré 
map. Thus, the limit cycle is stable if all eigenvalues (multipliers) 4, fo, .--, fn—1 
of the (n — 1) x (n — 1) Jacobian matrix of P, 


ye eel 
; ge |g’ 


are located inside the unit circle |u| = 1 (see Theorem 1.2). 

One may ask whether the multipliers depend on the choice of the point x9 on Lo, 
the cross-section &, or the coordinates € on it. If this were the case, determining 
stability using multipliers would be confusing or even impossible. 


Lemma 1.3 The multipliers ,1,, bo,..., bn—1 of the Jacobian matrix A of the 
Poincaré map P. associated with a cycle Lo are independent of the point xo on 
Lo, the cross-section &, and local coordinates on it. 


Proof: 

Let &; and > be two cross-sections to the same cycle Lo at points x! and 
x’, respectively (see Fig. 1.19, where the planar case is presented for simplicity). 
We allow the points x! to coincide, and we let the cross-sections X1,2 represent 
identical surfaces in R” that differ only in parametrization. Denote by P; : 4; > 
x, and P; : Ly > YX» corresponding Poincaré maps. Let € = (€), &,..., €,_1) be 
coordinates on %, and let 7 = (7, 72, .--, Mn—1) be coordinates on Xo, such that 
€ = 0 corresponds to x! while 7 = 0 gives x”. Finally, denote by A, and A> the 
associated Jacobian matrices of P; and P2, respectively. 


Fig. 1.19 Two 
cross-sections to the cycle Lo 
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Due to the same arguments as those we used to construct the Poincaré map, there 
exists a locally defined, smooth, and invertible correspondence map Q : X1 —> Xo 
along orbits of (1.15): 


n= Q(é). 


Obviously, we have 
P,oQ=QoP,, 


or, in coordinates, 


P2(Q(g)) = Q(Pi(§)), 


for all sufficiently small ||€|| (see Fig. 1.19). Since Q is invertible, we obtain the 
following relation between P; and P): 


P}=Q!oPo0@. 
Differentiating this equation with respect to €, and using the chain rule, we find 


dP, _dQ™'dP, dQ 
dé dns dn dé" 


Evaluating the result at € = 0 gives the matrix equation 


A; = Bo! AB, 
where 
B= Q<(0) = te 
S dé f=0 


is nonsingular (i.e., det B ¢ 0). Thus, the characteristic polynomials for A; and A» 
coincide, as do the multipliers. Indeed, 


det(A, — ul,) = det(B™') det(Az — ul, det(B) = det(Ax — ply) 


since the determinant of the matrix product is equal to the product of the the deter- 
minants of the matrices involved, and det(B~') det(B) = 1. 

According to Lemma 1.3, we can use any cross-section & to compute the multi- 
pliers of the cycle: The result will be the same. 

The next problem to be addressed is the relationship between the multipliers 
of a cycle and the differential equations (1.15) defining the dynamical system that 
has this cycle. Let x(t) denote a periodic solution of (1.15), xo(t + To) = x(t), 
corresponding to a cycle Lo. Represent a solution of (1.15) in the form 


x(t) = xo(t) + ud), 
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where u(t) is a deviation from the periodic solution. Then, 
u(t) = &(t) — to(t) = f(wo(t) + ult) — (aot) = AMu(t) + O(|Ju@|!). 
Truncating O((||u||*) terms results in the linear Ty-periodic system 
u= A(Hu, ue R’, (1.16) 


where A(t) = f(xo(t)), A(t + To) = A(t). 
Definition 1.10 System (1.16) is called the variational equation about the cycle Lo. 


The variational equation is the main (linear) part of the system governing the 
evolution of perturbations near the cycle. Naturally, the stability of the cycle depends 
on the properties of the variational equation. 


Definition 1.11 The time-dependent matrix M(t) is called the fundamental matrix 
solution of (1.15) if it satisfies } 

M = A(t)M, 
with the initial condition M(0) = I, the unit n x n matrix. 


Any solution u(t) to (1.16) satisfies 
u(t) = M(t)u(0) 


(prove!). The matrix M(To) is called a monodromy matrix of the cycle Lo. The 
following Liouville formula expresses the determinant of the monodromy matrix in 
terms of the matrix A(t): 


To 
det M(To) = exp (/ tr A(t) at) , (1.17) 
0 


Theorem 1.6 The monodromy matrix M(To) has eigenvalues 


HH M25 +++5 Mn—1, I, 


where 1; are the multipliers of the Poincaré map associated with the cycle Lo. 


Proof: 
Let y' be the evolution operator (flow) defined by system (1.15) near the cycle 
Lo. Consider the map 
y® : R" > R". 


Clearly, ye x) = Xo, where Zo is an initial point on the cycle, which we assume to 
be located at the origin, x9 = 0. The map is smooth, and its Jacobian matrix at the 
origin coincides with the monodromy matrix: 
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Fig. 1.20 Construction of 
the linearized Poincaré map 
associated with Lo on X 
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= M(Ih). (1.18) 


We show first that the matrix M(7Jp) has an eigenvalue jz, = 1. Indeed, v(t) = 
£°(t) is a solution to (1.16). Therefore, g = v(0) = f (0) is transformed by M(Tp) 
into itself: 

M(To)q¢ = 4. 


Consider now the (n — 1)-dimensional linear subspace & that is spanned by all 
eigenvectors and generalized eigenvectors of M(7o), except the eigenvector vector 
q. Take © as a cross-section to the cycle at 2 = 0 (see Fig. 1.20). The map y”? 
transforms the hyperplane © into a curved codimension | manifold y”° . It follows 
from (1.18) that M(7p)> is tangent to yD at 2 = 0. Thus, the linearization of the 
Poincaré map P defined by system (1.15) on & is a composition of the restriction of 
the linear transformation defined by M (7p) on & and a projection to ¥ along the lines 
parallel to g. Since this projection does not affect the eigenvectors and generalized 
eigenvectors that span &, together with their eigenvalues, we see that the linearization 
of P at its fixed point corresponding to Lo has the eigenvalues j41, [2,..., Un—1, aS 
claimed. 

According to (1.17), the product of all eigenvalues of M(7o) can be expressed as 


To 
ii fa ~ > bn = EXP ( / (div f)(xo(t)) at) (1.19) 
0 
where, by definition, the divergence of a vector field f(a) is given by 


n fa) F 
(div f(z) =~ oe 


i=l 
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Thus, the product of all multipliers of any cycle is positive. Notice that in the planar 
case (n = 2) formula (1.19) allows us to compute the only multiplier ju), provided 
the periodic solution xg(t) corresponding to the cycle is known explicitly. However, 
this is mainly a theoretical tool since periodic solutions of nonlinear systems are 
rarely known analytically. 


1.5.3. Poincaré Map for Periodically Forced Systems 


In several applications the behavior of a system subjected to an external periodic 
forcing is described by time-periodic differential equations 


&=f(t,x), (2) €R! xR’, (1.20) 


where f(t + To, x) = f(t, x). System (1.20) defines an autonomous system on the 
cylindrical manifold X = S' x R", with coordinates (t(mod Ty), x), namely 


i=l, 
le = Fan, (net) 


In this space X, take the n-dimensional cross-section & = {(x, t) € X : t = O}. We 
can use x’ = (21, 22,..., 2%») as coordinates on D. Clearly, all orbits of (1.21) 
intersect & transversally. Assuming that the solution x(t, x) of (1.21) exists on the 
interval t € [0, To], we can introduce the Poincaré map 


xo +> P(xo) = x(Tp, Xo). 


In other words, we have to take an initial point x9 and integrate system (1.20) over 
its period 7p to obtain P (a9). By this construction, the discrete-time dynamical sys- 
tem {Z, R”, P*} is defined. Fixed points of P obviously correspond to Ty-periodic 
solutions of (1.20). An No-cycle of P represents an No7o-periodic solution (sub- 
harmonic) of (1.20). The stability of these periodic solutions is clearly determined 
by that of the corresponding fixed points and cycles. More complicated solutions of 
(1.20) can also be studied via the Poincaré map. In Chap. 9 we will analyze in detail a 
model of a periodically (seasonally) forced predator-prey system exhibiting various 
subharmonic and chaotic solutions. 


1.6 Exercises 


(1) (Symbolic dynamics and the Smale horseshoe revisited) 
(a) Compute the number N(k) of period-k cycles in the symbolic dynamics {Z, Q2, 0}. 


1.6 Exercises 35 


(b) Explain how to find the coordinates of the two fixed points of the horseshoe map f in S. 
Prove that each point has one multiplier inside and one multiplier outside the unit circle || = 1. 


(2) (Hamiltonian systems) 
(a) Prove that the Hamilton function is constant along orbits of a Hamiltonian system: H=0. 
(b) Prove that the equilibrium (y, ~) = (0, 0) of a pendulum described by (1.6) is Lyapunov 
stable. (Hint: System (1.6) is Hamiltonian with closed level curves H (vy, w) = const near (0, 0).) 
Is this equilibrium asymptotically stable? 


(3) (Quantum oscillations) 

(a) Integrate the linear system (1.8), describing the simplest quantum system with two states, 
and show that the probability p; = |a;|? of finding the system in a given state oscillates periodically 
in time. 

(b) How does p; + p2 behave? 


(4) (Brusselator revisited) 

(a) Derive the Brusselator system (1.9) from the system written in terms of the concentrations 
[X], [Y]. 

(b) Compute an equilibrium position (xo, yo) and find a sufficient condition on the parameters 
(a, b) for it to be stable. 


(5) (Volterra system revisited) 
(a) Show that (1.10) can be reduced by a linear scaling of variables and time to the following 
system with only one parameter 7: 


t=u-—cxy, 
y = —yy t+ wy. 


(b) Find all equilibria of the scaled system. 
(c) Verify that the orbits of the scaled system in the positive quadrant {(x, y) : x, y > 0} coincide 
with those of the Hamiltonian system 


: 1 
g=--l, 
y 
pS, 
Hi 


(Hint: Vector fields defining these two systems differ by the factor ju(@, y) = xy, which is positive 
in the first quadrant.) Find the Hamilton function. 

(d) Taking into account steps (a) to (c), prove that all nonequilibrium orbits of the Volterra 
system in the positive quadrant are closed, thus describing periodic oscillations of the numbers of 
prey and predators. 


(6) (Explicit Poincaré map) 
(a) Show that for a > 0 the planar system in polar coordinates 


p= pla-p), 
=), 


has the explicit solution 


1 1 1 a 
p(t) = (: a ( a :) = , pt) = yo +t. 
0 
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(b) Draw the phase portrait of the system and prove that it has a unique limit cycle for each 
a> 0. 
(c) Compute the multiplier j1 of the limit cycle: 

(i) by explicit construction of the Poincaré map pt» P(p) using the solution above and 
evaluating its derivative with respect to p at the fixed point pp = ./a (Hint: See Wiggins (1990, pp. 
66-67).); 

(ii) using formula (1.19), expressing /11 in terms of the integral of the divergence over the cycle. 
(Hint: Use polar coordinates; the divergence is invariant.) 


(7) (Lyapunov’s theorem) Prove Theorem 1.5 using Theorem 1.2. 
(a) Write the system near the equilibrium as 


“= Ax+ F(x), 


where F(x) = O((||2||) is a smooth nonlinear function. 
(b) Using the variation-of-constants formula for the evolution operator y‘, 


t 
ya = ele +f eAl—) F(x) dr, 
0 
show that the unit-time shift along the orbits has the expansion 
gle = Be + O((\z\), 
where B = e4. 


(c) Conclude the proof, taking into account that ji, = e**, where jz and ); are the eigenvalues 


of the matrices B and A, respectively. 


1.7 Appendix A: Planar ODE Systems 


It is difficult to prove existence of cycles. However, there is a simple sufficient condition that 
excludes cycles in a smooth planar system 


X = F(X), x=(*) eR. (A.1) 


Recall that t > y! X denotes the solution to (A.1) starting at some point X € R?. 


Theorem 1.7 (Bendixson’s Criterion) /f (div F)(X) > 0 (< 0) in an open disk Dé R?, then 
(A.1) has no periodic orbits in D. 


Proof: 

Suppose there is such a cycle C. Let Q Cc D be the closed domain bounded by C, and let 
X(t + To) = X(t) be the corresponding 7o-periodic solution. 

Then we would have 


To 
§ Pdy— Qdx = / (PQ — OP)(X*(t))dt = 0, 
Cc 0 
but by Green’s theorem 


> 0, 


= i (div F) dX 
Q 


if Pdy— Qdx 
Cc 
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contradiction. Note that we had to use absolute values, since the cycle could be oriented either 
clockwise or counter-clockwise. 

Contrary to a disk, an annulus (i.e., a domain between two concentric circles) is an example of 
a domain that is not simply-connected. Indeed, closed curves that encircle the “hole” in the domain 
cannot be shrunk within the domain to a point. 


Theorem 1.8 (Bendixson-Dulac Criterion) Let A be an annulus in R? in which (A.1) has no 
equilibria. Assume that div F(X) is not identically zero on any open subset of A and does not 
change sign in A. 

Then (A.1) has at most one periodic orbit lying entirely in A. 


Proof: 

According to Bendixson’s Criterion, there cannot be periodic orbits that can be shrunk within 
A to a point. Thus, if there are periodic orbits of (A.1) in A, they must be nested around the “hole” 
in the domain. 

Any such periodic orbit is hyperbolic, since for its multiplier (see Eq. (1.19)) holds 


T 
[uy = exp (/ div F(X°(t)) ar) x1 
0 


by the assumption, and thus is isolated (i.e., has an annular neighborhood in which there are no 
other periodic orbits). 

Suppose that there are two or more isolated periodic orbits in A and consider a pair of them, 
such that there are no other periodic orbits in between. Both periodic orbits are hyperbolic and must 
have opposite stability: One is (exponentially) stable with 4; < 1, while the other one is unstable 
with 44; > 1. One of these inequalities contradicts the assumption. 

For a smooth planar ODE, the asymptotic behavior of bounded orbits is described by the fol- 
lowing classical theorem (see Fig. 1.21 for an illustration). 


Theorem 1.9 A bounded forward orbit of a smooth planar system (A.1) with a finite number of 
equilibria tends as t — +00 to one of the following invariant sets in the phase plane: 


(i) an equilibrium point; 
(ii) a periodic orbit; 
(iil) a union of equilibria and their connecting orbits. 


To discuss the main ideas behind the proof of this theorem, we need a number of auxiliary notions 
and results. 


Definition 1.12 We say that P € w(X) C R? if there is an increasing infinite sequence of times 
{tj} + +00 such that P; := ptiX > P as j > oo. The set w(X) is called the w-limit set of the 
orbit starting at X. 


Fig. 1.21 Poincaré-Bendixson Theorem 
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Fig. 1.22 Lemma 1.4 L L 
Q; Qi 
Qe 
Qs 
(a) (b) 


The w-limit set has a number of general properties (also valid for n-dimensional systems), which 
we formulate without proof. 


Theorem 1.10 Let X € R? and assume that the forward orbit of (A.1) starting at X is bounded. 
Then 


(a) w(X) C R? is nonempty, bounded, closed, and connected; 
(b) w(X) is an invariant set for (A.1), i.e. Y € w(X) implies gy € w(X) for allt € R; 
(c) the forward orbit tends to w(X), i.e. 


dist(y'X, w(X)) := inf ||y'X — P|| > 0 as t> oo; 
Pew(X) 


(d) ifZ €w(Y) and Y € w(X), then Z € w(X) (transitivity). 


Definition 1.13 A closed line segment L is called transverse for (A.1) if the vector field F neither 
vanishes on L, nor is anywhere tangent to L. 


The following three technical lemmas are practically obvious (see Figs. 1.22 and 1.23). 


Lemma 1.4 (Monotonicity) [fan orbit intersects L for an increasing sequence of times {tj}, then 
the corresponding sequence of intersection points {Qj} is either constant or strictly monotone. 


Lemma 1.5 Let P € w(X) and let L bea transverse segment through P. Then there is an increasing 


sequence {t;} — oo such that, for Q; = gti X, we have {Q;} > PandQ; ¢L.U 


Since a monotone sequence cannot have two accumulation points, obviously also the following 
lemma holds. 


Lemma 1.6 The set w(X) can intersect a transverse segment L in at most one point. 


The next lemma is often used to establish the existence of a periodic orbit. Its proof uses the 
invariance and transitivity properties from Theorem 1.10. 


Lemma 1.7 Jf w(X) does not contain equilibria, then it contains a periodic orbit I. Moreover, 
w(X) = Ip. 


Proof: 

Take Y € w(X) and consider Z € w(Y) (Fig. 1.24). By Theorem 1.10(d), Z € w(X) and, thus, 
Z is not an equilibrium. Take a transverse segment L through Z, and consider a sequence {Y;} > Z 
with 
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Fig. 1.23, Lemmas 1.5 and P, Qi 


Fig. 1.24 Lemma 1.7 M 


yj=giYeL 


(the existence of such a sequence is guaranteed by Lemma 1.5). Notice that by Theorem 1.10(b) 
all Y; € w(X). By Lemma 1.4, the sequence {Y;} is either strictly monotone or constant. If {Y;} is 
monotone, w(X) has more than one intersection with L, a contradiction with Lemma 1.6. Thus, it 
is constant, i.e. 

Yj=Z, 


implying that the orbit starting at Y is a periodic orbit that we denote by J. 

There is a transverse segment M through any point Y € Io (see Fig. 1.24). By Lemma 1.6, the 
intersection w(X)M M = Y. Therefore, there is an open annulus in which Jo is the only subset of 
w(X). Since w(X) is connected (see Theorem 1.10(a)), w(X) \ I is empty. 

To apply this result, one usually introduces aclosed annulus A that contains no equilibrium points 
and is forward-invariant, i.e. no forward orbit starting in A can leave it. Considering a forward orbit 
starting at a point X € A, we see that the orbit is bounded and its w-limit set w(X) C A must be a 
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Fig. 1.25 An illustration of Lemma 1.8. Here, w(X) consists of two equilibria, two heteroclinic 
orbits, and one homoclinic orbit 


periodic orbit (cycle). The uniqueness of this cycle cannot always be granted, since orbits staring 
at different points X € A could approach different limit cycles. 
To formulate the last technical lemma, we need to define the a-limit sets. 


Definition 1.14 We say that P € a(X) C R? if there is a decreasing infinite sequence of negative 
times {t;} — —oo such that P; := gtix —> Pasj — ~. The set a(X) is called the a-limit set of 
the orbit starting at Xo. 


Lemma 1.8 /[fw(X) contains both equilibrium and non-equilibrium points and Q € w(X) is not 
an equilibrium, then both w(Q) and a(Q) are equilibrium points. 


Proof: 

Theorem |.10(d) (and its reformulation for a-limit sets) implies that both w(Q) C w(X) and 
a(Q) C w(X). 

Ifw(Q) does not contain an equilibrium, then w(Q) (and hence w(X)) is a periodic orbit (Lemma 
1.7). However, w(X) contains equilibria, a contradiction. Thus, w(Q) contains an equilibrium (see 
Fig. 1.25 for an illustration). 

Assume that w(Q) also contains a non-equilibrium point Y. Take a transverse segment L through 
Y. Due to Theorem 1.10(b), all points of the orbit starting at Q belong to w(X). By Lemma 1.5, 
the forward orbit starting at Q must intersect L infinitely-many times near Y. Moreover, all the 
intersection points must be different (otherwise, this orbit is a periodic orbit, which is already 
excluded). Thus, w(X) intersects with L more than once, a contradiction. This implies that w(Q) 
contains only equilibria. Thus, it is a union of a finite number of points. However, according to 
Theorem 1.10(a), w(Q) is connected. Therefore, w(Q) is just one equilibrium. 

Essentially the same arguments can be applied to show that a(Q) is also an equilibrium. 

Combining all previous facts, we obtain the following classical result. 


Theorem 1.11 (Poincaré-Bendixson) Consider a smooth planar system that has only a finite 
number of equilibrium points. Suppose that a forward orbit of this system starting at a point X € R* 
is bounded. Then w(X) is either 


(i) an equilibrium point; 
(ii) a periodic orbit; 
(iii) a union of equilibria and orbits having these equilibria as their a- and w-limit sets. 


Theorem 1.9 formulated in the beginning of this section is an obvious corollary of Theorem 1.11. 


Remarks: 
(1) Only one heteroclinic orbit can go from an equilibrium point X_ € w(X) to a different 
equilibrium point X, € w(X). 
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(2) If each component of F is analytic (e.g., polynomial), then X=F (X) has a finite number 
of equilibria in any closed and bounded domain in R?. Moreover, in this case, any equilibrium can 
have only a finite number of homoclinic orbits. <> 


1.8 Appendix B: Reaction-Diffusion Systems 


If the concentrations in Example 1.4 change from point to point, the state of a chemical reactor at 
time ¢ can be specified by defining a vector function 


c(x, t) = (c1(@, t), c2(@, t),..., n(@, 1), 


where the c; are concentrations of reacting substances near the point x in the reactor domain 
Q Cc R”. Here m = 1, 2,3, depending on the geometry of the reactor, and Q is assumed to be 
closed and bounded by a smooth boundary 0Q. Therefore, the state space X in this case is a func- 
tion space composed of vector-valued functions c(x), satisfying certain smoothness and boundary 
conditions. The dimension of such spaces is infinite. Thus, a function u € X satisfies certain bound- 
ary and smoothness conditions, while its evolution is usually determined by a system of equations 
with partial derivatives (PDEs). In this appendix we briefly discuss how a particular type of such 
equations, namely reaction-diffusion systems, defines infinite-dimensional dynamical systems. 

The concentrations c;(x, t) satisfy the problem-dependent boundary conditions. For example, 
if the concentrations of all the reagents are kept constant at the boundary, we have 


c(a,th=co, TE OQ. 


Defining a deviation from the boundary value, s(x, t) = c(x, t) — co, we can reduce to the case of 
zero Dirichlet boundary conditions: 


s(z,t) =0, ce OQ. 


If the reagents cannot penetrate the reactor boundary, zero Neumann (ero flux) conditions are 
applicable: 
Oc(a, t) 
On 
where the left-hand side is the inward-pointing normal derivative at the boundary. 
The evolution of a chemical system can be modeled by a system of reaction-diffusion equations 
written in the vector form for u(x, t) (u = s orc): 


=0, rE dQ, 


Ou(a, t) 


a D(Au)(a, t) + f(u(a, 6), (B.1) 


where f : R” — R” is smooth and D is a diagonal diffusion matrix with positive coefficients, and 
A is known as the Laplacian, 


The first term of the right-hand side of (B.1) describes diffusion of the reagents, while the second 
term specifies their local interaction. The function u(x, t) satisfies one of the boundary conditions 
listed above, for example, the Dirichlet conditions: 


u(az,t)=0, 2 € OQ. (B.2) 
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Definition 1.15 A function u = u(a,t), uw: Qx R! — R", is called a classical solution to the 
problem (B.1), (B.2) if it is continuously differentiable, at least once with respect to t and twice 
with respect to x, and satisfies (B.1), (B.2) in the domain of its definition. 


For any twice continuously differentiable initial function ug(x), 
u(x) = 0, x € OQ, (B.3) 


the problem (B.1), (B.2) has a unique classical solution u(x, t), defined for x € Q and t € [0, 60), 
where 69 depends on ug, and such that u(x, 0) = uo(x). Moreover, this classical solution is actually 
infinitely many times differentiable in (a, t) for 0 < t < dg. The same properties are valid if one 
replaces (B.2) by Neumann boundary conditions. 

Introduce the space X = Ch (Q, R”) of all twice continuously differentiable vector functions 
in Q satisfying the Dirichlet condition (B.3) at the boundary 0. The preceding results mean that 
the reaction-diffusion system (B.1),(B.2) defines a continuous-time dynamical system (RL, x, y'}, 
with the evolution operator 

(p'uo) (x) = u(x, t), (B.4) 


where u(x, t) is the classical solution to (B.1),(B.2) satisfying u(xv, 0) = uo(x). It also defines 
a dynamical system on X; = Cp°(Q, R”) composed of all infinitely continuously differentiable 
vector functions in Q satisfying the Dirichlet condition (B.3) at the boundary 0Q. 

The notions of equilibria and cycles are, therefore, applicable to the reaction-diffusion system 
(B.1). Clearly, equilibria of the system are described by time-independent vector functions satisfying 


D(Au)(x) + f(u(a)) = 0 (B.5) 


and the corresponding boundary conditions. A trivial, spatially homogeneous solutions to (B.5) 
satisfying (B.2), for example, is an equilibrium of the local system 


u=fw, weR". (B.6) 


Nontrivial, spatially nonhomogeneous solutions to (B.5) are often called dissipative structures. 
Spatially homogeneous and nonhomogeneous equilibria can be stable or unstable. In the stable 
case, all (smooth) small perturbations u(x) of an equilibrium solution decay in time. Cycles (i.e., 
time-periodic solutions of (B.1) satisfying the appropriate boundary conditions) are also possible; 
they can be stable or unstable. Standing and rotating waves in reaction-diffusion systems in planar 
circular domains {2 are examples of such periodic solutions. 

Up to now, the situation seems to be rather simple and is parallel to the finite-dimensional case. 
However, one runs into certain difficulties when trying to introduce a distance in X = Ch(Q, R”). 
For example, this space is incomplete in the “integral norm” 


2 
Jul? = i: 3 
Q 
j=l,2,.. 


i]s 


oll uj (x) 


ia, i i dQ, ey) 
Oxy! Oxy ++» Oar! 


where |2| = 71 +72 +...+%m. In other words, a Cauchy sequence in this norm can approach a 
function that is not twice continuously differentiable (it may have no derivatives at all) and thus 
does not belong to X. Since this property is important in many respects, a method called completion 
has been developed that allows us to construct a complete space, given any normed one. Loosely 
speaking, we add the limits of all Cauchy sequences to X. More precisely, we call two Cauchy 
sequences equivalent if the distance between their corresponding elements tends to zero. Classes 
of equivalent Cauchy sequences are considered as points of a new space H. The original norm can 
be extended to H, thus making it a complete normed space. Such spaces are called Banach spaces. 


1.8 Appendix B: Reaction-Diffusion Systems 43 


The space X can then be interpreted as a subset of H. It is also useful if the obtained space is a 
Hilbert space, meaning that the norm in it is generated by a certain scalar product. 

Therefore, we can try to use one of the completed spaces H as a new state space for our 
reaction-diffusion system. However, since H includes functions on which the diffusion part of 
(B.1) is undefined, extra work is required. One should also take care that the reaction part f(u) 
of the system defines a smooth map on H. Without going into details, we merely state that it is 
possible to prove the existence of a dynamical system {R!, H, 7} such that 7)'u is defined and 
continuous in u for all u € H and t € [0, 6(u)), and, if ug € X C H, then pug = ytuo, where 
yt uo is a classical solution to (B.1),(B.2). 

The stability of equilibria and other solutions can be studied in the space H. If an equilibrium 
is stable in H, it will also be stable with respect to smooth perturbations. One can derive sufficient 
conditions for an equilibrium to be stable in H (or X) in terms of the linear part of the reaction- 
diffusion system (B.1). For example, let us formulate sufficient stability conditions (an analogue of 
Theorem 1.5) for a trivial (homogeneous) equilibrium of a reaction-diffusion system on the interval 
Q = [0, 7] with Dirichlet boundary conditions. 


Theorem 1.12 Consider a reaction-diffusion system 


Ou Ou 
a Daa + f(u), (B.8) 


where f : R" — R" is smooth, x € [0, 7], with the boundary conditions 
u(0) = u(7) = 0. (B.9) 


Assume that u° = 0 is a homogeneous equilibrium, f(0) = 0, and A is the Jacobian matrix of 
the corresponding equilibrium of the local system, A = f,,(0). Suppose that all eigenvalues of the 
n X n matrix 

M, = A—k’?D 


have negative real parts for all k = 0,1,2,.... 
Then u® = 0 is a stable equilibrium of the dynamical system (R!, H,"} generated by the 


system (B.8), (B.9) in the completion H of the space Cp (10, a], R”) in the norm (B.7). 


The matrices Mj), appear as follows. Consider the linearization of (B.8) near the homogeneous 
equilibrium, 
Ow Pw 
=D 


ar = agz t AU (B.10) 


and introduce the function 
w(a,t) = Ve" sin(kx), AEC, VEC", 


When k: is integer, this function satisfies the boundary conditions (B.9). Moreover, it defines a 
nontrivial “basis solution” of (B.10), when (A — k2D)V = AV, ie. V is an eigenvector of M;, 
corresponding to eigenvalue \. The above condition on the eigenvalues implies that all basis solu- 
tions decay exponentially as t — oo, making stability of the homogeneous equilibrium in the full 
reaction-diffusion system (B.8) plausible. 

A similar theorem can be proved for the system in Q C R”, m = 2, 3, with Dirichlet boundary 
conditions. The only modification is that k? should be replaced by «x, where {#,} are all positive 
numbers for which 


(Avg) (@) = —KkvE(), 
with vj, = vz(a) satisfying Dirichlet boundary conditions. The modification to the Neumann bound- 
ary condition case is rather straightforward. 
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1.9 Appendix C: Differential Equations with Delays 


There are situations when evolution of a system is described by x(t) € R” for t € R!, but the rate 
of change «(t) at time t depends on the current value x(t) and on the values at some moments in 
the past, e.g. 

x(t—7), w(t—72),...,2(t —Tm), 
where 0 < 7) < 72 <+-+ < Tm =: hare called delays. Thus, instead of an ODE system, we have 
to consider a system of delay differential equations (DDEs) 


&(t) = f(a), vt — 71), v(t — 72), ..., a(t — Tm)), (C.1) 


where f : R"™+)D —, R” is assumed to be smooth. 


Definition 1.16 A function x = x(t), «x: RL — R", is called a solution to the system if it is 
continuously differentiable and satisfies (C.1) in its domain of definition. 


Clearly, providing only (0) is not sufficient to define a solution. To construct the unique solution 
to(C.1) fort > 0, initial datau € C°([—h, 0], R”) must be available, see Fig. 1.26. If such wis given, 
then the solution x(t) satisfies for t € [0, h] the non-autonomous ordinary differential equation 


&= f(x, ut — 71), ut — 72), ---, ult — Tm) =: g(@, t), 


where the function g is continuous in (a, t) and smooth in x. Then the standard theorem for non- 
autonomous systems guarantees the existence of a unique smooth solution « = x(t) defined on an 
interval [0, 69] with some do > 0. If 69 = h, the solution on [0, h] can be used to obtain a solution 
for t > h, possibly on [h, 2h], etc. For each initial data u, this results in a unique solution «(t) to 
(C.1) defined on a maximal interval [0, Jo) with some Jp > 0. 


Definition 1.17 The function x; : [—h, 0] > R” defined by 
r(0) = x(t +), 6 €[—h, 0], (C.2) 
is called the history of the solution x at time t > 0. 


In this way, we get a family of functions 2; € X parameterized by t, where X = C°({[—h, 0], R”), 
the Banach space of all continuous vector functions on [—A, 0] with the norm 


de[—h,0] 


n 
lll] = max | | do uj(I 
j=l 


Notice that x9 =u. The above construction defines a continuous-time dynamical system 
{R1, X, y'}, with the evolution operator 


Fig. 1.26 Definition 1.17 
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(y'u)(0) = 21(6), 0 € [—h, 0]. (C.3) 


This is a noninvertible infinite-dimensional dynamical system. 

We can now talk about orbits of the dynamical system defined by (C.1), e.g. consider equilib- 
ria and cycles. In particular, the constant solutions define equilibria, while the periodic solutions 
correspond to cycles. Both types of orbits can be stable or unstable in X. One can derive sufficient 
conditions for an equilibrium, say 2 = 0, to be stable in terms of the linear part of (C.1), i.e. 


m 


(1) = D> Anw(t — 7), (C.4) 


k=0 


where 79 := O and A; is the n x n Jacobian matrix of the function f w.r.t to its k-th vector argument 
k; R”. i 
y’ ER", ie. 
ApS PEGG so Peis k=0,1,2,..., m, 


evaluated at y° =y! =- y* +++ = y'” = 0. Equation (C.4) is a linear DDE system with 


constant coefficients. The following theorem holds. 


Theorem 1.13 Consider a system of delay differential equations (C.1) and assume that 
f(0,0,..., 0) = 0, 


i.e. x = Ois an equilibrium. Denote by A(A) the characteristic matrix 


m 
AQ) =AIn— Doe Ag, AEC. (C.5) 
k=0 


Suppose that all roots of the characteristic equation 
det A(\) = 0 (C.6) 


have negative real parts. 
Then x = Ois a stable equilibrium of the dynamical system (Ri, X, v"} generated by (C.1). 


The matrix A(A) appears when one looks for an exponential solution «(f) = eng of (C.4) with 
some nonzero q € C”. The characteristic equation is transcendental and has an infinite number of 
complex roots. One can prove that in any half-plane Re \ > r there exists only a finite number of 
the roots. 


1.10 Appendix D: Bibliographical Notes 


Originally, the term “dynamical system” meant only mechanical systems whose motion is described 
by differential equations derived in classical mechanics. Basic results on such dynamical systems 
were obtained by Lyapunov and Poincaré at the end of the nineteenth century. Their studies have 
been continued by Dulac (1923) and Birkhoff (1966), among others. The books by Nemytskii & 
Stepanov (1949) and Coddington & Levinson (1955) contain detailed treatments of the then-known 
properties of dynamical systems defined by differential equations. Later on, it became clear that 
this notion is useful for the analysis of various evolutionary processes studied in different branches 
of science and described by ODEs, PDEs, or explicitly defined iterated maps. The modern period in 
dynamical system theory started from the work of Kolmogorov (1957), Smale (1963, 1966, 1967), 
and Anosov (1967). A general introduction to the modern theory of dynamical systems can be found 
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in Katok & Hasselblatt (1995). However, it is advisable to read Hasselblatt & Katok (2003) first. 
Today, the literature on dynamical systems is huge. We do not attempt to survey it here, giving only 
a few remarks in the bibliographical notes to each chapter. 

The horseshoe diffeomorphism proposed by Smale (1963, 1967) is treated in many books; for 
example, in Nitecki (1971), Guckenheimer & Holmes (1983), Wiggins (1990), and Arrowsmith & 
Place (1990). However, the best presentation of this and related topics is still due to Moser (1973). 
A map equivalent to (1.4) was introduced by Hénon (1976) as the simplest map with a strange 
attractor. The Hénon map is probably the best-studied planar map with complicated dynamics. 

General properties of ordinary differential equations and their relation to dynamical systems 
are presented in the cited book by Nemytskii and Stepanov and notably in the texts by Pontryagin 
(1962), Arnol’d (1973), and Hirsch & Smale (1974). The latter three books contain a comprehensive 
analysis of linear differential equations with constant and time-dependent coefficients. The book by 
Hartman (1964) treats the relation between Poincaré maps, multipliers, and stability of limit cycles. 

The best references for the qualitative theory of autonomous planar ODEs is still the classical 
book Andronov et al. (1971). Further results on nonlinear planar ODEs, e.g., the index theory and 
blow-up techniques to study degenerate equilibrium points, can be found in Arnol’d (1973, 1983), 
Perko (2001) and, in particular, in Dumortier et al. (2006). 

The study of infinite-dimensional dynamical systems has been stimulated by hydro- and aerody- 
namics and by chemical and nuclear engineering. Linear infinite-dimensional dynamical systems, 
known as “continuous (analytical) semigroups,” are studied in functional analysis (see, e.g., Hille 
& Phillips (1957), Balakrishnan (1976), or the more physically oriented texts by Richtmyer (1978, 
1981)). Infinite-dimensional dynamical systems also arise naturally in studying differential equa- 
tions with delays (see Hale (1971), Hale & Verduyn Lunel (1993), and Diekmann et al. (1995)). 
The theory of nonlinear infinite-dimensional systems is a rapidly developing field. Early results 
are presented in the relevant chapters of the books by Marsden & McCracken (1976), Carr (1981), 
and Henry (1981). Modern treatments and further references can be found in the books by Temam 
(1997) and Robinson (2001). 
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Topological Equivalence, Bifurcations, and 
Structural Stability of Dynamical Systems 


In this chapter, we introduce and discuss the following fundamental notions that will 
be used throughout the book: topological equivalence of dynamical systems and their 
classification, bifurcations and bifurcation diagrams, and topological normal forms 
for bifurcations. The last section is devoted to the more abstract notion of structural 
stability. In this chapter, we will be dealing only with dynamical systems in the state 
space X = R”. 


2.1 Equivalence of Dynamical Systems 


We would like to study general (qualitative) features of the behavior of dynamical 
systems, in particular, to classify possible types of their behavior and compare the 
behavior of different dynamical systems. The comparison of any objects is based on 
an equivalence relation, allowing us to define classes of equivalent objects and to 
study transitions between these classes. Thus, we have to specify when we define two 
dynamical systems as being “qualitatively similar” or equivalent. Such a definition 
must meet some general intuitive criteria. For instance, it is natural to expect that 
two equivalent systems have the same number of equilibria and cycles of the same 
stability types. The “relative position” of these invariant sets and the shape of their 
regions of attraction should also be similar for equivalent systems. In other words, 
we consider two dynamical systems as equivalent if their phase portraits are “qualita- 
tively similar,’ namely, if one portrait can be obtained from another by a continuous 
transformation (see Fig. 2.1). 


! Recall that a relation between two objects (a ~ b) is called equivalence if it is reflexive (a ~ a), 
symmetric (a ~ b implies b ~ a), and transitive (a ~ b and b ~ cimply a ~ c). 
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Fig. 2.1 Topological equivalence 


Definition 2.1. A dynamical system {T, R", y"} is called topologically equivalent to 
a dynamical system {T , R", ¢"} if there is a homeomorphism h : R" — R” mapping 
orbits of the first system onto orbits of the second system, preserving the direction of 
time. 


A homeomorphism is an invertible map such that both the map and its inverse 
are continuous. The definition of the topological equivalence can be generalized to 
cover more general cases when the state space is a complete metric or, in particular, 
is a Banach space. The definition also remains meaningful when the state space is a 
smooth finite-dimensional manifold in R", for example, a two-dimensional torus T” 
or sphere S*. The phase portraits of topologically equivalent systems are often also 
called topologically equivalent. 

The above definition applies to both continuous- and discrete-time systems. How- 
ever, in the discrete-time case we can obtain an explicit relation between the corre- 
sponding maps of the equivalent systems. Indeed, let 


zt f(z), ceR’, (2.1) 


and 
yr gly), yER", (2.2) 


be two topologically equivalent, discrete-time invertible dynamical systems (f = 
y', g = w' are smooth invertible maps). Consider an orbit of system (2.1) starting 
at some point x: 


ant OF eee. 
and an orbit of system (2.2) starting at a point y: 
vain Dy O OO)s GF Dy 2203 
Topological equivalence implies that if x and y are related by the homeomorphism 


h, y = h(a), then the first orbit is mapped onto the second one by this map h. 
Symbolically, 
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ny h L 
y —> gly). 


Therefore, g(y) = h(f(x)) or g(h(x)) = h(f (x)) for all z € R”, which can be writ- 
ten as 


f(@) =h"(g(A(a))) 


since /h is invertible. We can write the last equation in a more compact form using 
the symbol of map composition: 


f=h'logoh. (2.3) 


Definition 2.2. Two maps f and g satisfying (2.3) for some homeomorphism h are 
called conjugate. 


Consequently, topologically equivalent, discrete-time systems are often called con- 
jugate systems. 


Example 2.1 (Conjugate linear maps) 
Consider two linear scalar maps: 


1 1 
{ite r= ot and gi yl U= zy 


These maps are conjugate, and the corresponding dynamical systems are topologi- 
cally equivalent. Indeed, the following construction gives a conjugating homeomor- 
phism h: R! > R!. 


Introduce two closed intervals, Do = [5 , 1] and Dj = [ , 1], called the funda- 
mental domains (see Fig. 2.2). Consider an arbitrary homeomorphism 


Fig. 2.2. The maps f : 7b 52 andg: yb ay are conjugate 
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ho 7 Do = D), 


satisfying ho(5) = ; and ho(1) = 1, e.g. the affine map ho(x) = ; (-1+ 42). 
Further introduce two sequences of images for k € Z: 


Di = FRB) = [(4)")*] and Dy = oy = [4]. 
For x € Dy, k € 0, set inductively 


f= KhysCf-'(@))) if k= 1, 
7 (hesi(f(@))) if <1. 

Let h be a map defined for x > 0 and coinciding with h; on each D, for k € Z. 
Make the analogous construction for x < 0 and set h(0O) = 0. The map h : R! > R! 
constructed in this manner has the following properties: 

(i) h is ahomeomorphism; if ho is linear, h is piecewise-linear. 

(ii) h satisfies ho f = g oh, so it sends orbits of f onto orbits of g. 
This means that f is topologically equivalent (conjugate) to g. 

The conjugating homeomorphism / is not unique. For two linear scalar maps f 
and g introduced above, such map could also be searched in the form 


xe” ifx>0, 
h(z) = pee 
—|x|" if a <0, 
with some unknown v > 0. This map is continuous and monotone increasing, so it 
is a homeomorphism in R!. For x > 0, the conjugacy relation ho f = go hcan be 
written as 


which becomes the identity if 2” = 3, implying v = log, 3. Considering x < 0 leads 
to the same value of v. Thus, a conjugating homeomorphism is found. Apparently, 
it maps [5 , 1] onto [3 , 1] and satisfies h(4) = i and h(1) = 1 but is nonlinear. 


The method of fundamental domains used in Example 2.1 can be applied to prove 
the following result, where the notions of attracting, repelling, and semistable fixed 
points introduced in Chap. | are used. 


Theorem 2.1 Let 
ze f(z), ceR’, 


and 
yr gy), yeR', 


be two diffeomorphisms defined by strictly increasing functions f and g. Assume that 
f has a finite number N > | of fixed points 
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U<%2<+++< Uy, 
while g has the same number of fixed points 


Y= 7) = +* = UN. 


Suppose that 
sign( f(a) — x) = sign(g(y) — y) 


when either x < x and y < yi, or %j <2 < Xj41 and yj <Yy < Yjui for j= 
1,2,...,N—1, or x > xy and y > yn, i.e. the fixed points x; and y; are both 
attracting, or repelling, or positive/negative semistable. 

Then the maps f and g are conjugate, and the corresponding discrete-time dynamical 
systems are topologically equivalent. 


Proof: 

First consider two intervals, [x;, 2j41] and [y;, yj+1], with some 7 satisfying 
1<j< N-—1. Assume that f(x) — x is positive between the x; and 2,1, so that 
g(y) — y is also positive between y; and y;,). Let us take two arbitrary points x = ag 
and y = bo such that 


Xj <dao < Lj+ and Yj < bo < Yj+i 

and define two closed intervals called fundamental domains 
Do = lao, f(ao)] and Do = [bo, g(bo)] 
(see Fig. 2.3). For k € Z introduce two sequences of closed consecutive intervals 
Dy; = f*(Do) and Di, = g* (Do).? Then we proceed exactly as in Example 2.1. Con- 
sider an arbitrary homeomorphism 
ho : Do > D), 

satisfying ho(ao) = bo and ho(f(ao)) = f (bo), e.g. the affine map 


f (bo) — bo 


h =b —_ 
Oe aan 


(x — ao). 
For x € Dz, k £0, set inductively 


Ghea(f"(@))) if k= 1, 


ae een ae if k= 1, 


2 It is clear that Unez Pr = lj, tj41] and User Dy = [yj vjil- 
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z ~ 
Li+1 yt Yite 


Fig. 2.3, Construction of the conjugating homeomorphism: The image of a point in D; under hy 
is shown 


Let h be a map defined for x; < x < x4) and coinciding with h; on each D; for k € 
Z. Set h(a;) = y; and h(xvj41) = yj+1 by continuity. This gives a homeomorphism 


Ah: [x;, tj41] > Ly; yj] 


satisfying 
g(h(x)) = h(f(@)), © € [2j, 2541], 


so that f and g are topologically equivalent between two corresponding consecutive 
fixed points. 

The case when f(x) — x < 0 for x € [;, x;4;] can be treated similarly. The 
above construction can also be applied on the intervals 7 < 2 (y < y,) and x > 
ty (y = yn) with minor modifications. 

Combining homeomorphisms h’s constructed for all pairs of intervals in one map, 
we obtain a conjugating homeomorphism of R! that maps orbits of f onto those of 


g. 


Remark: 

The above theorem remains valid if both maps f and g are strictly increasing 
homeomorphisms, since no differentiability is used in the proof. Moreover, both 
maps may have no fixed points at all. > 


If both homeomorphisms h and h7! are C*, the maps g and f = h7!ogoh 
are called C*-conjugate. For k > 1, C*-conjugate maps (and the corresponding 
systems) are called smoothly conjugate or diffeomorphic. Two diffeomorphic maps 
(2.1) and (2.2) can be considered as the same map written in two different coordinate 
systems with coordinates x and y, while y = h(x) can be treated as a smooth change 
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of coordinates. Consequently, diffeomorphic discrete-time dynamical systems are 
practically indistinguishable. 


Now consider two continuous-time topologically equivalent systems: 
z= f(x), ceR", (2.4) 


and 
y= gy), yER’, (2.5) 


with smooth right-hand sides. Let y’ and y)' denote the corresponding flows. In 
this case, there is no simple relation between f and g analogous to formula (2.3). 
Nevertheless, there are two particular cases of topological equivalence between (2.4) 
and (2.5) that can be expressed analytically, as we now explain. 

Suppose that y = h(x) is an invertible map h: R” — R”, which is smooth 
together with its inverse (h is a diffeomorphism) and such that, for all x € R”, 


f(x) = M(x)g(h(a)), (2.6) 
where re 
ey ee 
dx 


is the Jacobian matrix of h(a) evaluated at the point x. Then, system (2.4) is topo- 
logically equivalent to system (2.5). Indeed, system (2.5) is obtained from system 
(2.4) by the smooth change of coordinates y = h(x). Thus, h maps solutions of (2.4) 
into solutions of (2.5), 

h(y'a) = V'h(a), 


and can play the role of the homeomorphism in Definition 2.1. 


Definition 2.3 Two systems (2.4) and (2.5) satisfying (2.6) for some diffeomorphism 
h are called smoothly equivalent (or diffeomorphic). 


Remark: 
If the degree of smoothness of h is of interest, one writes: C’-equivalent or C'- 
diffeomorphic in Definition 2.3. > 


Two diffeomorphic systems are practically identical and can be viewed as the 
same system written using different coordinates. For example, the eigenvalues of 
corresponding equilibria are the same. Let x9 and yo = h(x) be such equilibria and 
let A(x) and B(yo) denote corresponding Jacobian matrices. Then, differentiation 
of (2.6) yields 

A(xo) = M7! (29) B(yo)M (ao). 


Therefore, the characteristic polynomials for the matrices A(av) and B(yo) coin- 
cide. In addition, diffeomorphic limit cycles have the same multipliers and period 
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(see Exercise 4). This last property calls for more careful analysis of different time 
parametrizations. 

Suppose that uw = (x) > O is a smooth scalar positive function and that the 
right-hand sides of (2.4) and (2.5) are related by 


f(t) = wr) g@) (2.7) 


for all z € R”. Then, obviously, systems (2.4) and (2.5) are topologically equiva- 
lent since their orbits are identical and it is the velocity of the motion that makes 
them different. (The ratio of the velocities at a point x is exactly ~(a).) Thus, the 
homeomorphism h in Definition 2.1 is the identity map h(a) = x. In other words, 
the systems are distinguished only by the time parametrization along the orbits. 


Definition 2.4 Two systems (2.4) and (2.5) satisfying (2.7) for a smooth positive 
function \s are called orbitally equivalent. 


Clearly, two orbitally equivalent systems can be nondiffeomorphic, having cycles 
that look like the same closed curve in the phase space but have different periods. 


Very often we study system dynamics locally, e.g., not in the whole state space R” 
but in some region U C R”. Such a region may be, for example, a neighborhood of 
an equilibrium (fixed point) or a cycle. The above definitions of topological, smooth, 
and orbital equivalences can be easily “localized” by introducing appropriate regions. 
For example, Theorem 2.1 can be easily reformulated to ensure a local topological 
equivalence of maps f and g if their fixed points of interest are located in some (small) 
region in R!. In the topological classification of the phase portraits near equilibrium 
points, the following modification of Definition 2.1 is useful. 


Definition 2.5 A dynamical system {T, R", y"} is called locally topologically equiv- 
alent near an equilibrium x to a dynamical system {T, R”, y'} near an equilibrium 
yo if there exists a homeomorphism h : R" — R" that is 

(i) defined in a small neighborhood U C R" of x0; 

(il) satisfies yo = h(x0); 

(iii) maps orbits of the first system in U onto orbits of the second system in 
V = AW) C R”, preserving the direction of time. 


If U is an open neighborhood of xo, then V is an open neighborhood of yo. Let us 
also remark that equilibrium positions xo and yo, as well as regions U and V, might 
coincide. 

Let us compare the above-introduced equivalences in the following example. 


Example 2.2 (Node-focus equivalence) 
Consider two linear planar dynamical systems: 


L, = 2), 
es o-. (2.8) 


and 


2.1 Equivalence of Dynamical Systems ap) 


ie = —Z— 22, (2.9) 


r = 71-7. 


In the polar coordinates (~, 7) these systems can be written as 


p=~p, 
6=0, 
and ; 
p=~p, 
d=1, 
respectively. Thus, 
p(t) = poe, 
A(t) = Oo, 
for the first system, while 
p(t) = poe, 
A(t) = 0 +t, 


for the second. Clearly, the origin is a stable equilibrium in both systems since 
p(t) + Oast > oo. All other orbits of (2.8) are straight lines, while those of (2.9) are 
spirals. The phase portraits of the systems are presented in Fig. 2.4. The equilibrium 
of the first system is a node (Fig. 2.4(a)), while in the second system it is a focus 
(Fig. 2.4(b)). The difference in behavior of the systems can also be perceived by 
saying that perturbations decay near the origin monotonously in the first case and 
oscillatorily in the second case. 


The systems are neither orbitally nor smoothly equivalent. The first fact is obvious, 
while the second follows from the observation that the eigenvalues of the equilibrium 
in the first system (Ay = A2 = —1) differ from those of the second (\i,2 = —1 4%). 
Nevertheless, systems (2.8) and (2.9) are topologically equivalent, for example, in a 
closed unit disk 


(a) (b) 


Fig. 2.4 Node-focus equivalence 
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Fig. 2.5 The construction of 
the homeomorphism 


U = {(a1, £0): 24 +23 < Y= {(p, 9): p< 1}, 


centered at the origin. Let us prove this explicitly by constructing a homeomorphism 
h:U — U as follows (see Fig. 2.5). Take a point x ¢ 0 in U with polar coordinates 
(Po, 99) and consider the time 7 required to move, along an orbit of system (2.8), 
from the point (1, #)) on the boundary to the point x. This time depends only on fo 
and can easily be computed: 

T(po) = —In po. 


Now consider an orbit of system (2.9) starting at the boundary point (1, 4), and let 
y = (1, 91) be the point at which this orbit arrives after 7(o) units of time. Thus, a 
map y = h(x) that transforms x = (9, 89) 4 0 into y = (~), 9,) is obtained and is 
explicitly given by 


h: Pl = Po, 
. ral = 49 — In po. 
For « = 0, set y = 0, that is, h(O) = 0. Thus the constructed map transforms U 
into itself by rotating each circle p9 = const by a po-dependent angle. This angle 
equals zero at po = | and increases as py — 0. The map is obviously continuous 
and invertible and maps orbits of (2.8) onto orbits of (2.9), preserving time direction. 
Thus, the two systems are topologically equivalent within U. 

However, the homeomorphism h is not differentiable in U. More precisely, it is 
smooth away from the origin but not differentiable at x = 0. To see this, one should 
evaluate the Jacobian matrix ae in (%,, £2)-coordinates. For example, the difference 
quotient corresponding to the derivative 


Oy 


Ox @2=2=0 


is given for x; > 0 by 
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x, cos(Inx;) — 0 
—_—_——— =cos(Inx}), 
by = 0) 


which has no limit as 7; > 0. 


Therefore, considering continuous-time systems modulo topological equivalence, 
we preserve information on the number, stability, and topology of invariant sets, while 
losing information relating transient and time-dependent behavior. Such information 
may be important in some applications. In these cases, stronger equivalences (such 
as orbital or smooth) have to be applied. 

A combination of smooth and orbital equivalences gives a useful equivalence 
relation, which will be used frequently in this book. 


Definition 2.6 Two systems (2.4) and (2.5) are called smoothly orbitally equiva- 
lent if (2.5) is smoothly equivalent to a system that is orbitally equivalent to (2.4). 


According to this definition, two systems are equivalent (in R” or in some region 
U CR") if we can transform one of them into the other by a smooth invertible 
change of coordinates and multiplication by a positive smooth function of the coor- 
dinates. Clearly, two smoothly orbitally equivalent systems are topologically equiv- 
alent, while the inverse is not true. 


2.2 Topological Classification of Generic Equilibria and 
Fixed Points 


In this section we study the geometry of the phase portrait near generic, namely 
hyperbolic, equilibrium points in continuous- and discrete-time dynamical systems 
and present their topological classification. 


2.2.1 Hyperbolic Equilibria in Continuous-Time Systems 


Consider a continuous-time dynamical system defined by 


t= f(x), vceR", (2.10) 
where f is smooth. Let 29 = 0 be an equilibrium of the system (i.e., f(2) = 0) 
and let A denote the Jacobian matrix g evaluated at rp. Let n_, no, and n+ be 


the numbers of eigenvalues of A (counting multiplicities) with negative, zero, and 
positive real part, respectively. 


Definition 2.7 An equilibrium is called hyperbolic if no = 0, that is, if there are no 
eigenvalues on the imaginary axis. A hyperbolic equilibrium is called a hyperbolic 
saddle ifn_n, 40. 
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Since a generic matrix has no eigenvalues on the imaginary axis (no = 0), hyper- 
bolicity is a typical property and an equilibrium in a generic system (i.e., one not 
satisfying certain special conditions) is hyperbolic. We will not try to formalize 
these intuitively obvious properties, though it is possible using measure theory and 
transversality arguments (see the bibliographical notes). Instead, let us study the 
geometry of the phase portrait near a hyperbolic equilibrium in detail. For an equi- 
librium (not necessarily a hyperbolic one), we introduce two invariant sets: 


W(x) = {x : y'x > 29,t > +00}, W" (a0) = {x : y’a > 20, t > —ov}, 


where vy’ is the flow associated with (2.10). 


Definition 2.8 W°(xo) is called the stable set of xo, while W“(ao) is called the 
unstable set of xo. 


Theorem 2.2 (Local Stable Manifold) Let xo be a hyperbolic equilibrium (i.e., 
no =0, n_ +n, =n). Then the intersections of W*(xo) and W"(x9) with a 
sufficiently small neighborhood of xo contain smooth submanifolds W;, (ao) and 
W)5-(&0) of dimension n_ and n, respectively. 

Moreover, W;,,.(x0)(W,,,.(£o)) is tangent at xo to T*(T"), where T*(T") is the 
generalized eigenspace corresponding to the union of all eigenvalues of A with Re 


A <0(ReA > 0). 


The proof of the theorem, which we are not going to present here, can be carried 
out along the following lines (Hadamard-Perron). For the unstable manifold, take 
the linear manifold T" passing through the equilibrium and apply the map y! to 
this manifold, where y’ is the flow corresponding to the system. The image of T“ 
under y! is some (nonlinear) manifold of dimension n tangent to T“ at 2. Restrict 
attention to a sufficiently small neighborhood of the equilibrium where the linear part 
is “dominant” and repeat the procedure. It can be shown that the iterations converge 
to a smooth invariant submanifold defined in this neighborhood of xp and tangent to 
T" at xo. The limit is the local unstable manifold W,’. (xo). The local stable manifold 
W,5.(xo) can be constructed by applying 7! to T*. 


Remark: 

Globally, the invariant sets W* and W" are immersed manifolds of dimensions n_ 
and n+, respectively, and have the same smoothness properties as f. Having these 
properties in mind, we will call the sets W* and W“ the stable and unstable invariant 
manifolds of xo, respectively. > 


Example 2.3 (Saddles and saddle-foci in R?) 

Figure 2.6 illustrates the theorem for the case where n = 3, n_ = 2, andn, = 
1. In this case, there are two invariant manifolds passing through the equilibrium, 
namely, the two-dimensional manifold W*(ao) formed by all incoming orbits, and 
the one-dimensional manifold W“(xo) formed by two outgoing orbits W;'(zo) and 
W;'(xo). All orbits not belonging to these manifolds pass near the equilibrium and 
eventually leave its neighborhood in both time directions. 
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Fig. 2.6 (a) Saddle and (b) saddle-focus: The vectors vu; are the eigenvectors corresponding to the 
eigenvalues A; 


In case (a) of real simple eigenvalues (A3 < A2 < 0 < 4;), orbits on W* form 
a node, while in case (b) of complex eigenvalues (Re A2,3 < 0 < Aj, Ae = 2), W® 
carries a focus. Thus, in the first case, the equilibrium is called a saddle, while in the 
second one it is referred to as a saddle-focus. The equilibria in these two cases are 
topologically equivalent. Nevertheless, it is useful to distinguish them, as we shall 
see in our study of homoclinic orbit bifurcations (Chap. 6). 


The following theorem gives the topological classification of hyperbolic 
equilibria. 


Theorem 2.3 The phase portraits of system (2.10) near two hyperbolic equilibria, 
Xo and yo, are locally topologically equivalent if and only if these equilibria have 
the same number n_ and nx of eigenvalues with Re \ <0 and with Re A > 0, 
respectively. 


Often, the equilibria xo and yo are then also called topologically equivalent. The 
proof of the theorem is based on two ideas. First, it is possible to show that near a 
hyperbolic equilibrium the system is locally topologically equivalent to its lineariza- 
tion: € = A€ (Grobman-Hartman Theorem). This result should be applied both near 
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the equilibrium xo and near the equilibrium yo. Second, the topological equivalence 
of two linear systems having the same numbers of eigenvalues with Re  < 0 and 
Re \ > 0 and no eigenvalues on the imaginary axis has to be proved. Example 2.2 
is a particular case of such a proof. Nevertheless, the general proof is based on the 
same idea. See the appendix at the end of this chapter for references. 


Example 2.4 (Generic equilibria of planar systems) 
Consider a two-dimensional system 


t= f(a), c= (1m) eR’, 
with smooth f. Suppose that 7 = 0 is an equilibrium, f(0) = 0, and let 


df (x) 
dx z=0 


A= f,(0) = 


be its Jacobian matrix. Matrix A has two eigenvalues \;, 2, which are the roots of 
the characteristic equation 
N-ocA\+ A=0, 


where o = tr A, A = det A. 


Figure 2.7 displays well-known classical results. There are three topological 
classes of hyperbolic equilibria on the plane: stable nodes (foci), saddles, and unsta- 
ble nodes (foci). As we have discussed, nodes and foci (of corresponding stability) 
are topologically equivalent but can be identified looking at the eigenvalues. 


(ny,n_) Eigenvalues Phase portrait Stability 

-—e—_|— cae node 

(0, 2) stable 
=s (ce focus 

1,1 Zz i saddle unstable 

di, 1) = a 
—le—_e— ooo node 

(2, 0) . unstable 
| (9) focus 


Fig. 2.7 Topological classification of hyperbolic equilibria on the plane 
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Definition 2.9 Nodes and foci are both called antisaddles. 


Stable points have two-dimensional stable manifolds and no unstable manifolds. 
For unstable equilibria the situation is reversed. Saddles have one-dimensional stable 
and unstable manifolds, sometimes called separatrices. 


2.2.2 Hyperbolic Fixed Points in Discrete-Time Systems 


Now consider a discrete-time dynamical system 
rr f(z), xceER", (2.11) 


where the map f is smooth along with its inverse f—! (diffeomorphism). Let xo = 0 
be a fixed point of the system (i.e., f(a) = 29) and let A denote the Jacobian matrix 
g evaluated at xo. The eigenvalues ju, [2,..., {vn Of A are called multipliers of the 
fixed point. Notice that there are no zero multipliers, due to the invertibility of f. Let 
n_—, No, and n+ be the numbers of multipliers of xo lying inside, on, and outside the 


unit circle {4 € C! : |yu| = 1}, respectively. 


Definition 2.10 A fixed point is called hyperbolic if no = 0, that is, if there are no 
multipliers on the unit circle. A hyperbolic fixed point is called a hyperbolic saddle 


ifn_ny A 0. 


Notice that hyperbolicity is a typical property also in discrete time. As in the 
continuous-time case, we can introduce stable and unstable invariant sets for a fixed 
point zo (not necessarily a hyperbolic one): 


W* (xo) = (x: f*(x) > 29, k > +00}, 


W" (ao) = (a: f*(@) > 29, k > —00}, 


where k is integer “time” and f*(«) denotes the kth iterate of 2 under f. An analogue 
of Theorem 2.2 can be formulated. 


Theorem 2.4 (Local Stable Manifold) Let xo be a hyperbolic fixed point, namely, 
no = 0, n- +n4 =n. Then the intersections of W*(xo) and W" (x9) with a suf- 
ficiently small neighborhood of xq contain smooth submanifolds W;;,.(xo) and 
Wi-(£o) of dimension n_ and nz, respectively. 

Moreover, W;;,.(2o)(Wj..(@o)) is tangent at x9 to T*(T"), where T*(T") is the 
generalized eigenspace corresponding to the union of all eigenvalues of A with 
HI < 1(l > 1). 


The proof of the theorem is completely analogous to that in the continuous- 
time case, if one substitutes (7! by f. Globally, the invariant sets W* and W™ are 
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again immersed manifolds of dimension n_ and n+, respectively, and have the same 
smoothness properties as the map f. The manifolds cannot intersect themselves, but 
their global topology may be very complex, as we shall see later. 


The topological classification of hyperbolic fixed points follows from a theorem 
that is similar to Theorem 2.3 for equilibria in the continuous-time systems. 


Theorem 2.5 The phase portraits of (2.11) near two hyperbolic fixed points, xo 
and yo, are locally topologically equivalent if and only if these fixed points have the 
same number n_ and n, of multipliers with |u| < 1 and || > 1, respectively, and 
the signs of the products of all the multipliers with || < 1 and with |u| > 1 are the 
same for both fixed points. 


As in the continuous-time case, the proof is based upon the fact that near a hyper- 
bolic fixed point the system is locally topologically equivalent to its linearization: 
x +> Ax (discrete-time version of the Grobman-Hartman Theorem). The additional 
conditions on the products are due to the fact that the dynamical system can define 
either an orientation-preserving or orientation-reversing map on the stable or unsta- 
ble manifold near the fixed point. Recall that a diffeomorphism on R’ preserves 
orientation in R’ if det J > 0, where J is its Jacobian matrix, and reverses it other- 
wise. Two topologically equivalent maps must have the same orientation properties. 
The products in Theorem 2.5 are exactly the determinants of the Jacobian matrices 
of the map (2.11) restricted to its stable and unstable local invariant manifolds. It 
should be clear that one needs only account for rea/ multipliers to compute these 
signs since the product of a complex-conjugate pair of multipliers is always positive. 

Let us consider two examples of fixed points. 


Example 2.5 (Stable hyperbolic fixed points in R') 

Suppose x9 = 0 is a fixed point of a one-dimensional discrete-time system (n = 
1). Let n_ = 1, meaning that the unique multiplier jz satisfies |j.| < 1. In this case, 
according to Theorem 2.4, all orbits starting in some neighborhood of x9 converge 
to Xo. 

Depending on the sign of the multiplier, we have the two possibilities presented 
in Fig. 2.8. If 0 < ys < I, the iterations converge to x9 monotonously (Fig. 2.8(a)). 
If —1 < yp <0, the convergence is nonmonotonous and the phase point “jumps” 
around 29 while converging to xo (Fig. 2.8(b)). In the first case the map preserves 
orientation in R! while reversing it in the second. It should be clear that “jumping” 
orbits cannot be transformed into monotonous ones by a continuous map. Fig. 2.9 
presents orbits near the two types of fixed points using staircase diagrams. © 


Example 2.6 (Saddle fixed points in R’) 

Suppose xo = 0 is a fixed point of a two-dimensional discrete-time system (now 
n = 2). Assume thatn_ = n, = 1, so that there is one (real) multiplier jz; outside the 
unit circle (|j1;| > 1) and one (real) multiplier ji. inside the unit circle (|jz2| < 1). In 
our case, there are two invariant manifolds passing through the fixed point, namely the 
one-dimensional manifold W* (x9) formed by orbits converging to xp under iterations 
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-l 
(b) 
Fig. 2.8 Stable fixed points of one-dimensional systems: (a) 0 < pp < 1; (b) -l1 <p <0 


LT=2 C=-2£ L=2 


(a) (b) 


Fig. 2.9 Staircase diagrams for stable fixed points 


of f, and the one-dimensional manifold W“ (x) formed by orbits tending to xo under 
iterations of f—!. Recall that the orbits of a discrete-time system are sequences of 
points. All orbits not belonging to the aforementioned manifolds pass near the fixed 
point and eventually leave its neighborhood in both “time” directions. 

Figure 2.10 shows two types of saddles in R?. In the case (a) of positive mul- 
tipliers, O < juz < 1 < jy, an orbit starting at a point on W*(xo) converges to x 
monotonously. Thus, the stable manifold W* (xo) is formed by two invariant branches, 
W7>(2o), separated by xo. The same can be said about the unstable manifold W“ (x) 
upon replacing f by its inverse. The restriction of the map onto both manifolds pre- 
serves orientation. 

If the multipliers are negative (case (b)), t4) < —1 < 2 < 0, the orbits on the 
manifolds “jump” between the two components W,";' separated by xo. The map 
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Fig. 2.10 Invariant manifolds of saddle fixed points on the plane: (a) positive multipliers; (b) 
negative multipliers 


reverses orientation in both manifolds. The branches W;’' are invariant with respect 
to the second iterate f? of the map. 


Remarks: 

(1) The stable and unstable manifolds W*" (29) of a two-dimensional saddle are 
examples of invariant curves: If x belongs to the curve, so does any iterate f* (2). 
The invariant curve is not an orbit. Actually, it consists of an infinite number of 
orbits. Figure 2.11 shows invariant curves and an orbit near a saddle fixed point with 
positive multipliers. 

(2) The global behavior of the stable and unstable manifolds W*" (x9) of a hyper- 
bolic fixed point can be very complex, thus making the word “contain” absolutely 
necessary in Theorem 2.4. 

Return, for example, to the planar case and suppose that xo is a saddle with 
positive multipliers. First of all, unlike the stable and unstable sets of an equilibrium 
in acontinuous-time system, the manifolds W* (a9) and W“ (xo) of a generic discrete- 
time system can intersect at nonzero angle (transversally) (see Fig. 2.12(a)). 

Moreover, one transversal intersection, if it occurs, implies an infinite number 
of such intersections. Indeed, let ° be a point of the intersection. By definition, it 
belongs to both invariant manifolds. Therefore, the orbit starting at this point con- 
verges to the saddle point 29 under repeated iteration of either f or f~! : f*(x°) > ao 
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Fig. 2.12 Poincaré homoclinic structure 


as k — +00. Each point of this orbit is a point of intersection of W* (xo) and W"(a9). 
This infinite number of intersections forces the manifolds to “oscillate” in a com- 
plex manner near 19, as sketched in Fig. 2.12(b). The resulting “web” is called the 
Poincaré homoclinic structure. The orbit starting at x° is said to be homoclinic to 
Xo. It is the presence of the homoclinic structure that can make the intersection of 
W*“ (xo) with any neighborhood of the saddle zo highly nontrivial. 

The dynamical consequences of the existence of the homoclinic structure are also 
dramatic: It results in the appearance of an infinite number of periodic points with 
arbitrary high periods near the homoclinic orbit. This follows from the presence 
of Smale horseshoes (see Chap. 1). Figure 2.13 illustrates how the horseshoes are 
formed. Take a (curvilinear) rectangle S near the stable manifold W* (a9) and consider 
its iterations f* S. If the homoclinic structure is present, for a sufficiently high number 
of iterations N, f% § will look like the folded and expanded band Q shown in the 
figure. The intersection of S with Q forms several horseshoes, where each of them 
implies an infinite number of cycles with arbitrary high periods. > 
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Fig. 2.13 Smale horseshoes embedded into the Poincaré homoclinic structure 


2.2.3. Hyperbolic Limit Cycles 


Using the results of the previous section and the Poincaré map construction (see Chap. 
1), we can define hyperbolic limit cycles in continuous-time systems and describe 
the topology of phase orbits near such cycles. Consider a continuous-time dynamical 
system 

&= f(x), «eR", (2.12) 


with smooth f, and assume that there is an isolated periodic orbit (limit cycle) Lo 
of (2.12). As in Chap. 1, let & be a local cross-section to the cycle of dimension 
(n — 1) (codim © = 1) with coordinates € = (€),..., €)—-1). System (2.12) locally 
defines a smooth invertible map P (a Poincaré map) from & to & along the orbits 
of (2.12). The point 9 of intersection of Lo with © is a fixed point of the map 
P, P(&o) = &. 


Generically, the fixed point £9 is hyperbolic, so there exist invariant manifolds 
W* (Go) = {€ € E: P(E) > &o, k > +00} 


and 
W"(&o) = {Ee U: P (©) > &, k > +00}, 


of the dimensions n_ and n, respectively, where n- are the numbers of eigenvalues 
of the Jacobian matrix of P at € located inside and outside the unit circle. Recall that 
n— +n, =n-— | and that the eigenvalues are called multipliers of the cycle. The 
invariant manifolds W*“ (£9) are the intersections with & of the stable and unstable 
manifolds of the cycle: 
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W*(Lo) = {x : ya > Lo, t > +00}, 
W"(Lo) = {x : y'x > Lo, t > —oo}, 


where yy’ is the flow corresponding to (2.12). 

We can now use the results on the topological classification of fixed points of 
discrete-time dynamical systems to classify limit cycles. A limit cycle is called hyper- 
bolic if € is a hyperbolic fixed point of the Poincaré map. Similarly, a hyperbolic 
cycle is called a saddle cycle if it has multipliers both inside and outside the unit 
circle (i.e., n_n, 4 0). Recall that the product of the multipliers is always positive 
(see Chap. 1); therefore the Poincaré map preserves orientation in &. This imposes 
some restrictions on the location of the multipliers in the complex plane. 


Example 2.7 (Hyperbolic cycles in planar systems) 
Consider a smooth planar system 


C = fi (x1, £2), 


2 = fr(@1, £2), 


x = (x1, £2) € R?. Let xo(t) be a solution corresponding to a limit cycle Lo of the 
system, and let Ty be the (minimal) period of this solution. There is only one multiplier 
of the cycle, j;, which is positive and is given by 


To 
yu = exp / (div f)(eo(t)) | > 0, 
0 


where div stands for the divergence of the vector field: 


; _ Ofi(z) | Ofr(z) 
(div f)(x) = “Dae + Ona 


If 0 < py < 1, we have a stable hyperbolic cycle and all nearby orbits converge 
exponentially to it, while for 4; > 1 we have an unstable hyperbolic cycle with 
exponentially diverging neighboring orbits. © 


Example 2.8 (Saddle cycles in three-dimensional systems) 


Example 2.6 provides two types of saddle limit cycles existing in R? (see Fig. 
2.14). If the multipliers of the Poincaré map satisfy 


O<po<l<pm, 


both invariant manifolds W*(Lo) and W“(L) of the cycle Lo are simple bands (Fig. 
2.14(a)), while in the case when the multipliers satisfy 


py < —1 < fe <0, 
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(a) (b) 


Fig. 2.14 Saddle cycles in three-dimensional systems: (a) positive multipliers and (b) negative 
multipliers 


the manifolds W°(Lo) and W"“(Lo) are twisted bands (called Mobius strips) (see 
Fig. 2.14(b)). Other types of saddle cycles in R* are impossible since the product 
of the multipliers of any Poincaré map is positive. Thus, the manifolds W*(Lo) and 
W“(Lo) must both be simple or twisted. 

Finally, remark that W°(Lo) and W“(Lo) can intersect along orbits homoclinic 
to the cycle Lo, giving rise to Poincaré homoclinic structure and Smale horseshoes 
on the cross-section ©. © 


2.3 Bifurcations and Bifurcation Diagrams 


Now consider a dynamical system that depends on parameters. In the continuous- 
time case, we will write it as 
&= f(a, a), (2.13) 


while in the discrete-time case it is written as 


re f(ax,a), (2.14) 
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where x € R” and a € R” represent phase variables and parameters, respectively. 
Consider the phase portrait of the system.* As the parameters vary, the phase por- 
trait also varies. There are two possibilities: either the system remains topologically 
equivalent to the original one, or its topology changes. 


Definition 2.11. The appearance of a topologically nonequivalent phase portrait 
under variation of parameters is called a bifurcation. 


Thus, a bifurcation is a change of the topological type of the system as its param- 
eters pass through a bifurcation (critical ) value. Actually, the central topic of this 
book is the classification and analysis of various bifurcations. 


Example 2.9 (Andronov-Hopf bifurcation) 
Consider the following planar system that depends on one parameter: 


&) = ar, — @ — 2\(2} +25), 
: 2.15 
les = 21+ ar2 — 22(27 + 23). ( ) 
In polar coordinates (p, 0) it takes the form 
p= p(a— p*), (2.16) 
d=1, , 


and can be integrated explicitly (see Exercise 6 in Chap. 1). Since the equations for p 
and @ are independent in (2.16), we can easily draw phase portraits of the system in a 
fixed neighborhood of the origin, which is obviously the only equilibrium point (see 
Fig. 2.15). For a < 0, the equilibrium is a stable focus since p < 0 and p(t) > 0, if 
we start from any initial point. On the other hand, if a > 0, we have p > 0 for small 
p > 0 (the equilibrium becomes an unstable focus), and p < 0 for sufficiently large 
p. It is easy to see from (2.16) that the system has a periodic orbit for any a > 0 of 
radius po = ./a (at p = po we have p = 0). Moreover, this periodic orbit is stable 
since p > 0 inside and pf < 0 outside the cycle. 

Therefore, a = 0 is a bifurcation parameter value. Indeed, a phase portrait with a 
limit cycle cannot be deformed by a one-to-one transformation into a phase portrait 
with only an equilibrium. The presence of a limit cycle is said to be a topological 
invariant. As a increases and crosses zero, we have a bifurcation in system (2.15) 
called the Andronov-Hopf bifurcation. It leads to the appearance, from the equilibrium 
state, of small-amplitude periodic oscillations. We will use this bifurcation as an 
example later in this chapter and analyze it in detail in Chaps. 3 and 5. © 


As should be clear, an Andronov-Hopf bifurcation can be detected if we fix any 
small neighborhood of the equilibrium. Such bifurcations are called local. One can 
also define local bifurcations in discrete-time systems as those detectable in any 
small neighborhood of a fixed point. We will often refer to local bifurcations as 
bifurcations of equilibria or fixed points, although we will analyze not just these 


3 If necessary, one may consider the phase portrait in a parameter-dependent region U, C R”. 
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a<0 a=0 a > ( 


Fig. 2.15 Hopf bifurcation 


points but the whole phase portraits near the equilibria. Those bifurcations of limit 
cycles which correspond to local bifurcations of associated Poincaré maps are called 
local bifurcations of cycles. 

There are also bifurcations that cannot be detected by looking at small neighbor- 
hoods of equilibrium (fixed) points or cycles. Such bifurcations are called global. 


Example 2.10 (Heteroclinic bifurcation) 
Consider the following planar system that depends on one parameter: 
g=1- xt — ax x, 
= 21% +a(1 — a7). Cr) 


The system has two saddle equilibria 
Lay = (—1,0), zg) = C1, 9), 
for all values of a (see Fig. 2.16). 


At a = O the horizontal axis is invariant and, therefore, the saddles are connected 
by an orbit that is asymptotic to one of them for t — +00 and to the other for 
t — —oo. Such orbits are called heteroclinic. Similarly, an orbit that is asymptotic 
to the same equilibrium as t > +00 and t > —oo is called homoclinic. For a 4 0, 
the x1-axis is no longer invariant, and the connection disappears. This is obviously 
a global bifurcation. To detect this bifurcation we must fix a region U covering both 
saddles. We will study hetero- and homoclinic orbit bifurcations in Chap. 6. © 


There are global bifurcations in which certain local bifurcations are involved. In 
such cases, looking at the local bifurcation provides only partial information on the 
behavior of the system. The following example illustrates this possibility. 


Example 2.11 (Saddle-node homoclinic bifurcation) 
Let us analyze the following system on the plane: 
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Fig. 2.16 Heteroclinic 
bifurcation 


. =2x,(1—a}—23) — m(l+a4+2)), (2.18) 


tp = a1(1+a+21) + 2(1 — 2} - 25), 
where a is a parameter. In polar coordinates (p, #) system (2.18) takes the form 


5 epg 
ae p), (2.19) 


96=1+a+pcosé. 


Fix a thin annulus U around the unit circle {(p, 0) : p = 1}. At a = 0, there is a 
nonhyperbolic equilibrium point of system (2.19) in the annulus: 


xo = (po, 9) = CA, 7) 
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a<0 a=0 a>0 


Fig. 2.17 Saddle-node homoclinic bifurcation 


(see Fig. 2.17). It has eigenvalues A; = 0, Ay = —2 (check!). For small positive 
values of a the equilibrium disappears, while for small negative a it splits into a 
saddle and a node (this bifurcation is called a saddle-node or fold bifurcation; see 
Chap. 3). This is a local event. However, for a > 0a stable limit cycle appears in the 
system coinciding with the unit circle. This circle is always an invariant set in the 
system, but for a < 0 it contains equilibria. Looking at only a small neighborhood of 
the nonhyperbolic equilibrium, we miss the global appearance of the cycle. Notice 
that at a = 0 there is exactly one orbit that is homoclinic to the nonhyperbolic 
equilibrium xo. We will discuss such global bifurcations in Chap. 7. 


We return now to a general discussion of bifurcations in a parameter-depend- 
ent system (2.13) (or (2.14)). Take some value a = ao and consider a maximal 
connected parameter set (called a stratum) containing ag and composed by those 
points for which the system has a phase portrait that is topologically equivalent to 
that at ao. Taking all such strata in the parameter space R”’, we obtain the parametric 
portrait of the system. For example, system (2.15) exhibiting the Andronov-Hopf 
bifurcation has a parametric portrait with two strata: {a < 0} and {a > 0}. Insystem 
(2.17) there are three strata: {a < 0}, {a = 0}, and {a > O}. Notice, however, that 
the phase portrait of (2.17) for a < 0 is topologically equivalent to that for a > 0. 

The parametric portrait together with its characteristic phase portraits constitute 
a bifurcation diagram. 


Definition 2.12 A bifurcation diagram of the dynamical system is a stratification of 
its parameter space induced by the topological equivalence, together with represen- 
tative phase portraits for each stratum. 


Itis desirable to obtain the bifurcation diagram as a result of the qualitative analysis 
of a given dynamical system. It classifies in a very condensed way all possible 
modes of behavior of the system and transitions between them (bifurcations) under 
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Fig. 2.18 Pitchfork 
bifurcation 


parameter variations.* Note that the bifurcation diagram depends, in general, on the 
region of phase space considered. 


Remark: 

If a dynamical system has a one- or two-dimensional phase space and depends on 
only one parameter, its bifurcation diagram can be visualized in the direct product 
of the phase and parameter spaces, R!:? x R! with the phase portraits represented 
by one- or two-dimensional slices a@ = const. 

Consider, for example, a scalar system 


: 3 1 1 
to=ar—-x,xeEeR, aeR. 


This system has an equilibrium xo = 0 for all a. This equilibrium is stable for a < 0 
and unstable for a > 0 (a is the eigenvalue of this equilibrium). For a > 0, there 
are two extra equilibria branching from the origin (namely, 71.2 = --,/a@) which are 
stable. This bifurcation is often called a pitchfork bifurcation, the reason for which 
becomes immediately clear if one has a look at the bifurcation diagram of the system 
presented in (x, a)-space (see Fig. 2.18). Notice that the system demonstrating the 
pitchfork bifurcation is invariant under the transformation z +> —x. We will study 
bifurcations in such symmetric systems in Chap. 7. > 


In the simplest cases, the parametric portrait is composed by a finite number of 
regions in R”. Inside each region the phase portrait is topologically equivalent. These 
regions are separated by bifurcation boundaries, which are smooth submanifolds in 
RR” (i.e., curves, surfaces). The boundaries can intersect, or meet. These intersections 
subdivide the boundaries into subregions, and so forth. A bifurcation boundary is 
defined by specifying a phase object (equilibrium, cycle, etc.) and some bifurcation 
conditions determining the type of its bifurcation (Hopf, fold, etc.). For example, 
the Andronov-Hopf bifurcation of an equilibrium is characterized by one bifurcation 


4 Recall that some time-related information on the behavior of the system is lost due to topological 
equivalence. 
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condition, namely, the presence of a purely imaginary pair of eigenvalues of the 
Jacobian matrix evaluated at this equilibrium (cf. Example 2.9): 


Re AL2 = 0. 


When a boundary is crossed, the bifurcation occurs. 


Definition 2.13 The codimension of a bifurcation in system (2.13) or (2.14) is the 
difference between the dimension of the parameter space and the dimension of the 
corresponding bifurcation boundary. 


Equivalently, the codimension (codim for short) is the number of independent 
conditions determining the bifurcation. This is the most practical definition of the 
codimension. It makes it clear that the codimension of a certain bifurcation is the 
same in all generic systems depending on a sufficient number of parameters. 


Remark: 

The bifurcation diagram of even a simple continuous-time system in a bounded 
region on the plane can be composed by an infinite number of strata. The situation 
becomes more involved for multidimensional continuous-time systems (with n > 3). 
Insuch systems, the bifurcation values can be dense in some parameter regions and the 
parametric portrait can have a Cantor (fractal) structure with certain patterns repeated 
on smaller and smaller scales to infinity. Clearly, the task of fully investigating sucha 
bifurcation diagram is practically impossible. Nevertheless, even partial knowledge 
of the bifurcation diagram provides important information about the behavior of the 
system being studied. > 


2.4 Topological Normal Forms for Bifurcations 


Fortunately, bifurcation diagrams are not entirely “chaotic.” Different strata of bifur- 
cation diagrams in generic systems interact with each other following certain rules. 
This makes bifurcation diagrams of systems arising in many different applications 
look similar. To discuss this topic, we have to decide when two dynamical systems 
have “qualitatively similar” or equivalent bifurcation diagrams. Consider two (for 
definitiveness, continuous-time) dynamical systems: 


t= f(t,a), «cE R", aE R”, (2.20) 


and 
y=g9y, 8), yeR", BER", (2.21) 


with smooth right-hand sides and the same number of variables and parameters. The 
following definition is parallel to Definition 2.1, with necessary modifications due 
to parameter dependence. 
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Definition 2.14 Dynamical system (2.20) is called topologically equivalent to a 
dynamical system (2.21) if 

(i) there exists a homeomorphism of the parameter space p: R™ > R™, B= 
p(a); 

(ii) there is a parameter-dependent homeomorphism of the phase space ha : 
R" > R", y = ha(“), mapping orbits of the system (2.20) at parameter value a 
onto orbits of the system (2.21) at parameter value 3 = p(a), preserving the direction 
of time. 


Clearly, the homeomorphism p transforms the parametric portrait of system (2.20) 
into the parametric portrait of system (2.21), while the homeomorphism h, maps 
corresponding phase portraits. By definition, topologically equivalent parameter- 
dependent systems have (topologically) equivalent bifurcation diagrams. 


Remark: 

Notice that we do not require the homeomorphism h, to depend continuously on 
a, which would imply that the map (x, @)  (ha(x), p(@)) be a homeomorphism 
of the direct product R” x R”. For this reason, some authors call the above-defined 
topological equivalence weak (or fiber) topological equivalence. > 


As in the constant-parameter case, Definition 2.14 can be modified if one is inter- 
ested in comparing local behavior of the systems, for example, in a small neighbor- 
hood of the origin of the state space, for small parameter values. 


Definition 2.15 Two systems (2.20) and (2.21) are called locally topologically 
equivalent near the origin, if there exists a map (x, a) +> (ha(x), p(a)), defined 
in a small neighborhood of (x, a) = (0, 0) in the direct product IR” x R™ and such 
that 

(i) p: R™ — R" is a homeomorphism defined in a small neighborhood A of 
a = 0, p(0) = 0; 

(ii) ha : R” — R” is a parameter-dependent homeomorphism defined in a small 
but non-shrinking neighborhood U, of x = 0, ho(0) = 0, and mapping for a € A 
orbits of (2.20) in Ug onto orbits of (2.21) in V3, where 8 = p(a) and Vg = ha(Ua), 
preserving the direction of time. 


We now consider the problem of the classification of all possible bifurcation dia- 
grams of generic systems, at least, locally (i.e. near bifurcation boundaries in the 
parameter space and corresponding critical orbits in the phase space) and up to and 
including certain codimension. These local diagrams could then serve as “building 
blocks” to construct the “global” bifurcation diagram of any system. This prob- 
lem has been solved for equilibrium bifurcations in two-dimensional continuous- 
time systems up to and including codim 3. In some sense, it has also been solved 
for bifurcations of equilibria and fixed points in multidimensional continuous- and 
discrete-time systems up to and including codim 2, although the relevant results are 
necessarily incomplete (see Chaps. 4, 8, and 9). There are also several outstanding 
results concerning higher-codimension local bifurcations and some global bifurca- 
tions of codim | and 2. 
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The classification problem formulated above is simplified due to the following 
obvious but important observation. The minimal number of free parameters required 
to meet a codim & bifurcation in a parameter-dependent system is exactly equal to 
k. Indeed, to satisfy a single bifurcation condition, we need, in general, to “tune” 
a (single) parameter of the system. If there are two conditions to be satisfied, two 
parameters have to be varied, and so forth. In other words, we have to control k 
parameters to reach a codim k bifurcation boundary in the parametric portrait of a 
generic system. On the other hand, it is enough to study a bifurcation of codim k 
in generic k-parameter systems. General m-parameter (m > k) diagrams near the 
bifurcation boundary can then be obtained by “shifting” the k-parameter diagram 
in the complementary directions. For example, the Andronov-Hopf bifurcation is a 
codim 1| (local) bifurcation. Thus, it occurs at isolated parameter values in systems 
depending on one parameter. In two-parameter systems, it generally occurs on spe- 
cific curves (one-dimensional manifolds). If we cross this curve at a nonzero angle 
(transversally), the resulting one-parameter bifurcation diagrams (where the param- 
eter, e.g., is the arclength along a transversal curve) will be topologically equivalent 
to the original one-parameter diagram. The same will be true if we cross a two- 
dimensional surface corresponding to the Hopf bifurcation in a system depending 
on three parameters. 

For local bifurcations of equilibria and fixed points, universal bifurcation dia- 
grams are provided by topological normal forms. This is one of the central notions 
in bifurcation theory. Let us discuss it in the continuous-time setting, although it 
also applies to discrete-time systems. Sometimes it is possible to construct a simple 
(polynomial in €;) system 


E=9(€, 830), €€R", BER, ceR, (2.22) 


which has at @ = 0 an equilibrium € = 0 satisfying k bifurcation conditions deter- 
mining acodim k bifurcation of this equilibrium. Here a is a vector of the coefficients 
o;, t= 1,2,...,1, of the polynomials involved in (2.22). In all the cases we will 
consider, there is a finite number of regions in the coefficient space corresponding to 
topologically nonequivalent bifurcation diagrams of (2.22). In the simplest situations, 
the o; take only a finite number of integer values. For example, all the coefficients 
o;, = | except a single o;, = +1. In more complex situations, some components of 
o may take real values ). 
Together with system (2.22), let us consider a system 


&=f(z,a), ce R", aeR’, (2.23) 


having at a = 0 an equilibrium z = 0. 


Definition 2.16 (Topological normal form) System (2.22) is called a topological 
normal form for the bifurcation if any generic system (2.23) with the equilibrium 


5 Itis possible to construct a kind of topological normal form for certain global bifurcations involving 
homoclinic orbits. 
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x = 0 satisfying the same bifurcation conditions at a = 0 is locally topologically 
equivalent near the origin to (2.22) for some values of the coefficients oj. 


Of course, we have to explain what a generic system means. In all the cases we 
will consider, “generic” means that the system satisfies a finite number of genericity 
conditions. These conditions will have the form of nonequalities: 


Nf] 40, i=1,2,...,8, 


where each N; is some (algebraic) function of certain partial derivatives of f(a, @) 
with respect to x and a evaluated at (x, ~) = (0, 0). Thus, a “typical” parameter- 
dependent system satisfies these conditions. Actually, the value of o is then deter- 
mined by values of N;, i= 1,2,..., 8. 

It is useful to distinguish those genericity conditions which are determined by the 
system at the critical parameter values a = 0. These conditions can be expressed in 
terms of partial derivatives of f(x, 0) with respect to x evaluated at x = 0, and are 
called nondegeneracy conditions. All the other conditions, in which the derivatives 
of f(x, a) with respect to the parameters a are involved, are called transversality 
conditions. The role of these two types of conditions is different. The nondegeneracy 
conditions guarantee that the critical equilibrium (singularity) is not too degenerate 
(i.e., typical in a class of equiliubria satisfying given bifurcation conditions), while 
the transversality conditions assure that the parameters “unfold” this singularity in a 
generic way. 

If a topological normal form is constructed, its bifurcation diagram clearly has 
a universal meaning since it immanently appears as a part of bifurcation diagrams 
of generic systems exhibiting the relevant bifurcation. System (2.15) from Example 
2.9, by which we have illustrated the Andronov-Hopf bifurcation, corresponds to the 
case o = —1| in the two-dimensional topological normal form for this bifurcation: 


Fs = Bi -& + 08 + 8), 
6 = & + B+ 0&(€f + &). 


The conditions specifying generic systems that demonstrate this bifurcation are the 
following: 


(H.1) use A1,2(a) 40 
da a=0 

and 

(H.2) 1,(0) £0. 


The first condition (transversality) means that the pair of complex-conjugate eigen- 
values A1,2(@) crosses the imaginary axis with nonzero speed. The second condition 
(nondegeneracy) implies that a certain combination of Taylor coefficients of the 
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right-hand sides of the system (up to and including third-order coefficients) does not 
vanish. An explicit formula for /; (0) will be derived in Chap. 3, where we also prove 
that the above system is really a topological normal form for the Hopf bifurcation. 
We will also show that o = sign 1; (0). 


Remark: 
There is a closely related notion of versal deformation (or universal unfolding) 
for a bifurcation. First, we need to define what we mean by an induced system. 


Definition 2.17 (Induced system) The system 


y= gy, 8), ye R", BER", 


is said to be induced by the system 
z= f(t,a), «ce€R", a€R”, 


if g(y, B) = f(y. p(B)), where p : R™ — R" is a continuous map. 


Notice that the map p is not necessarily a homeomorphism, so it can be nonin- 
vertible. 


Definition 2.18 (Versal deformation) System (2.22) is a versal deformation for the 
corresponding local bifurcation if any system (2.23), with the equilibrium x = 0 
satisfying the same bifurcation conditions and nondegeneracy conditions at a = 0, 
is locally topologically equivalent near the origin to a system induced by (2.22) for 
some values of the coefficients oj. 


It can be proved, in many cases, that the topological normal forms we derive 
are actually versal deformations for the corresponding bifurcations (see also 
Exercise 7). > 


2.5 Structural Stability 


There are dynamical systems whose phase portrait (in some domain) does not change 
qualitatively under all sufficiently small perturbations. 


Example 2.12 (Persistence of a hyperbolic equilibrium) 
Suppose that zo is a hyperbolic equilibrium of a continuous-time system 


t= f(x), ce R", (2.24) 


where f is smooth, f(x9) = 0. Consider, together with system (2.24), its one- 
parameter perturbation 


&= f(x) +eg(x), ce R", (2.25) 
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where g is also smooth and ¢€ is a small parameter; setting ¢ = 0 brings (2.25) back 
to (2.24). System (2.25) has an equilibrium x(¢) for all sufficiently small |e| such 
that x(0) = xo. Indeed, the equation defining equilibria of (2.25) can be written as 


F(a, €) = f(x) +eg(x) = 0, 


with F(x, 0) = 0. We also have F,,(xo, 0) = Ao, where Ag is the Jacobian matrix of 
(2.24) at the equilibrium x9. Since det Ag 4 0, because 2p is hyperbolic, the Implicit 
Function Theorem guarantees the existence of a smooth function x = x(e), «(0) = 
xo, satisfying 

F(ax(e),¢) =0 


for small values of |e|. The Jacobian matrix of x(€) in (2.25), 


(4 (x) a 


A-= 


dx oe dx 


w=2(E) 


depends smoothly on ¢ and coincides with Ao in (2.24) at e = 0. As already known, 
the eigenvalues of a matrix that depends smoothly on a parameter change continu- 
ously with the variation of this parameter.° Therefore, x(€) will have no eigenvalues 
on the imaginary axis for all sufficiently small |e| since it has no such eigenvalues 
at ¢ = 0. In other words, x(€) is a hyperbolic equilibrium of (2.25) for all |e| small 
enough. Moreover, the numbers n_ and n, of the stable and unstable eigenvalues 
of A. are fixed for these values of ¢. Applying Theorem 2.3, we find that systems 
(2.24) and (2.25) are locally topologically equivalent near the equilibria. Actually, 
for every || small, there is a neighborhood U- C R” of the equilibrium x; in which 
system (2.25) is topologically equivalent to (2.24) in Up. In short, all these facts are 
summarized by saying that “a hyperbolic equilibrium is structurally stable under 
smooth perturbations.” 

Similar arguments provide the persistence of a hyperbolic equilibrium for all 
sufficiently small |e| in a smooth system 


&=G(a,e), «eR, ceR', 


where G(x, 0) = f(x). 


The parameter ¢ from Example 2.12 somehow measures the distance between 
system (2.24) and its perturbation (2.25); if ¢ = O the systems coincide. There is a 
general definition of the distance between two smooth dynamical systems. Consider 
two continuous-time systems 


t= f(x), «ceR", (2.26) 


6 The eigenvalues vary smoothly as long as they remain simple. 
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and 
r= gaz), ceER’, (2.27) 
with smooth f and g. 


Definition 2.19 The distance between (2.26) and (2.27) in a closed region U C R"” 
is a positive number d, given by 


df(a) _ dg() 
dx dx 


d, = sup { 7) — g(@)|| + | 


«xeU 


The systems are €-close in U if dy < «. 


Here || - || means a vector and a matrix norm in R”, for example: 


izi= | >> a3, |All = 


Thus, two systems are close if their right-hand sides are close to each other, together 
with their first partial derivatives. In this case, one usually calls the systems C!- 
close. Clearly, the distance between systems (2.24) and (2.25) is proportional to |e|: 


d, = C|e| for some constant C > 0 depending on the upper bounds for || g|| and a 


in U. Definition 2.19 can be applied verbatim to discrete-time systems. 


Remark: 

The appearance of the first derivatives in the definition of the distance is natural if 
one wants to ensure that close systems have nearby equilibria of the same topological 
type (see Example 2.12). It is easy to construct a smooth system (2.27) that is e-close 
to (2.26) in the C°-distance: 


do = sup {|| f(x) — g(@)|I}. 
xeU 
Fig. 2.19 Two C°-close 


functions with different 
numbers of zeros 
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and that has a totally different number of equilibria in any neighborhood of an 
equilibrium of (2.26) (see Fig. 2.19 for n = 1). 


Now we would like to define a structurally stable system, which means that any 
sufficiently close system is topologically equivalent to the structurally stable one. 
The following definition seems rather natural. 


Definition 2.20 (Strict structural stability) System (2.26) is strictly structurally 
stable in the region U if any system (2.27) that is sufficiently C!-close in U is topo- 
logically equivalent in U to (2.26). 


Notice, however, that systems having hyperbolic equilibria on the boundary of U, 
or hyperbolic cycles touching the boundary (see Fig. 2.20), are structurally unstable 
in accordance with this definition since there are small system perturbations moving 
such equilibria out of U, or pushing such cycles to lie (partially) outside of U. There 
are two ways to handle this difficulty. 

The first is to consider dynamical systems “in the whole phase space” and to forget 
about any regions. This way is perfect for dynamical systems defined on a compact 
smooth manifold X. In such a case, the “region U” in Definition 2.20 (as well as in 
the definition of the distance) should be substituted by the “compact manifold X.” 
Unfortunately, for systems in R” this easily leads to complications. For example, the 
distance between many innocently looking systems may be infinite if the supremum 
in d, is taken over the whole of R”. Therefore, the second way out is to continue to 
work with bounded regions but to introduce another definition of structural stability. 


Definition 2.21 (Andronov’s structural stability) A system (2.26) defined in a 
region D C R" is called structurally stable in a region Do C D if for any sufficiently 
C!-close in D system (2.27) there are regions U, V C D, Dg C U such that (2.26) 
is topologically equivalent in U to (2.27) in V (see Fig. 2.21). 


A parallel definition can be given for discrete-time systems. If (2.26) is structurally 
stable in Dy C D, then itis structurally stable in any region D; C Do. There are cases 
when Definitions 2.20 and 2.21 actually coincide. 


U U 


Fig. 2.20 Structurally unstable orbits according to Definition 2.20 
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Fig. 2.21 Andronov’s structural stability 


xD) xX 


Fig. 2.22 Structurally unstable connecting orbits in planar systems 


Lemma 2.1 Jf a system is structurally stable in a region Do with the boundary Bo 
and all its orbits point strictly inside Bo, then it is strictly structurally stable in 
U = Do. 


The following classical theorem gives necessary and sufficient conditions for a 
continuous-time system in the plane to be structurally stable. 


Theorem 2.6 (Andronov & Pontryagin (1937)) A smooth dynamical system 
t= JG), fer, 


is structurally stable in a region Dy C R? if and only if 

(i) it has a finite number of equilibria and limit cycles in Do, and all of them are 
hyperbolic; 

(ii) there are no saddle separatrices returning to the same saddle or connecting 
two different saddles in Do (see Fig. 2.22). 


Remark: 

Actually, in their original paper of 1937, Andronov and Pontryagin considered 
systems with analytic right-hand sides in a region Dy C R* bounded by a (piecewise) 
smooth curve. They also assumed that all orbits point strictly inside the region, so 
they were able to use Definition 2.20. Later, Definition 2.21 was introduced and 
this restriction on the behavior on the boundary was left out. Moreover, they proved 
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that the homeomorphism / transforming the phase portrait of a perturbed system 
in Do into that of the original system can be selected C°-close to the identity map 
id(z) =a. > 


This theorem gives the complete description of structurally stable systems on the 
plane. It is rather obvious, although it has to be proved, that a typical (generic) system 
on the plane satisfies Andronov-Pontryagin conditions and is, thus, structurally sta- 
ble. If one considers the bifurcation diagram of a generic planar system depending on 
k parameters, these are structurally stable systems that occupy k-dimensional open 
regions in the parameter space. 

One can ask if a similar theorem exists for n-dimensional systems. The answer 
is “no.” More precisely, one can establish sufficient conditions (called Morse-Smale 
conditions, similar to those in Theorem 2.6) for a continuous-time system to be struc- 
turally stable. Nevertheless, there are systems, which do not satisfy these conditions, 
that are structurally stable. In particular, structurally stable systems can have an infi- 
nite number of periodic orbits in compact regions. To understand this phenomenon, 
consider a continuous-time system R*. Suppose that there is a two-dimensional cross- 
section & on which the system defines a Poincaré map generating a Smale horseshoe 
(see Chap. 1 and Example 2.8 in this chapter). Then, the system has an infinite number 
of saddle cycles in some region of the phase space. A C!-close system will define 
a C!-close Poincaré map on ©. The horseshoe will be slightly deformed, but the 
geometrical construction we have carried out in Chap. | remains valid. Thus, a com- 
plex invariant set including an infinite number of saddle cycles will persist under all 
sufficiently small perturbations. A homeomorphism transforming the corresponding 
phase portraits can also be constructed. 

Moreover, it is possible to construct a system that has no close structurally stable 
systems. We direct the reader to the literature cited in this chapter’s appendix. 


2.6 Exercises 


(1) Determine which of the following linear systems has a structurally stable equilibrium at the 
origin, and sketch its phase portrait: 


&=ux-2y, 
(a) 3, 
e=2et+y, 
(b) ai 
G=axu+2y 
c 
© (es 


(2) The following system of partial differential equations is the FitzHugh-Nagumo caricature of the 
Hodgkin-Huxley equations modeling the nerve impulse propagation along an axon: 
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du =u 

Ot = ax2 fa(u) — v, 
Ov 

a = bu, 


where u = u(x, t) represents the membrane potential, v = u(a, t) is a “recovery” variable, f,(u) = 
u(u—a)(u-— 1), 1 >a>0,b>0,-—co < x < +o, andt > 0. 
Traveling waves are solutions to these equations of the form 


u(x, t) = UE), va, = VE), €=ax+et~ 


where c is an a priori unknown wave propagation speed. The functions U (€) and V (€) are the wave 
profiles. 

(a) Derive a system of three ordinary differential equations for the profiles with “time” €. (Hint: 
Introduce an extra variable: W = U .) 

(b) Check that for all c > 0 the system for the profiles (the wave system) has a unique equilibrium 
with one positive eigenvalue and two eigenvalues with negative real parts. (Hint: First, verify this 
assuming that eigenvalues are real. Then, show that the characteristic equation cannot have roots on 
the imaginary axis, and finally, use the continuous dependence of the eigenvalues on the parameters.) 

(c) Conclude that the equilibrium can be either a saddle or a saddle-focus with a one-dimensional 
unstable and a two-dimensional stable invariant manifold, and find a condition on the system 
parameters that defines a boundary between these two cases. Plot several boundaries in the (a, c)- 
plane for different values of b and specify the region corresponding to saddle-foci. (Hint: At the 
boundary the characteristic polynomial h(A) has a double root Ap : h(Ag) = hh’ (Ao) = 0.) 

(d) Sketch possible profiles of traveling impulses in both regions. (Hint: An impulse corresponds 
to a solution of the wave system with 


(U(E), VE), W(E)) > (0, 0, 0) 


as € —> oo. See Chap. 6 for further details.) 


(3) Prove that the system 


t= —21, 
ky = —2X2, 
is locally topologically equivalent near the origin to the system 
t= —21, 
r = —2%x2. 


(Hint: Mimic the proof of Example 2.1 without introducing polar coordinates.) Are the systems 
diffeomorphic? 


(4) (Diffeomorphic limit cycles) Show that for diffeomorphic continuous-time systems, corre- 
sponding limit cycles have coinciding periods and multipliers. (Hint: Use the fact that variational 
equations around corresponding cycles (considered as autonomous systems with an extra cyclic 
variable) are diffeomorphic.) 


(5) (Orbital equivalence and global flows) 


(a) Prove that the scalar system 
dx 


"he 
having solutions approaching infinity within finite time, and thus defining only local flow vy! : R! > 
R!, is orbitally equivalent to the scalar system 


x, xeR', 
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Fig. 2.23 Exercise 6 


dx x eR! 
Se ; 
dr 1+2? 
having no such solutions and therefore defining a global flow 7 : R'! > R!. How are t and r 
related? 
(b) Prove that any smooth system « = f(x), x € R”, is orbitally equivalent in R” to a smooth 
system defining a global flow 77 on R”. (Hint: The system 


a: tomas 1 a 
ee 75 da 


where || - || is the norm associated with the standard scalar product in R”, does the job.) 


(6) (One-point parametric portrait) Construct an autonomous system of differential equations in 
IR? depending on two parameters (a, ) and having topologically equivalent phase portraits for all 
parameter values except (a, 3) = (0, 0). (Hint: Use the idea of Example 2.10. At a = 3 = 0, the 
system should have two saddle points with one-dimensional unstable and one-dimensional stable 
manifolds with coinciding branches (see Fig. 2.23).) 


(7) (induced systems) Show that the scalar system 
y= By-y’, 
which exhibits the transcritical bifurcation is topologically equivalent (in fact, diffeomorphic) to a 


system induced by the system 


t=a—2’, 


which undergoes the fold bifurcation. (Hint: See Arrowsmith & Place (1990, p. 193).) 


(8) (Proof of Lemma 2.1) 

(a) Prove that a smooth planar system 4 = f(a), x € R’, is topologically equivalent (in fact, 
diffeomorphic) in a region U, that is, free of equilibria and periodic orbits and is bounded by two 
orbits and two smooth curves transversal to orbits, to the system 


y=, 
yo = 0, 
in the unit square V = {(y1, y2) : |yi| < 1, |y2| < 1} (see Fig. 2.24). 


(b) Generalize this result to n-dimensional systems and prove Lemma 2.1. 
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Yy2 


Fig. 2.24 Phase portraits in regions U and V are equivalent 


Fig. 2.25 Saddles are 
topologically equivalent 


(c) Prove, using part (a), that two hyperbolic saddle points on the plane have locally topologi- 
cally equivalent phase portraits. (Hint: See Fig. 2.25; an explicit map providing the equivalence is 
constructed in Chap. 6.) Where is the differentiability lost? 


2.7 Appendix: Bibliographical Notes 


The notion of topological equivalence of dynamical systems appeared in the paper by Andronov & 
Pontryagin (1937) devoted to structurally stable systems on the plane. It is extensively used (among 
other equivalences) in singularity theory to classify singularities of maps and their deformations 
(Thom (1972), Arnol’d et al. (1985), Golubitsky & Schaeffer (1985)). 

The local topological equivalence of a nonlinear dynamical system to its linearization at a 
hyperbolic equilibrium was proved by Grobman (1959) and Hartman (1963). See Hartman (1964) 
for details. Local topological equivalence of a map near a hyperbolic fixed point to its linearization 
has been established by Grobman and Hartman as a by-product of their proofs of the corresponding 
theorem in the continuous-time case (see also Nitecki (1971)). A constructive proof of the topological 
equivalence of two linear systems with no = 0 and the same n_ and n+ can be found in Arnol’d 
(1973) and Hale & Kogak (1991). 

The Local Stable Manifold Theorem for differential equations originated in works by Hadamard 
(1901) and Perron (1930). Complete proofs and generalizations are given by Kelley (1967), Hirsch 
et al. (1977) (see also Irwin (1980)). The Local Stable Manifold Theorem for maps is actually the 
main technical tool used to prove the relevant theorem for differential equations. Therefore, its 
proof can be found in the cited literature, for example, in Hartman (1964) or Nitecki (1971). The 
latter reference also contains a proof that the stable and unstable sets of a hyperbolic fixed point are 
images of R”- and R”+ under injective immersion. Many results on hyperbolic invariant sets are 
proved in Katok & Hasselblatt (1995). 

The complex structure generated by the transversal intersection of the stable and unstable man- 
ifolds of a hyperbolic fixed point was discovered by Poincaré (1892, 1893, 1899) while analyzing 
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area-preserving (conservative) maps appearing in celestial mechanics. Further analysis of this phe- 
nomenon in the conservative case was undertaken by Birkhoff (1935), with particular emphasis to 
the statistical properties of corresponding orbits. The nonconservative case was studied by Smale 
(1963), Neimark (1967), and Shil’nikov (1967b). A nice exposition of this topic is given by Moser 
(1973). 

There are two main approaches to studying bifurcations in dynamical systems. The first one, 
originating in the works by Poincaré, is to analyze the appearance (branching) of new phase objects 
of a certain type (equilibria or cycles, for example) from some known ones when parameters 
of the system vary. This approach led to the development of branching theory for equilibrium 
solutions of finite- and infinite-dimensional nonlinear equations (see, e.g, Vainberg & Trenogin 
(1974), and Chow & Hale (1982)). The approach also proved to be a powerful tool to study some 
global bifurcations (see the bibliographical notes in Chap. 6). The second approach, going back 
to Andronov (1933) and reintroduced by Thom (1972) in order to classify gradient systems ¢ = 
—grad V (x, a), is to study rearrangements (bifurcations) of the whole phase portrait under variations 
of parameters. In principle, the branching analysis should precede more complete phase portrait 
study, but there are many cases where complete phase portraits are unavailable and studying certain 
solutions is the only way to get some information on the bifurcation. 

Bifurcations of phase portraits of two-dimensional dynamical systems have been studied in great 
detail by Andronov and his co-workers in 1930-1950 and summarized in the classical book whose 
English translation is available as Andronov et al. (1973). In his famous lectures, Arnol’d (1972) first 
applied many ideas from singularity theory of differentiable maps to dynamical systems (a similar 
approach was developed by Takens (1974a)). The notions of topological equivalence of parameter- 
dependent systems (families), versal deformations for local bifurcations, as well as many original 
results, were first presented in Arnold’s lectures and then in the book by Arnol’d (1983). Notice 
that in the literature in English versal deformations are often called universal unfoldings following 
terminology from singularity theory. A fundamental survey of bifurcation theory, including results 
on global bifurcations, is given by Arnol’d et al. (1994). The standard graduate-level texts on 
bifurcation theory include those by Guckenheimer & Holmes (1983), Arrowsmith & Place (1990), 
Wiggins (1990), and more recent books by Shilnikov et al. (1998, 2001). 

Structurally stable two-dimensional ODE systems were studied by Andronov & Pontryagin 
(1937) under the name coarse (or rough) systems. Actually, they included the requirement that the 
homeomorphism transforming the phase portraits be close to the identity. Peixoto (1962) proved 
that a typical system on a two-dimensional manifold is structurally stable. To discuss “typicality” 
one has to specify a space D of considered dynamical systems. Then, a property is called typical 
(or generic) if systems from the intersection of a countable number of open and dense subsets of D 
possess this property (see Wiggins (1990) for an introductory discussion). A class of structurally 
stable, multidimensional dynamical systems (called Morse-Smale systems) has been identified by 
Smale (1961, 1967). Such systems have only a finite number of equilibria and cycles, all of which 
are hyperbolic and have their stable and unstable invariant manifolds intersecting at nonzero angles 
(transversally). There are structurally stable systems that do not satisfy Morse-Smale criteria, in 
particular, having an infinite number of hyperbolic cycles (Smale 1963). Moreover, structural stabil- 
ity is not a typical property for multidimensional dynamical systems, and structurally stable systems 
are not dense in a space D of smooth dynamical systems (Smale 1966). The interested reader is 
referred to Nitecki (1971), Arnol’d (1983), and Katok & Hasselblatt (1995) for more information. 
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One-Parameter Bifurcations of Equilibria in 
Continuous-Time Dynamical Systems 


In this chapter, we formulate conditions defining the simplest bifurcations of equi- 
libria in n-dimensional continuous-time systems: the fold and the Hopf bifurcations. 
Then we study these bifurcations in the lowest possible dimensions: the fold bifur- 
cation for scalar systems and the Hopf bifurcation for planar systems. Appendixes 
A and B are devoted to technical questions appearing in the analysis of Hopf bifur- 
cation: Effects of higher-order terms and a general theory of Poincaré normal forms, 
respectively. Chapter 5 shows how to “lift” the results of this chapter to n-dimensional 
situations. 


3.1 Simplest Bifurcation Conditions 


Consider a continuous-time system depending on a parameter 
z= f(z,a), c€R", aeR', 


where f is smooth with respect to both x and a. Let x = xg be a hyperbolic equilib- 
rium in the system for ~@ = ag. As we have seen in Chap. 2, under a small parameter 
variation, the equilibrium moves slightly but remains hyperbolic. Therefore, we can 
vary the parameter further and monitor the equilibrium. It is clear that there are, gener- 
ically, only two ways in which the hyperbolicity condition can be violated. Either 
a simple real eigenvalue approaches zero and we have \; = 0 (see Fig. 3.1(a)), 
or a pair of simple complex eigenvalues reaches the imaginary axis and we have 
A1,2 = £iwo, wo > 0 (see Fig. 3.1(b)) for some value of the parameter. It is obvious 
(and can be rigorously formalized) that we need more parameters to allocate extra 
eigenvalues on the imaginary axis. Notice that this might not be true if the system 
has some special properties, such as symmetry (see Chap. 7). 

The rest of the chapter will essentially be devoted to the proof that a nonhyperbolic 
equilibrium satisfying one of the above conditions is structurally unstable and to the 
analysis of the corresponding bifurcations of the local phase portrait under variation 
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Fig. 3.1 Codim | critical cases 


of the parameter. We have already seen several examples of these bifurcations in 
Chap. 2. Let us finish this section with the following two definitions. 


Definition 3.1 The bifurcation associated with the appearance of , = 0 is called 
a fold (or tangent) bifurcation. 


Remark: 
This bifurcation has a lot of other names, including limit point, saddle-node bifur- 
cation, and turning point. > 


Definition 3.2 The bifurcation corresponding to the presence of 1,2 = +iwp, 
wo > O, is called a Hopf (or Andronov-Hopf) bifurcation. 


Notice that the tangent bifurcation is possible ifn > 1, but for the Hopf bifurcation 
we need n > 2. 


3.2 The Normal Form of the Fold Bifurcation 


Consider the following one-dimensional dynamical system depending on one param- 
eter: 
t=at+a = f(z,a). a) 


Ata = Othis system has anonhyperbolic equilibrium x9 = O with \ = f,,(0, 0) = 0. 
The behavior of the system for all the other values of a is also clear (see Fig. 3.2). 
For a < 0, there are two equilibria in the system: x1,2(a) = +,/—a, the left one of 
which is stable, while the right one is unstable. For a > 0, there are no equilibria in 
the system. While a crosses zero from negative to positive values, the two equilibria 
(stable and unstable) “collide,” forming at a = 0 an equilibrium with \ = 0, and 
disappear. This is a fold bifurcation. The term “collision” is appropriate since the 
speed of approach (421 2(a)) of the equilibria tends to infinity as a — 0. 
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xr z1 2 


a <0 a=0 a>Qd 


Fig. 3.2 Fold bifurcation 


There is another way of presenting this bifurcation: plotting a bifurcation diagram 
in the direct product of the phase and parameter spaces (simply, the (x, a)-plane). 
The equation 

f(z,a) =0 


defines an equilibrium manifold, which is simply the parabola a = —x? (see Fig. 
3.3). This presentation displays the bifurcation picture at once. Fixing some a, we 
can easily determine the number of equilibria in the system for this parameter value. 


Fig. 3.3. Fold bifurcation in the phase-parameter space 
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The projection of the equilibrium manifold into the parameter axis has a singularity 
of the fold type at (x, a) = (0, 0). 


Remark: 
The system ¢ = a — 2 can be considered in the same way. The analysis reveals 
two equilibria appearing for a > 0. > 


Now add to the system (3.1) higher-order terms that can depend smoothly on the 
parameter. It happens that these terms do not change qualitatively the behavior of 
the system near the origin x = 0 for parameter values close to a = 0. Actually, the 
following lemma holds: 


Lemma 3.1 The system 
é=at+2’ + O(a’) 


is locally topologically equivalent near the origin to the system 


bk=ata’. 


Proof: 

The proof goes through two steps. It is based on the fact that, for scalar systems, 
a homeomorphism mapping equilibria into equilibria will also map their connecting 
orbits. 


Step I (Analysis of equilibria). Introduce a scalar variable y and write the first sys- 
tem as 
y=FY,a) =aty +0), (3.2) 


where 7 = O(y*) is a smooth functions of (y, a) near (0, 0). Consider the equilib- 
rium manifold of (3.2) near the origin (0, 0) of the (y, @)-plane 


M=({ly,a): Fy, =aty +Vly, a) = 0}. 


The curve M passes through the origin (F(0, 0) = 0). By the Implicit Function 
Theorem (since F,,(0, 0) = 1), it can be locally parametrized by y 


M = (ly, a): a= g(y)}, 
where g is smooth and defined for small |y|. Moreover 
gly) = -y* + OY’) 
(check!). Thus, for any sufficiently small a < 0, there are two equilibria of (3.2) near 


the origin in (3.2), y;(q@) and y2(@), which are close to the equilibria of (3.1), i.e., 
x(a) = +./—a and r2(a) = —./—a, for the same parameter value (see Fig. 3.4). 
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f(y, @) =0 


Fig. 3.4 Fold bifurcation for the perturbed system 


Step 2 (Homeomorphism construction). For small |a|, construct a parameter- 
dependent map y = h(x) as following. For a > 0, take the identity map 


Ag(4) = «x. 
For a@ < 0, take a linear transformation 
ho(@) = a(a) + b(a)a, 
where the coefficients a, b are uniquely determined by the conditions 


ha(aj(a)) = yj(a), 9 = 1,2, 


(find them!). The constructed map h, : R' > R! is a homeomorphism mapping 
orbits of (3.1) near the origin into the corresponding orbits of (3.2), preserving the 
direction of time. Chapter 2 identified this property as the local topological equiva- 
lence of parameter-dependent systems. 

Although it is not required in the book for the homeomorphism h, to depend 
continuously on a@ (see Remark after Definition 2.14), this property holds here since 
hq tends to the identity map as negative a > 0. 
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3.3. Generic Fold Bifurcation 


We shall show that system (3.1) (with a possible sign change of the «?-term) is a 
topological normal form of a generic one-dimensional system having a fold bifur- 
cation. In Chap. 5, we will also see that in some strong sense it describes the fold 
bifurcation in a generic n-dimensional system. 

Suppose the system 


&t=f(z,a), «eR, aeR', (3.3) 


with a smooth f has at a = 0 the equilibrium x = 0 with A = f,,(0, 0) = 0. Expand 
f (a, a) as a Taylor series with respect to x at x = 0: 


f(z, a) = fo(a) + filada + fr(a)a” + O(2°). 


Two conditions are satisfied: f9(0) = f(0,0) =0 (equilibrium condition) and 
f,(O) = f,,(0, 0) = 0 (fold bifurcation condition). 

The main idea of the following simple calculations is this: By smooth invertible 
changes of the coordinate and the parameter, transform system (3.3) into the form 
(3.1) up to and including the second-order terms. Then, Lemma 3.1 can be applied, 
thus making it possible to drop the higher-order terms. While proceeding, we will 
see that some extra nondegeneracy and transversality conditions must be imposed to 
make these transformations possible. These conditions will actually specify which 
one-parameter system having a fold bifurcation can be considered as generic. This 
idea works for all local bifurcation problems. We will proceed in exactly this way in 
analyzing the Hopf bifurcation later in this chapter. 


Step I (Shift of the coordinate). Perform a linear coordinate shift by introducing a 
new variable € via the substitution 


a=Et+, (3.4) 


where 6 = 6(q) is ana priori unknown function that will be defined later. Substituting 
(3.4) into (3.3) yields 


== fol) + filE+5 + PE+ Hr +---. 


Therefore 


€=[fola) + fi(@d + frlaye? + 0(5°)] 
+[fila) + 2f2(a)d + OW) E 
+[fr(a) + O(5)] 
+ O(€). 
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Assume that 
1 
(A.1) f2(0) = fen, 0) 4 0. 


Then there is a smooth function 6(q) that annihilates the linear term in the above 
equation for all sufficiently small |a|. This can be justified with the Implicit Function 
Theorem. Indeed, the condition for the linear term to vanish can be written as 


F(a, 6) = fila) + 2fr(a)d + & (a, 5) = 0 


with some smooth function 7. We have 


F(0,0) =0 = 2f2(0) £0 as f,) 
’ =r ae = 2 > oH. = ’ 
06 |.) da | (0,0) : 


which implies (local) existence and uniqueness of a smooth function 6 = 6(a) 
such that 6(0) = 0 and F(a, 6(a)) = O. It also follows that 


HO) 


2 
27,0)" + O(a‘). 


6(a) = 


The equation for € now contains no linear terms 
€ = [foo + O(a*)] + [f2) + O(@)]e? + O(€?). (3.5) 


Step 2 UIntroduce a new parameter). Consider as a new parameter pp = p(a), the 
constant (€-independent) term of (3.5): 


L= foO)a + a7¢(a), 


where ¢ is some smooth function. We have 


(a) (0) = 0; 
(b) w’(0) = fo) = fa (0, 0). 


If we assume that 


(A.2) Ja(0, 0) # 0, 


then the Inverse Function Theorem implies local existence and uniqueness of a 
smooth inverse function a = a() with a(0) = 0. Therefore, Eq. (3.5) now reads 


E=p+ owe + 0), 
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where b(1) is a smooth function with b(0) = f2(0) 4 O due to the first assumption 
(A.1). 


Step 3 (Final scaling). Let n = |b(z)|€ and 6 = |b(u)|u. Then we get 


= B+ sr? + O(n), 


— 


where s = sign b(0) = +1. 


Therefore, the following theorem is proved. 
Theorem 3.1 Suppose that a one-dimensional system 
t=f(rt,a), rE R',aeR', 
with smooth f, has at a = 0 the equilibrium x = 0, and let X = f,,(0, 0) = 0. Assume 


that the following conditions are satisfied: 


(A.1) frx(O, 0) 4 0; 
(A.2) fo(0, 0) 0. 


Then there are invertible coordinate and parameter changes transforming the system 
into 


= B17 + O(7?). 


Using Lemma 3.1, we can eliminate O (77°) terms and finally arrive at the following 
general result. 


Theorem 3.2 (Topological normal form for the fold bifurcation) 
Any generic smooth one-parameter system 


z= f(z,a), ce R', aeR', 


having at a = O the equilibrium x = OwithX = f,(0, 0) = 0, is locally topologically 
equivalent near the origin to one of the following normal forms: 


i= Ber. 


Remark: 
The genericity conditions in Theorem 3.2 are the nondegeneracy condition (A. 1) 
and the transversality condition (A.2) from Theorem 3.1. > 
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3.4 The Normal Form of the Hopf Bifurcation 


Consider the following system of two differential equations depending on one param- 
eter: 


{3 = ax, — x2 — £(x} + 23), (3.6) 


2 = 4, + ax — r2(x7 + wey: 


This system has the equilibrium 7; = x2 = 0 for all a with the Jacobian matrix 


a —-l 
A= 
having eigenvalues A,» = a + 1. Introduce the complex variable z = x; + ix2, Z = 
1 — 122, |z|* =2z7= a + 7, This variable satisfies the differential equation 


2 = & + idy = a(x + tay) + i(ay t+ ix) — (x) + ix2)(a} +: 79), 
and we can, therefore, rewrite system (3.6) in the complex form 
= (atiz— 22)’. (3.7) 
Finally, using the representation z = pe’, we obtain 
z= pe’? + pige’’, 


or 
pe’ + ippe’? = pe'?(a+i— p”), 


which gives the polar form of system (3.6) 


p= p(a—p’), 
oe: (3.8) 
Bifurcations of the phase portrait of the system as a passes through zero can easily 
be analyzed using the polar form since the equations for p and ¢ in (3.8) are uncou- 
pled. The first equation (which should obviously be considered only for p > 0) has 
the equilibrium point p = 0 for all values of a. The equilibrium is linearly stable if 
a < 0; it remains stable at a = 0 but nonlinearly (so the rate of solution convergence 
to zero is no longer exponential); for a > 0 the equilibrium becomes linearly unsta- 
ble. Moreover, there is an additional stable equilibrium point p9(a) = ./a for a > 0. 
The second equation describes a rotation with constant speed. Thus, by superposi- 
tion of the motions defined by the two equations of (3.8), we obtain the following 
bifurcation diagram for the original two-dimensional system (3.6) (see Fig. 3.5). The 
system always has an equilibrium at the origin. This equilibrium is a stable focus for 
a < 0 and an unstable focus for a > 0. At the critical parameter value a = 0, the 
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v2 v2 v2 


a<0 a=0 a>0 


Fig. 3.5 Supercritical Hopf bifurcation 


equilibrium is nonlinearly stable and topologically equivalent to the focus. Some- 
times it is called a weakly attracting focus. This equilibrium is surrounded for a > 0 
by an isolated closed orbit (Jimit cycle) that is unique and stable. The cycle is a circle 
of radius po(a@) = ./a. All orbits starting outside or inside the cycle except at the 
origin tend to the cycle as t + +00. This is an Andronov-Hopf bifurcation. 

This bifurcation can also be presented in (x, y, a)-space (see Fig. 3.6). The appear- 
ing a-family of limit cycles forms a paraboloid surface. 

A system having nonlinear terms with the opposite sign 


©) = ax, — 42+ x4 (x4 + CaP 
2 = 4, +ax.+ r2(27 + e); 


(3.9) 


which has the complex form 


g=(atidz+zlzl’, 


Ly 


Fig. 3.6 Supercritical Hopf bifurcation in the phase-parameter space 
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Fig. 3.7 Subcritical Hopf bifurcation 
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Fig. 3.8 Subcritical Hopf bifurcation in the phase-parameter space 


can be analyzed in the same way (see Figs. 3.7 and 3.8). The system undergoes the 
Andronov-Hopf bifurcation at a = 0. Contrary to system (3.6), there is an unstable 
limit cycle in (3.9), which disappears when a crosses zero from negative to positive 
values. The equilibrium at the origin has the same stability for a 4 0 as in system 
(3.6): Itis stable for a < Oand unstable for a > 0. Its stability at the critical parameter 
value is opposite to that in (3.6): It is (onlinearly) unstable at a = 0. 


Remarks: 

(1) We have seen that there are two types of Andronov-Hopf bifurcation. The 
bifurcation in system (3.6) is often called supercritical because the cycle exists for 
positive values of the parameter a (“after” the bifurcation). The bifurcation in system 
(3.9) is called subcritical since the cycle is present “before” the bifurcation. It is clear 
that this terminology is somehow misleading since “after” and “before” depend on 
the chosen direction of parameter variation. 

(2) In both cases, we have a loss of stability of the equilibrium at a = 0 under 
increase of the parameter. In the first case (with “—” in front of the cubic terms), the 
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stable equilibrium is replaced by a stable limit cycle of small amplitude. Therefore, 
the system “remains” in a neigborhood of the equilibrium and we have a soft or 
noncatastrophic stability loss. In the second case (with “+” in front of the cubic 
terms), the region of attraction of the equilibrium point is bounded by the unstable 
cycle, which “shrinks” as the parameter approaches its critical value and disappears. 
Thus, the system is “pushed out” from a neigborhood of the equilibrium, giving us 
a sharp or catastrophic loss of stability. If the system loses stability softly, it is well 
“controllable”: If we make the parameter negative again, the system returns to the 
stable equilibrium. On the contrary, if the system loses its stability sharply, resetting 
to a negative value of the parameter may not return the system back to the stable 
equilibrium since it may have left its region of attraction. Notice that the type of 
Andronov-Hopf bifurcation is determined by the stability of the equilibrium at the 
critical parameter value. 

(3) The above interpretation of super- and subcritical Hopf bifurcations should 
be considered with care. If we consider a as a slow variable and add to system (3.6) 
the third equation 

a=eé, 


with € small but positive, then the resulting time series (x(t), y(t), a(t)) will 
demonstrate some degree of “sharpness.” If the solution starts at some initial point 
(Xo, Yo, @o) With ag < 0, it then converges to the origin and remains very close to it 
even if a becomes positive, thus demonstrating no oscillations. Only when a reaches 
some finite positive value will the solution leave the equilibrium “sharply” and start 
to oscillate with a relatively large amplitude. 

(4) Finally, consider a system without nonlinear terms 


zZ=(at+i)z. 


This system also has a family of periodic orbits of increasing amplitude, but all of 
them are present at a = 0 when the system has a center at the origin (see Fig. 3.9). 
It can be said that the limit cycle paraboloid “degenerates” into the plane a = 0 in 
(x, y, @)-space in this case. This observation makes natural the appearance of small 
limit cycles in the nonlinear case. > 


Let us now add some higher-order terms to system (3.6) and write it in the vector 


form 
I -1 
(::) = € 1) (2) — (at +23) (2) + O((lzI*), (3.10) 


where x = (21, £2), |la||* = a + ue, and O((||x||*) terms can smoothly depend on 
a. The following lemma will be proved in Appendix A to this chapter. 


Lemma 3.2 System (3.10) is locally topologically equivalent near the origin to 
system (3.6). 
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ry 


Fig. 3.9 “Hopf bifurcation” in a linear system 


Therefore, the higher-order terms do not affect the bifurcation behavior of the 
system. 


3.5 Generic Hopf Bifurcation 


We now shall prove that any generic two-dimensional system undergoing a Hopf 
bifurcation can be transformed into the form (3.10) with a possible difference in the 
sign of the cubic terms. 

Consider a system 


t= f(z,a), 2 = (21,22) € R’, aeR', 


with a smooth function f, which has at a = 0 the equilibrium x = 0 with eigenvalues 
A1,2 = £iwo, wo > 0. By the Implicit Function Theorem, the system has a unique 
equilibrium zo(q@) in some neigborhood of the origin for all sufficiently small |a| 
since \ = O is not an eigenvalue of the Jacobian matrix. We can perform a coordinate 
shift, placing this equilibrium at the origin. Therefore, we may assume without loss 
of generality that z = 0 is the equilibrium point of the system for |a| sufficiently 
small. Thus, the system can be written as 


z= A(a)x+ F(a, a), (3.11) 


where F is a smooth vector function whose components F} 2 have Taylor expansions 
in x starting with at least quadratic terms, F = O((la||*). The Jacobian matrix A(a) 
can be written as 
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_ (aa) ba) 
a= Ge a) 


with smooth functions of a as its elements. Its eigenvalues are the roots of the 
characteristic equation 


¥—oaApASs, 


where o =o(a)=a(a)+d(a)=trA(a), and A=A(a) = a(a)d(a) — 
b(a)c(a) = det A(a). So, 


1 
A2(a) = 5 (o(a) 4/2 = 4A(a)) 


The Hopf bifurcation condition implies 


a(0) = 0, A(O) = ug > 0. 
For small |a@| we can introduce 
La) = 500), w(a) = ; 4A(a) — 07(a) 
and therefore, obtain the following representation for the eigenvalues: 
Ar(a) = (a), A2(a) = X(Q), 


where 
(a) = p(a) + iw(a), w(O) = 0, w(0) = up > O. 


Lemma 3.3 By introducing a complex variable z, system (3.11) can be written for 
sufficiently small |a| as a single equation: 


z= Xa)z+ 9, Z, a), (3.12) 


where g = O(\z|*) isa smooth function of (Zz, Z, @). 


Proof: 
Let g(a) € C? be an eigenvector of A(a) corresponding to the eigenvalue \(q) 


A(a)q(a) = A(a)q(a), 


and let p(a) € C? be an eigenvector of the transposed matrix A’ (a) corresponding 
to its eigenvalue A(@) 


A’ (a)p(a) = N(a)p(a). 
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It is always possible to normalize p with respect to q 
(p(@), q(@)) = 1, 


where (-, :) means the standard scalar product in C?: (p, qg) = p14, + poq2. Any vector 
x € R? can be uniquely represented for any small a as 


© = 2q(a) + 2q(a) (3.13) 


for some complex z, provided the eigenvectors are specified. Indeed, we have an 
explicit formula to determine z: 


z= (p(a), 2). 


To verify this formula (which results from taking the scalar product with p of both 
sides of (3.13)), we have to prove that (p(a), q(a)) = 0. This is the case since 


—_ 


1 Xr 
7) = (p, = Ag) = =(A™ 59) = =(p,q 
(P,Q) = (p i q) (A’ p, q) ad q) 


5 


and therefore 


But \ # X because for all sufficiently small |a| we have w(a) > 0. Thus, the only 
possibility is (p, gq) = 0. 
The complex variable z obviously satisfies the equation 


z= Na)z + (p(a), F(zq(a) + Zq(Q), a)), 


having the required! form (3.12) with 


g(Z, 2, a) = (p(@), F(zq(a) + 29q(@), @)). 


There is no reason to expect g to be an analytic function of z (i.e., - independent). 
Write g as a formal Taylor series in two complex variables (z and Z): 


: 1 . 
92, 2,0) = D7 re guladz*2z!, 
k+l>2 


' The vectors g(a) and p(a), corresponding to the simple eigenvalues, can be selected to depend 
on a as smooth as A(qa). 
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where 
k+l 


(p(a), F(zq(a) + 2q(a), a) : 


Jka) = askoal - 


fork+1>2, k,l1=0,1,.... 


Remarks: 

(1) There are several (equivalent) ways to prove Lemma 3.3. The selected one fits 
well into the framework of Chap. 5, where we will consider the Hopf bifurcation in 
n-dimensional systems. 

(2) Equation (3.13) imposes a linear relation between (x, #2) and the real and 
imaginary parts of z. Thus, the introduction of z can be viewed as a linear invertible 
change of variables, y = T(a)x, and taking z = y, + ty2. As it can be seen from 
(3.13), the components (y;, y2) are the coordinates of x in the real eigenbasis of A(a) 
composed by {2 Re qg, —2 Im q}. In this basis, the matrix A(q) has its canonical real 
(Jordan) form 


tyrant (Se), 


(3) Suppose that at a = 0 the function F(z, a) from (3.11) is represented as 
1 1 4 
F(x, 0) = 3 BG, x) + red oe x) + O(||x\\"), 


where B(x, y) and C(, y, wu) are symmetric multilinear vector functions of x, y, u € 
R?. In coordinates, we have 


2 
0 F,(E, 0 
B(x, y) = GS ) LiYk, = 1, 2, 


jk=l OEE &=0 
and 
~ FE, 0) 
Ci(a, y, u) = 2s DE OE 0E ie Let = 1; 2. 
Then, 


B(zq + 2g, 2¢+ 29 = 2° B(q, @ + 222B(,, D+ 27 BGO, 


where gq = q(0), p = p(O), so the Taylor coefficients g,;, k + 1 = 2, of the quadratic 
terms in g(z, Z, 0) can be expressed by the formulas 


920 = (p, Bq, q@), q1= (p, Bq, q@); go2 = (p, Ba, q), 


and similar calculations with C give 
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ga = (p, C(q, qd q)). 


(4) The normalization of gq is irrelevant in the following. Indeed, suppose that q 
is normalized by (q, g) = 1. A vector g = ¥q is also the eigenvector for any nonzero 
¥ € C! but with the normalization (g, 7) = |y|*. Taking p = ; p will keep the relative 
normalization untouched (p, q) = 1. It is clear that Taylor coefficients g;; computed 
using q, p will be different from the original g;;. For example, we can check via the 
multilinear representation that 


=2 
. 7 _ . 7 . 
920 = Y920, Jr = VI» Yor = vy 2 1 = II" Q21- 


However, this change can easily be neutralized by the linear scaling of the variable: 
z = +w, which results in the same equation for w as before. 
I 


For example, setting (q, q) = 5 corresponds to the standard relation z = (p, x) = 


x, + ix for a system that already has the real canonical form « = J(a)x, where J 
is given above. In this case 


Let us start to make nonlinear (complex) coordinate changes that will simplify 
(3.12). First of all, remove all quadratic terms. 


Lemma 3.4 The equation 


g=det+ ae + guzz+ aa + O(\z)), (3.14) 


where \ = (a) = pa) + iw(a), WO) = 0, w(0) = wo > 0, and gi; = gij(a), can 
be transformed by an invertible parameter-dependent change of complex coordinate 


h h 
z=wt ad +hyww + ae 


for all sufficiently small |a|, into an equation without quadratic terms 
w = Aw + O(\wI). 


Proof: 
The inverse change of variable is given by the expression 


h 
20 2 
2 


h 
hizz a2 O(|z19). 
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Therefore ; ; 
WwW = 2—hyozz — hy (22+ 2z) —hozz+-:- 


=rz+ (3 - Nip) 2 2 + (gu —ARu — AR) 22+ (F = Nagz) 2 z+: 
1 < _ 1 = _ 
= dw + 5 (20 - Ahgo)w? + (gir — Ahi )wid + 5 (902 — (24 — \)ho2)w? + O(\wl?). 


Thus, by setting 


920 gil 
h29 = ,An ==, ho = = ; 
20 \ 11 5 


we “kill” all the quadratic terms in (3.14). These substitutions are correct because the 
denominators are nonzero for all sufficiently small |a| since A(0) = two with wo > 0. 


Remarks: 

(1) The resulting coordinate transformation is polynomial with coefficients that are 
smoothly dependent on a. The inverse transformation has the same property but it is not 
polynomial. Its form can be obtained by the method of unknown coefficients. In some 
neighborhood of the origin the transformation is near-identical because of its linear part. 

(2) Notice that the transformation changes the coefficients of the cubic (as well as 
higher-order) terms of (3.14). > 


Assuming that we have removed all quadratic terms, let us try to eliminate the cubic 
terms as well. This is “almost” possible: There is only one “resistant” term, as the fol- 
lowing lemma shows. 


Lemma 3.5 The equation 


930 3 
6° 9 


921 25 G12 P+ Ba 3 


a 
Zz z+ em a ae 


+ O(\2\*), 


where \ = \(a) = pa) + iw(a), w(O) = 0, w(0) = wo > 0, and gi; = gij(a), can be 
transformed by an invertible parameter-dependent change of complex coordinate 


h3 h h h 


for all sufficiently small ||, into an equation with only one cubic term 
ions 2= 4 
w=Aw+tcwwt+ O(\w|"), 


where cy = c\(Q). 


Proof: 
The inverse transformation is 
h30_3 har o- fiz _» hos 3 


wWw=z ae 5 2 ea 6 + O(\z|*). 
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Therefore 


h oR ik ~ eee 
was 2s 5 (ea + 2) — GR + 2288) — PEt 


1 1 = - 
= dw + €(930 - 2Ah30)w> + 5 (921 — A+ \)h21)w?w 
1 = oe 7 _ 
+, Gia 2Ah12)wie? + 5 (903 + A- 3X)ho3)w* + O(\wl"). 


Thus, by setting 


930 h G12 h 
QD’ 12 aa 03 3\—d’ 


h30 = 


we can annihilate all cubic terms in the resulting equation except the ww -term, which 
we have to treat separately. The substitutions are valid since all the involved denominators 
are nonzero for all sufficiently small |aq|. 

One can also try to eliminate the w?i-term by formally setting 


921 
i et 
ov gy 


This is possible for small a 4 0, but the denominator vanishes at a = 0: A(0) + (0) — 
iwo — iwo = 0. To obtain a transformation that is smoothly dependent on a, set h2; = 0, 
which results in 


_ 21 
a 


Cl 


Remark: 

The remaining cubic w?w-term is called a resonant term. Note that its coeffi- 
cient is the same as the coefficient of the cubic term 272 in the original equation in 
Lemma 3.5. > 


We now combine the two previous lemmas. 


Lemma 3.6 (Poincaré normal form for the Hopf bifurcation) 
The equation 
; 1 . 
z=Xz+ > aime? + O(\zI*), (3.15) 
2<k+1<3 


where \ = \(a) = pa) + iw(a), w(O) = 0, w(0) = wo > 0, and gi; = gij(a), can be 
transformed by an invertible parameter-dependent change of complex coordinate, 
smoothly depending on the parameter 
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h h 
sane Sw? + byw + sw 
a h - 


for all sufficiently small ||, into an equation with only the resonant cubic term 
w = Aw + c,w*w + O(\wl), (3.16) 


where cy = c\(Q). 


Proof: 
Obviously, a composition of the transformations defined in Lemmas 3.4 and 3.5 does 
the job. First, perform the transformation 


h h 
z=wt Sw + hws + Fa, (3.17) 
mate 920 Jil 902 
ho = —, hi = =, ho = = : 
20 X 11 T 02 yd 


defined in Lemma 3.4. This not only annihilates all the quadratic terms, but also changes 
the coefficients of the cubic terms. The coefficient of w?wW will be 5921, say, instead of 
5 g21. Then make the transformation from Lemma 3.5 that eliminates all the cubic terms 
but the resonant one. The coefficient of this term remains 5H 1. Since terms of order four 
and higher appearing in the composition affect only O (|w|*) terms in (3.16), they can be 
truncated. 


Thus, all we need to compute to get the coefficient c; in terms of the given equation 
(3.15) is a new coefficient 5921 of the wi-term after the quadratic transformation 
(3.17). We can do this computation in the same manner as in Lemmas 3.4 and 3.5, 
namely, inverting (3.17). Unfortunately, now we have to know the inverse map up to 
and including cubic terms.” However, there is a possibility to avoid explicit inverting of 
(3.17). 

Indeed, we can express z in terms of w, w in two ways. One way is to substitute (3.17) 
into the original equation (3.15). Alternatively, since we know the resulting form (3.16) 
to which (3.15) can be transformed, z can be computed by differentiating (3.17), 


S=Wwthoww + hy (ww + ww) + how, 


and then by substituting w and its complex conjugate, using (3.16). Comparing the coef- 
ficients of the quadratic terms in the obtained expressions for z gives the above formulas 


? Actually, only the “resonant” cubic term of the inverse is required 


h h 1 
w= 2— Sa? — hy28 — 22? + 5 Ghashao + Ahuil? + [horl?)272 + --- , 


where the dots now mean all undisplayed terms. 
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for hap, hi, and hoz, while equating the coefficients in front of the w|w|?-term leads to 


_ go0gi (2 + X) lg | 90217 4 7 
2|A/? r Dia. | ee 


This formula gives us the dependence of c; on a if we recall that \ and gj; are smooth 
functions of the parameter. At the bifurcation parameter value a = 0, the previous equa- 
tion reduces to 


e(0) = (sma = 2lgu|? — 5 loo *) + = (3.18) 


Now we want to transform the Poincaré normal form into the normal form studied in 
the previous section. 


Lemma 3.7 Consider the equation 


w 
Gp = (ula) + iw(ayyw + er(a)wlw|* + Owl"), 
where (0) = 0, and w(0) = wa > 0. 

Suppose y' (0) 4 0 and Re c,(0) £ 0. Then, the equation can be transformed by a 
parameter-dependent linear coordinate transformation, a time rescaling, and anonlinear 
time reparametrization into an equation of the form 


—, = (G+ i)ut sulul? + O(\ul*), 

dé 
where u is anew complex coordinate, and 0, (3 are the new time and parameter, respec- 
tively, and s = sign Re c,(0) = +1 


Proof: 
Step 1 (Linear time scaling). Introduce the new time 7 = w(a)t. The time direction is 
preserved since w(a@) > 0 for all sufficiently small |a|. Then 


d 
— = (B+ iw + di Bywlwl? + O(tw!'), 
se (a) c1(a(8)) 
_ ci(a@ 
B=Ba= ata d\ (8) = wla(s)) 
We can consider (3 as a new parameter because 
’ (0) 
0) =0, B(0) = —— £0, 
BO) BO)= w(0) # 


and therefore the Inverse Function Theorem guarantees local existence and smoothness 
of a as a function of 3. Notice that d; is complex. 
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Step 2 (Nonlinear time reparametrization). Change the time parametrization along the 
orbits by introducing a new time 0 = 0(7, 3), where 


dO = (1 + €1(8)|w|?) dr 


with e;(3) = Im d\((@). The time change is a near-identity transformation in a small 
neighborhood of the origin. Using the new definition of the time, we obtain 


d 
a = (8+ iw +h (B)wlwl? + O(\wl*), 


where 1;(3) = Re d,() — Ge,(G) is real and 


Lio)= <a. (3.19) 


Step 3 (Linear coordinate scaling). Finally, introduce a new complex variable u 


U 


VB 


which is possible due to Re c; (0) 4 0 and, thus, /;(0) 4 0. The equation then takes the 
required form 


du. . . b@ 
a Ott To 


ulul? + O(jul*) = (8+ du + sulul? + O(\ul*), 


with s = sign /;(0) = sign Re c, (0). 


Definition 3.3. The real function |, (@) is called the first Lyapunov coefficient. 


It follows from (3.19) that the first Lyapunov coefficient at 3 = 0 can be computed 
by the formula 


1 : 
11(0) = —y Re(igoogi1 + 0921). (3.20) 
205 


Thus, we need only certain second- and third-order derivatives of the right-hand sides at 
the bifurcation point to compute J; (0). Recall that the value of /; (0) does depend on the 
normalization of the eigenvectors qg and p, while its sign (which is what only matters in the 
bifurcation analysis) is invariant under scaling of qg, p obeying the relative normalization 
(p, q) = 1. Notice that the equation of u with s = —1 written in real form coincides with 
system (3.10) from the previous section. We now summarize the obtained results in the 
following theorem. 


Theorem 3.3 Suppose a two-dimensional system 


d 
— = f(a,a), rR’, oeR, (3.21) 
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with smooth f, has for all sufficiently small |a| the equilibrium x = 0 with eigenvalues 
A1,2(@) = (a) + iw(a), 


where (0) = 0, w(0) = wo > O. 
Let the following conditions be satisfied: 
(B.1) 1;(0) 4 0, where 1, is the first Lyapunov coefficient; 
(B.2) p’(0) #0. 


Then, there are invertible coordinate and parameter changes and a time reparameteri- 
zation transforming (3.21) into 


d Y1 _ B —l Yl 2 2 Yi 4 
dr (.) ~ & 5) (:") + (yy + ¥2) (*) + O(llyl"). 


Using Lemma 3.2, we can drop the O(|| y|l*) terms and finally arrive at the following 
general result. 


Theorem 3.4 (Topological normal form for the Hopf bifurcation) 
Any generic smooth one-parameter planar system 


&=f(z,a), ce R’*, a€eR!, 
having at a = 0 the equilibrium x = 0 with eigenvalues 
A1,2(0) = £iwp, wo > 0, 


is locally topologically equivalent near the origin to one of the following normal forms: 
YW B=-1\ fyi 24 ,2(¥1 
. |= + + : 
(*:) ({ a) (3) a a(y) 
Remark: 


The genericity conditions assumed in Theorem 3.4 are the nondegeneracy condition 
(B.1) and the transversality condition (B.2) from Theorem 3.3. > 


The preceding two theorems together with the normal form analysis of the previous 
section and formula (3.20) for /;(0) provide us with all the necessary tools for analysis 
of the Hopf bifurcation in generic two-dimensional systems. In Chap. 5, we will see how 
to deal with n-dimensional systems where n > 2. 


Example 3.1 (Hopf bifurcation in a predator-prey model) 
Consider the following system of two differential equations: 


CX 1X2 


vt, =rx(1— 21) ; 
atx 
(3.22) 
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The system describes the dynamics of a simple predator-prey ecosystem (see, e.g., Holling 
(1965)). Here x and x2 are (scaled) population numbers, andr, c, d, and a are parameters 
characterizing the behavior of isolated populations and their interaction. Let us consider 
a as a control parameter and assume c > d. 

To simplify calculations further, let us consider a polynomial system that has for 
x1 > —a the same orbits as the original one (i.e., orbitally equivalent, see Chap. 2) 
Ly =rxy(a+ 21) — 21) — cx 22, 
@2 = —adz2 + (c— d)x 1x2 (3.23) 


(this system is obtained by multiplying both sides of the original system by the function 
(a + #1) and introducing a new time variable 7 by dt = (a + 21) dr). 
System (3.23) has a nontrivial equilibrium 


The Jacobian matrix evaluated at this equilibrium is 


ard(c+ d) E —d acd 


Ate= (c—d)? |c+d c—d 
ar(c—d(i+a)) 0 
c—d 
and thus 
o(a) ard(c+d)[c—d 
La) = = al. 
D Tooar [ara 


We have j4(a9) = 0 for 
c—d 


c+d 


ag = 


Moreover 
rced(c — d) 


mer (3.24) 


w*(ao) = 


Therefore, at a = ao, the equilibrium Fo has eigenvalues ;,2(ao) = +iw(ag) and a 
Hopf bifurcation takes place.* The equilibrium is stable for a > ag and unstable for 
@ < ag. Notice that the critical value of a corresponds to the passing of the line defined 
by £2 = 0 through the maximum of the curve defined by x; = 0 (see Fig. 3.10). Thus, 
if the line #2 = 0 is to the right of the maximum, the point is stable, while if this line is 
to the left, the point is unstable. To apply the normal form theorem to the analysis of this 
Hopf bifurcation, we have to check whether the genericity conditions of Theorem 3.3 are 
satisfied. The transversality condition (B.2) is easy to verify: 


3 Since (3.23) is only orbitally equivalent to (3.22), the value of w(ag) given by (3.24) cannot be 
used directly to evaluate the period of small oscillations around Eo in the original system. 
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x9 


val 


Fig. 3.10 Zero-isoclines at the Hopf bifurcation 


agrd(c+ d) rd 
= < 
2(c — d)? 2(c — d) 


(ao) = 0. 


To compute the first Lyapunov coefficient, fix the parameter a at its critical value ag. 
At @ = ao, the nontrivial equilibrium Eo has the coordinates 


(0) d (0) re 
x= , fh = mE 
c+d (c+d) 


Translate the origin of the coordinates to this equilibrium by the change of variables 


0 
c a + &, 


L2 = X54 + &. 


This transforms system (3.23) into 


: cd rd 4 3 
f= cpa” rae cio — rg; = Fi(€s, €2), 
rc(c — d) 


b= epg? eit C— Dhiee = Falbi, fa). 


This system can be represented as 


: 1 1 
= AS t+ 5 BE, 8) + gOS &), 
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where A = A(ag), and the multilinear functions B and C take on the planar vectors 
€ = (€1, £2), 7 = (Mm, 92), and ¢ = (C1, C2) the values 


eee eee 
paar, 71 CUC1"2 27 


(c— d)(Einn + E21) 


ce erie & 


Write the matrix A(ag) in the form 


and 


cd 
_ c+d 
= ‘ ; 
e+ d 
w*(e+ d) 0 
cd 


where w” is given by formula (3.24).* Now it is easy to check that complex vectors 


a cd 7 w(c+ d) 
@™ \ -iw(e+d) J? ? ~icd }? 


are proper eigenvectors 
Aq = iwq, A’p = —Wwyp. 


To achieve the necessary normalization (p, g) = 1, we can take, for example 


=( cd ) _ 1 38) 
T= \ we+d))* ? tuedete@ \ —iad J” 


The hardest part of the job is done, and now we can simply calculate? 


cd(c? — d? — rd) + iwc(e + dy” 


— B = 
920 = (p, B(q, g)) (+a) ; 


4 Tt is always useful to express the Jacobian matrix using w since this simplifies expressions for the 
eigenvectors. 

5 Another way to compute g29, g11, and g2; (which may be simpler if we use a symbolic manipulation 
software) is to define the complex-valued function 


G(z,w) = pi Fie + wg, 2q2 + wan) + prFa(zqi + wH, 2q2 + wGQ2), 


where p, q are given above, and to evaluate its formal partial derivatives with respect to z, w at 
z= w = 0, obtaining g29 = Gzz, gil = Gzw, and g21 = Gzzy. Inthis way no multilinear functions 
are necessary. See Exercise 4. 
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—> 


a>ag a<ag 
Fig. 3.11 Hopf bifurcation in the predator-prey model 


red 


——,, pi = (p,C(0) = -3re'@’, 
Gad g21 = (p,C(q, 9, D) re 


gi = (p, Bq, q) == 


and compute the first Lyapunov coefficient by formula (3.20), 


2 2 
ue <0. 


1 
li (a0) = 55 Re(Cigzogu + wg21) = — 
2w 
It is clear that J; (a9) < 0 for all combinations of the fixed parameters. Thus, the nonde- 
generacy condition (B.1) of Theorem 3.3 holds as well. Therefore, a unique and stable 
limit cycle bifurcates from the equilibrium via the Hopf bifurcation for a < ap (see Fig. 


3.11). 


3.6 Exercises 


(1) (Fold bifurcation in ecology) Consider the following differential equation, which models a 
single population under a constant harvest: 


. x 
z=ra(1-=)-a, 
K 


where zx is the population number; r and K are the intrinsic growth rate and the carrying capacity 
of the population, respectively, and a is the harvest rate, which is a control parameter. Find a 
parameter value ag at which the system has a fold bifurcation, and check the genericity conditions 
of Theorem 3.1. Based on the analysis, explain what might be a result of overharvesting on the 
ecosystem dynamics. Is the bifurcation catastrophic in this example? 


(2) (Complex notation) Verify that 


bsiztG4)2 4222+ 06-)2 


is a complex form of the system 


(2)=(4-1)()+ 
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provided that the eigenvectors are selected in the form 


sasg( Berl t8) 
2/3 =—1-+4)" 2/3 2i . 


How will the complex form change if one instead adopts a different setting of g, p satisfying 
(p,q) = 1? 


(3) (Nonlinear stability) Write the system 


& = —y— zy +2y’, 
y= u-ay, 


in terms of the complex coordinate z = x + iy, and compute the normal form coefficient c; (0) by 
formula (3.18). Is the origin stable? 


(4) (Hopf bifurcation in the Brusselator) Consider the Brusselator system (1.9) from Chap. 1: 


2 


a =A-—(B4+1)2)4 ryx2 = F\(x1,%2, A, B), 
to = Ba —a@j{@2 = Fo(x1, 72, A, B). 


Fix A > 0 and take B as a bifurcation parameter. Using one of the available computer algebra 
systems, prove that at B = 1 + A? the system exhibits a supercritical Hopf bifurcation. 
(Hint: The following sequence of MAPLE commands solves the problem: 


> with(linalg) ; 
> readlib(mtaylor) ; 
> readlib(coeftayl) ; 


The first command above allows us to use the MAPLE linear algebra package. The other two 
commands load the procedures mt aylor and coeftay1, which compute the truncated multivari- 
ate Taylor series expansion and its individual coefficients, respectively, from the MAPLE library. 


> F[1]:=A-(B+1) *X[1]+X[1]*2*xX[2]; 

> F[2]:=B*X[1]-X[1]*2*xX[2]; 

> J:=jacobian([F[1],F[2]], [X[1],X[2]]); 
> K:=transpose (J) ; 


By these commands, we input the right-hand sides of the system into MAPLE and compute the 
Jacobian matrix and its transpose. 


sol:=solve ( 
assign(sol) 
assume (A>0) 
omega: =sqrt 


{F[1]=0,F[2]=0,trace(J)=0},{X[1],X[2],B}); 


i 


vVvvv 


(det (J) ); 


These commands solve the following system of equations: 


F(x, %2, A, B) =0, 
tr Fy (#1, 72, A, B) = 0, 
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for (21, x2, B) and allow us to check that det F; = A? > 0 at the found solution. Thus, at B = 


1 + A? the Brusselator has the equilibrium 


1+ A? 
x= (4, = ) 
A 


with purely imaginary eigenvalues \).2 = tiw, w= A> 0. 
> ev:=eigenvects(J,’radical’); 
> gq:=ev[1] [3] [1]; 
> et:=eigenvects(K,'‘radical’); 
> P:=et[2][3] [1]; 


These commands show that 


_(_iA+4* af kare” 5 
q= a Ae? > p= 2 =o , 


are the critical eigenvectors® of the Jacobian matrix J = F, and its transpose, 


Jq = iwgq, Jp = —iwp. 


sl:=simplify(evalc (conjugate (P[1])*q[1]+conjugate(P[2]*q[2]))); 


> 

> c:=simplify(evalc(1/conjugate(s1))); 
> p[l]:=simplify(evalc(c Te )); 

> p[2]:=simplify(evalc(c*P[2])); 

> 


simplify (evalc(conjugate(p[1])*q[1]+conjugate(p[2])*q[2])); 


By the commands above, we achieve the normalization (p, g) = |, finally taking 


iA + A? id +A?) 1-iA 
q=|--—7 !]> P ; . 
1+A 2A 2 


By means of these commands, we compose x = X + zq + 2q and evaluate the function 


H(z, 2) = (p, F(X + 2q+ 2g, A, 1+ A?)). 


(In the MAPLE commands, z1 stands for Z.) 


> g[2,0]:=simplify(2*evalc(coeftayl (H, [z,z1]=[0,0],[2,0]))); 
> g[1,1]:=simplify(evalc(coeftayl (H, [z,z1]=[0,0],[1,1]))); 
> g[2,1]:=simplify(2*evalc(coeftayl (H, [z,z1]=[0,0],[2,1]))); 


© Some implementations of MAPLE may produce the eigenvectors in a different form. 


> F[1]:=A-(B+1)*x[1]+x[1]*2*x[2]; 

> F[2]:=B*x[1]-x[1]*2*x[2]; 

> x[1]:=evalc(X[1]+z*q[1]+z1*conjugate(q[1])); 

> x[2]:=evalc(X[2]+z*q[2]+z1*conjugate(q[2])); 

> H:=simplify(evalc(conjugate(p[1])*F[1]+conjugate(p[2])*F[2])); 


118 3 One-Parameter Bifurcations of Equilibria ... 


The above commands compute the needed Taylor expansion of H(z, Z) at (z, z) = (0,0), 


oe 1 ay 
H(z, 2)=iwet DY) sa ginel2* + Ocal, 


2<j+ks3 ~~ 
giving 
foes (A — i)(A2 — 1) AGA — i) 
= —1 = =— 
920 » Jil [2 Az » 921 1- Az 


> 1[1]:=factor(1/(2*omega*2) *Re(I*g[2,0]*g[1,1]+omega*g[2,1])); 


This final command computes the first Lyapunov coefficient 


24 A? 4 
ri 
2A(1 + A?) 


1 
ly = > Re(igaogi + wg21) = 
2w 


and allows us to check that it is negative.) 


(5) Check that each of the following systems has an equilibrium that exhibits the Hopf bifurcation 
at some value of a, and compute the first Lyapunov coefficient: 
(a) Rayleigh’s equation: 
%+4> —2at+x=0; 


(Hint: Introduce y = —% and rewrite the equation as a system of two differential equations.) 
(b) Van der Pol’s oscillator: 


j-@-yyyty=0; 


(c) Bautin’s example: 


(d) Advertising diffusion model (Feichtinger 1992) 


&) = afl —2123 + A(z. — DI, 
= rah — 22. 


(6) Suppose that a system at the critical parameter values corresponding to the Hopf bifurcation has 
the form 


r= —wyt 5 font” + fryxy 4 A fyyy 

oi ahve 2 5 frayt?y 7 5 oy ctl éfuwy 
y =we 5 Jon X™ + Pry xy + 5Iyyy 
2 E Grane? 2 5Gerxy XY al 5Inyyry? EIuyy 
Compute Re cj (0) in terms of the f’s and g’s. (Hint: See Guckenheimer & Holmes (1983, p. 156). 
To apply the resulting formula, one needs to transform the system explicitly into its eigenbasis, 
which can always be avoided by using eigenvectors and complex notation, as described in this 
chapter.) 


(7) (Andronovy-Hopf bifurcation revisited) Consider the following planar system depending on 
parameter a: 


ee y—a(2? +4") + R(x, y, a), 


y=artay—y(e+y)+ S@,y, a), ae 
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where R and S are smooth functions of (x, y, a), such that R, S = O(p*) as p > 0 with pp = 
x? + y?. We have seen that a generic planar system near the supercritical Andronov-Hopf bifurcation 
is locally smoothly orbitally equivalent to (E.1). 


(a) Prove that there exists « > 0 such that for all a < 0 with sufficiently small || all positive 
half-orbits of (E.1) starting in the disk 


D(e) = {(a, y) ER:2+y <7} 


remain in D(<) and converge to O = (0, 0) as t > ow. Hint: Use polar coordinates. 
(b) Prove that for all sufficiently small a > 0 all positive half-orbits of (E.1) starting in the 
annulus 


2 3 
Aa) =n eR: 2 corte sot 


remain in A(q). Use the Poincaré-Bendixson Theorem to conclude that (E.1) has at least one 
periodic orbit in A(q) for all sufficiently small a > 0. 

(c) Prove that for all sufficiently small a > 0 holds: (div F)(x, y, a) < 0 forall (x, y) € A(a), 
where F is the vector field defining (E.1). Conclude using the Bendixson-Dulac Criterion (Theorem 
1.8) that (E.1) has exactly one periodic orbit in A(q) for all sufficiently small a > 0. 

(d) Prove that there exists ¢ > 0 such that for all sufficiently small ~ > 0 simultaneously hold: 

- A(a) C D(e); 
- all positive half-orbits of (E.1) starting in D(e) remain in D(e); 
- all positive orbits starting in D(e) \ (A(a@) U O) enter A(q). 


(e) Combine the results obtained to describe the phase portraits of (E.1) in a fixed small neigh- 
borhood of the origin for all a with sufficiently small |a|. 


3.7 Appendix A: Proof of Lemma 3.2 


The following statement, which is Lemma 3.2 rewritten in complex form, will be proved in this 
appendix. 


Lemma 3.8 The smooth system 


b= (at iz — 22/7 + O(zl4) (A.1) 
is locally topologically equivalent near the origin to the system 
wv =(atidw—wlul. (A.2) 


Proof: 
Step I (Existence and uniqueness of the cycle). Write system (A.1) in polar coordinates (p, y): 


p = pla— p*)+ &(p, 9), 
ie =1+W¥(, 9), ee) 


where ® = O(|p|*), W = O(| pl? ), and the a-dependence of these smooth functions is not indicated 
to simplify notations. 

An orbit of (A.3) starting at (p, ~) = (po, 0) has the following representation (see Fig. 3.12): 
p = p(¥; po), po = P(O; po) with p satisfying the equation 


dp _ pla-~pyt+® _ 


— 
die Taw pla — p°) + R(p, ¥), (A.4) 
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Fig. 3.12 Poincaré map for the Hopf bifurcation 


where R = O(|p|*). Since p(y; 0) = 0, we can write the Taylor expansion for p(y; po), 


p= ui(~) po + u2(y)p9 + u3(P)p8 + O(\pol*). (A.5) 


Substituting (A.5) into (A.4) and solving the resulting linear differential equations at corresponding 
powers of po with initial conditions u;(0) = 1, w2(0) = u3(0) = 0, we get 


jl eo 
u(y) =e, ur(y) = 0, u3(y) = e°? —-_. 
2a 
Notice that these expressions are independent of the term R(p, vy). Therefore, the Poincaré return 
map po +> p1 = p(27, po) has the form 


pi = &™ py — [20 + O(a) ]p9 + O05) (A.6) 


for all R = O(p*). The map (A.6) can easily be analyzed for sufficiently small po and |a|. There 
is a neighborhood of the origin in which the map has only a trivial fixed point for small a < 0 
and an extra fixed point, p = /a+---, for small a > 0 (see Fig. 3.13). The stability of the 
fixed points is also easily obtained from (A.6). Taking into account that a positive fixed point of 
the map corresponds to a limit cycle of the system, we can conclude that system (A.3) (or (A.1)) 
with any O(|z|*) terms has a unique (stable) limit cycle bifurcating from the origin and existing 
for a > 0 as in system (A.2). Therefore, in other words, higher-order terms do not affect the limit 
cycle bifurcation in some neighborhood of z = 0 for |a| sufficiently small. 


Step 2 (Construction of a homeomorphism). The established existence and uniqueness of the limit 
cycle is enough for all applications. Nevertheless, extra work must be done to prove the topological 
equivalence of the phase portraits. 

Let z = pel? and w = re’®. Notice that the transition from (A.3) to (A.4) is equivalent to the 
introduction of a new time parametrization such that 


a wae 
ee p) + R(p, 9, @), (A.7) 


In this system, the return time to the half-axis y = 0 is the same for all orbits starting on this axis 
with po > 0. 
Denote the constructed above Poincaré map (A.6) for (A.7) by Py. The normal form (A.2) in 
equivalent to (A.7) without the R-term, i.e. 
r= r(a—r’), 
| j=1, (A.8) 
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pl 


a>0 


a=0 


a<0 


p(a ) Po 


Fig. 3.13 Fixed points of the Poincaré return map 


p ba ee Qo(r9) TO r 


Fig. 3.14 A homeomorphism of phase portraits near the Hopf bifurcation should conjugate Poincaré 
maps 


Fig. 3.15 Construction of the homeomorphism of phase portraits near the Hopf bifurcation 


Denote by Qj, the corresponding Poincaré map (cf. Exercise 6 in Chap. 1). We consider both maps 
for small nonnegative values of p and r and recall that P, (0) = Q,(0) = 0 (see Fig. 3.14). Notice 
that both maps are invertible near the origin. 

We want to construct a homeomorphism h,, defined in a neighborhood of the origin in the phase 
plane that maps orbits of (A.7) onto orbits of (A.8), preserving their orientation. Such map hq 
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should conjugate the corresponding Poincaré maps, i.e., its restriction to the half-axis p > 0 for 
each small parameter value a should be a locally defined homeomorphism p +> H,(p) that maps 
discrete orbits of P, near the origin onto such orbits of Qa, preserving the direction of time. 

If the map A, is known, then the planar homeomorphism y +> x = ha(y) can be constructed 
by the following procedure (see Fig. 3.15). Take a point w = y; + ty2 4 0 and find values (0, 70), 
where 79 > 0 is the minimal time required for an orbit of system (A.7) to reach the point w starting 
from the horizontal half-axis at p = po. Now, take the point on this axis with r9 = H_(po) and 
construct an orbit of (A.8) on the time interval [0, 79] starting at this point. Denote the resulting 
point by z = 2 +ix2. Set z = 0 forw =0,ie., 2 = 0 fory = 0. 

The map hq is a homeomorphism that maps orbits of (A.7) (equivalent to (A.1)) in some 
neighborhood of the origin onto orbits of (A.8) (equivalent to (A.2)), preserving the time direction. 

What left is to prove the existence of a scalar homeomorphism H,. This can be done separately 
for the cases a < 0 and a > 0, assuming that |a| is sufficiently small. 

If a < 0, the origin is the only fixed point of both P, and Qa, and it is stable. Since both maps 
are strictly increasing in a sufficiently small nonnegative heighborhood of the origin, Theorem 2.1 
from Chap. 2 implies that P, is locally topologically equivalent to Q, for small p > 0 with some 
conjugating heomeomorphism Hy. 

If a > O, the origin is the unstable fixed point of both P, and Qq, but each map has another 
fixed point that is stable. This fixed point of Qq is merely ./a, while the positive fixed point of Py 
has the asymptotic expression 

pa) = Ja+ O(a) 
(see Step 1). 

However, both maps are still strictly increasing in a sufficiently small nonnegative heighborhood 
of the origin (containing the positive fixed points) and Theorem 2.1 still implies that P, is locally 
topologically equivalent to Q, for small p > 0 with some conjugating heomeomorphism Hy. 


3.8 Appendix B: Poincaré Normal Forms 


Although, for the analysis of the Hopf bifurcation, only a small portion of the normal form theory 
is really required, we give in this appendix an elementary introduction to this theory in a rather 
general setting. 

Let H;, be the linear space of vector functions whose components are homogeneous polynomials 
of order k. Consider a smooth system of ODEs 


&= Art fO(x) + fO@t---, ceR", (B.1) 


where f) € Hy, for k > 2. Introduce a new variable y € R”, 
f= yth™y), (B.2) 


where h’™ € Hy, for some fixed m > 2. At this moment, h™” is an arbitrary vector-polynomial 
from H,,. Notice that (B.2) is invertible near the origin and the inverse transformation 


yor A") + Oder") (B.3) 
is also smooth. Thus 


y= &—W™ (a) + O(jal|"™™) 


= [(u Agr) + octet”) (1: + f?@+ outa" 


k=2 


3.8 Appendix B: Poincaré Normal Forms 123 


m—| 


= Ay + Do £@ + [£0 q = (26 Day — An™ @)] + Oly". 
k=2 


Therefore, the new variable y satisfies the equation 


m-1 


p= Ay t DSO + [FQ — Lah™yy] + Oclyl™*, (B.A) 
k=2 


where the linear operator L 4 is defined by the formula 


(Lah)(y) = hy(y)Ay — Ah(y). (B.5) 


Lemma 3.9 Jf h € Hm, then Lah € Hy, for all m > 2. 


Notice that all terms of order less than m in equation (B.4) are the same as in equation (B.1), while 
the terms of order m have changed and differ from f (™ (y) by —(La h&™)(y). Introduce now the 
homological equation in Hy): 

Lah™ —_ f™. (B.6) 


If f (m) belongs to the range L 4( Hy) of La, then there is a solution h™ to (B.6), meaning that there 
is a transformation (B.2) that eliminates all homogeneous terms of order m in equation (B.1). In 
general, however, f (m) — g™ +7 , where g™ € L4(Hm), while r™ belongs to a complement 
H,,, to La( Hy) in H,,. Therefore, only the g™ -part of f™ can be eliminated from (B.1) bya 
transformation (B.2). The remaining r” terms are called the resonant terms of order m. Since 
H,,, is not uniquely defined, the same is true for the resonant terms. 

Applying the described elimination procedure recursively for m = 2, 3,4, ..., one proves the 
following theorem. 


Theorem 3.5 (Poincaré 1879) There is a polynomial change of coordinates 


wy thy) + hy) to + ROMY), hO € Hp, 
that transforms a smooth system 
&=Azxt f(x), ceR", 


with f(x) = O(al|?) into 


y= Ay tr (y) +r) +--+ r™(y) + Oly), (B.7) 


where each r contains only resonant terms of order k, i.e., rh) Ay, fork = 2,3,...,m. 


The system (B.7) is called the Poincaré normal form of (B.1). 

There is still a practical question: How do we select a complement A, C Hy? A natural choice 
for Hy, C Hx, is the orthogonal complement to L4(Hx) in Hx. To characterize it, one can use the 
Fredholm Alternative Theorem. Let (-, -); be a scalar product in Hj, and let L%, be a linear operator 
in Hj, satisfying 

(u, Lav)p = (Liu, Uk 


for all u, v € Hy. Then the null-space of L%,, 
Ni, = {ue Ay: Liu = 0}, (B.8) 


is the orthogonal complement to L.4(H;,). In practice, we can treat the coefficients in front of all 
monomials in all components of the homogeneous vector-polynomials as coordinates in H;,. This 
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allows us to identify Hj, for each k with some RY and La| H,k With an N(k) x N(k) matrix 
uw , respectively. With these identifications, we can use the standard scalar product (u, v) = u! v 
in RN), so that L*, will be represented by the transposed matrix [Mm], The subspace N;* is 
then spanned by all eigenvectors of (MF corresponding to zero eigenvalue. 
However, if no generalized eigenvectors are associated with zero eigenvalue of L 4 (or, equiva- 


lently, ume ), the null-space of L 4, 
Ny = {uv € Hy: Lav = 0}, (B.9) 


and its range, L4(Hj,), span together the whole Hj. Therefore, in this case, we can use Ny as 
H,,. With the identification of Hy, with RY (k) described above, the null-space Vj, is spanned by all 


eigenvectors of mW corresponding to zero eigenvalue. 


Example B.1 (Poincaré normal form at the Hopf bifurcation) 
Consider the system (B.1) with n = 2 and 


where wo > 0. The system has an equilibrium x = 0 with two purely imaginary eigenvalues \; 7 = 
tiwo, wo > 0. Notice that any 2 x 2 matrix with two such eigenvalues is similar to A. The operator 


Ly has the form 
—y2 —hay) 
Lah = woh = ; B.10 
(Lah)(y) = wo dy (Y) ( YI ) wo ( hi(y) ( ») 
First consider the space Hy. Any vector-polynomial f® € H> can be written as 


2 2 
(2) — ( UYy 1 42Y1y2 7 4349 ) 
rw oO asyly2 + a6y5 


so that (a1, a2, a3, @4, a5, ag) can be considered as coordinates in H2. Using (B.10), it is easy to 
check that 


2 2 
+ (—2a; + 2a3 + as)yiy2 + (—a2 + a6)y 

La f(y) =u ( (a2 + aa)yy + (—2a) 3 +45 2, ). 

Caf OW °\ (ar 4 as)y? + (—az — 2a4 + 2a6)y1y2 + (—a3 — as)y5 


so that it acts on a € R° as the multiplication by the matrix 


0 
—2 
0 — 
My? =o! 4 
0 — 
0 


ONOrF CO 


Since det(M) = Iw # 0, L4(H2) = Mo, and therefore, all quadratic terms can be removed by 
a coordinate transformation 


v=ythOy), 


where h'”) is represented by [MO }-la, Notice that this transformation changes the terms of order 
k>3. 
Assume now that all quadratic terms are eliminated, so that (B.1) can be written as 


y = Ay + FO) + O(lyll, 


3.8 Appendix B: Poincaré Normal Forms 125 


where 


bsyy + bey ye + bry ys + beys 


We see that dim H3 = 8 and (by, bo, ..., bg) are the coordinates in H3. One can verify that the 
action of L4 in H3 is represented by the matrix 


Pra ee 2 3 
sO = Ge boyzye + bsyiy3 ) 7s 


01001000 
30200100 
0-2030010 
(3) 0 0-1 0 0 0 01 
MY aa Ge IG <a 
0-1 0 0-3 0 20 
0 0-1 0 0-2 03 
0°O O28 OG O—1 G 


As one might expect, this matrix is singular: det mM? = 0. The transposed matrix (m9)? has a 


two-dimensional null-space N° spanned by the vectors 
v* = (3,0, 1,0,0,1,0,3), W* = (0, —1, 0, —3, 3, 0, 1, 0) 
(check!). Therefore, a possible choice for Ay would be 
Ay = Span{V*, W*}. 
For this selection of the complement A, the resonant terms in H3 would have the form 
3 2 aay — 30/3 
Paolo a +e ee) 


with some a, 6 € R!. 
However, the null-space Nj, of mM is spanned by two vectors, 


V=(,0,1,0,0,1,0,1), W=(0,—-1,0, —1, 1,0, 1,0), 


while there are no generalized eigenvectors associated to a zero eigenvalue (verify!). Therefore, an 
alternative choice is 
3 = span{V, W}. 


With this selection, the resonant terms in H3 will be 


ae (4 + 1) eg ( —yty2 — ) _ ‘ — By) (yt + 2) 
yry2 + Y> yet yyy (By, + ayn) (yz + 5) 


for some a, 3 € R!. 
Theorem 3.5 now implies that a smooth planar system at the Hopf bifurcation can be transformed 
into the normal form 


mn 0 —wo\ (mi 242) ( ay — By2 3 
; |= + (yy + +O : 
(B= (80) (4) +k tab (4 Be ) + oui) 
Introducing the complex variable z = y; + 7y2, we arrive at the familiar equation 
£=iwoz t+ qziz + O(z|4), ze Cl, 


where cy =a +i. O 
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When the matrix A in (B.1) is diagonal, i.e., has the form 


pCmn i meerar 


one can easily compute the eigenvalues of L 4 restricted to H;,. Consider a vector-monomial 


m2 


gy) = yf yy? ynme;, (B.11) 


where m; > 0 are integer numbers with m; + m2 +--+ +m, = m, ande; € R" is the unit vector 
along the y;-axis. Clearly, h € Hy, and using (B.5), we see that 


n 
(Lahj)(y) = (>: ARM — .) YL Ya? Ypres. 
kal 


Therefore, 
Lahj = ((A,m) — Aj)hj, (B.12) 


where 
A= (At, Az, +625 An), M= (M1, mM2,...,Mn), 


and the usual scalar product (-, -) in R” is used to simplify notations. The equation (B.12) means that 
the vector-monomial h; defined by (B.11) is the eigenvector of L 4 corresponding to the eigenvalue 


pj = (A, m) — Aj. 
Thus, the null-space of L 4 is spanned in this case by vector-monomials h;, for which y; = 0, ie., 
Aj = (A, m). (B.13) 


Such monomials are called resonant monomials of order m, and these are the only monomials present 
in r“”), For a fixed m and each j =1,2,...,, (B.13) implies a condition on the eigenvalues of 
A (called the resonance condition or resonance). 

If no resonances of order m exist, Theorem B.1 implies that all terms of order m in (B.1) can be 
eliminated by a polynomial transformation. In the presence of resonances, the resonant monomials 
satisfying (B.13) cannot be removed from the j-component of the right-hand side of (B.1) by all 
such transformations. This allows us to predict in some cases the Poincaré normal form without 
any computations. 


Example B.2 (Poincaré normal form for a resonant node) 
Consider the system (B.1) with n = 2 and 


The origin x = 0 is an unstable node with eigenvalues A; = 1, Az = 2 at resonance: 
A2 = 2A). 


This is a resonance of order 2 (m ; = 0, mz = 2) and there are obviously no other resonances of 
any order. Therefore, there is only one resonant vector-monomial 


(i) 
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and (B.1) is locally smoothly equivalent to the system 


YI YI m 
‘a O : 
(2) = (ay tang) + otal” 


where a € R! and m > 3 can be taken arbitrarily large, provided (B.1) is a C®-system. © 


Before giving another example, notice that all considerations above are valid verbatim if we 
replace in (B.1) and in all subsequent formulas x € R” by z € C”. 


Example B.3 (Normal form in the Hopf case revisited) 
Consider again the system 


2 0 —Wo xy ; a L| 
B)=(2 o (Si) +t@, 2= (2 er (B.14) 


where wo > 0. If we introduce a complex variable z = x; + 7x2, then (B.14) can be written as one 
complex equation 
zZ=iwoz+q(Z, 2), 2€ c!, 


where g; is a smooth function of z and z = x1 — ia (cf. Lemma 3.3). Since Z satisfies the complex 
conjugate equation 
z= —iwjz + m(z,2), z€EC!, 


where g2(z, 2) = gi (z, Z), we can formally introduce a system in C?, 


z1\_ (iw 0 ZI gi (21, 22) 
(al 0 Bole aero E ae 


in which the first equation is equivalent to (B.14), if we substitute z; = z and z2 = z. The system 
(B.15) is called the complexification of (B.14). Notice that (B.15) has the diagonal linear part with 
A, = iw and Az = —iwg. The sum of these eigenvalues vanishes, 


Ay +A2 = 0, 
which implies two resonance conditions of order 2k + 1, 


Ap = Ar +RkOL+A2) = (+ DAL + kA2, 
A2 = A2+ KA +22) = kA + (K+ 12, 


for any integer k > 1. Therefore, the resonant monomials are 


C(Gid)* 0 
( 0 ) ana lenses 


where (¢1, C2) € C2. Thus, the first equation in the resulting Poincaré normal form is 


G4 = iwi taGoa+agGt+---, 


or 


C=imoSt+arcler?+oaciel4+ odd), ¢eCcl, 


where c;,9 € C!, while the second equation is the complex conjugate of the first. This gives the 
normal form at the Hopf bifurcation up to sixth order. 


It should be stressed that the results outlined in this appendix determine only the general structure 
of the normal forms but give no expressions for their coefficients in terms of the original system. 
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Such expressions can be obtained by the method of unknown coefficients (see this chapter, as well 
as Chap. 8). There is a version of the normal form theory for maps (see Chaps. 4 and 9). In all such 
computations, symbolic manipulation software is very useful. 


3.9 Appendix C: Bibliographical Notes 


The fold bifurcation of equilibria has essentially been known for centuries. Since any scalar sys- 
tem can be written as ¢ = —V,(a, a), for some function V, results on the classification of generic 
parameter-dependent gradient systems from catastrophe (or singularity) theory are relevant. Thus, 
the topological normal form for the fold bifurcation appeared in the list of seven elementary catas- 
trophes by Thom (1972). As in catastrophe theory, the fold normal form can be derived by using 
the Malgrange Preparation Theorem (see, for example, Arrowsmith & Place (1990) or Murdock 
(2003)). We adopted an elementary approach that is more suited for the present book. 

Actually, there are many interconnections between bifurcation theory of dynamical systems and 
singularity theory of smooth functions. The books by Poston & Stewart (1978) and Arnol’d (1984) 
are recommended as an introduction to this latter subject. It should be noted, however, that most 
results from singularity theory are directly applicable to the analysis of equilibria but not to the 
analysis of phase portraits. 

The normalization technique used in the analysis of equilibrium bifurcations was developed by 
Poincaré (1879). Appendix B gives only a brief exposition of the simplest variant of the normal form 
theory. This appendix closely follows Guckenheimer & Holmes (1983, Sect. 3.3). Introductions to 
normal forms can also be found in Arnol’d (1983) and Vanderbauwhede (1989), where it is explained 
how to apply this theory to local bifurcation problems. For modern comprehensive presentations, 
see (Belitskii 2002) and (Murdock 2003). Theorem 3.4 was stated and briefly proved by Arnol’d 
(1972, 1983) using Poincaré normal forms. 

Phase-portrait bifurcations in a generic one-parameter system on the plane near an equilibrium 
with purely imaginary eigenvalues were studied first by Andronov & Leontovich (1939). They used 
a succession function (return map) technique originally due to Lyapunov (1892) without benefiting 
from the normalization. An explicit expression for the first Lyapunov coefficient in terms of Taylor 
coefficients of a general planar system was obtained by Bautin (1949). An exposition of the results 
by Andronov and his co-workers on this bifurcation can be found in Andronov et al. (1973). 

Hopf (1942) proved the appearance of a family of periodic solutions of increasing amplitude 
in n-dimensional systems having an equilibrium with a pair of purely imaginary eigenvalues at 
some critical parameter value. He did not consider bifurcations of the whole phase portrait. An 
English-language translation of Hopf’s paper is included in Marsden & McCracken (1976). This 
very useful book also contains a derivation of the first Lyapunov coefficient and a proof of Hopf’s 
result based on the Implicit Function Theorem. 

A much simpler derivation of the Lyapunov coefficient (actually c)) is given by Hassard et al. 
(1981) using the complex form of the Poincaré normalization. We essentially use their technique, 
although we do not assume that the Poincaré normal form is known a priori. Formulas to compute 
Taylor coefficients of the complex equation without an intermediate transformation of the system 
into its eigenbasis can also be extracted from their book (applying the center manifold reduction 
technique to the trivial planar case; see Chap. 5). We also extensively use time reparametrization 
to obtain a simpler normal form, which is then used to prove existence and uniqueness of the cycle 
and in the analysis of the whole phase-portrait bifurcations (see Appendix A and Exercise 7). 

There exist other approaches to prove the generation of periodic solutions under the Hopf 
conditions. An elegant one is to reformulate the problem as that of finding a family of solutions of 
an abstract equation in a functional space of periodic functions and to apply the Lyapunov-Schmidt 
reduction. This approach, allowing a generalization to infinite-dimensional dynamical systems, is 
far beyond the scope of this book (see, e.g., Chow & Hale (1982) or Kielhéfer (2004)). 
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One-Parameter Bifurcations of Fixed Points 
in Discrete-Time Dynamical Systems 


In this chapter, which is organized very much like Chap. 3, we present bifurca- 
tion conditions defining the simplest bifurcations of fixed points in n-dimensional 
discrete-time dynamical systems: the fold, the flip, and the Neimark-Sacker bifurca- 
tions. Then we study these bifurcations in the lowest possible dimension in which 
they can occur: the fold and flip bifurcations for scalar systems and the Neimark- 
Sacker bifurcation for planar systems. In Chap. 5, it will be shown how to apply these 
results to n-dimensional systems when n is larger than one or two, respectively. 


4.1 Simplest Bifurcation Conditions 


Consider a discrete-time dynamical system depending on a parameter 
ze f(z,a), ceR", aeR', 


where the map f is smooth with respect to both x and a. Sometimes, we will write 
this system as 
t= f(t,a), «,%ER", ae R', 


where x denotes the image of x under the action of the map. Let x = xo be a hyper- 
bolic fixed point of the system for a = ap. Let us monitor this fixed point and its 
multipliers while the parameter varies. It is clear that there are, generically, only 
three ways in which the hyperbolicity condition can be violated. Either a simple 
positive multiplier approaches the unit circle and we have j4; = 1 (see Fig. 4.1(a)), 
or a simple negative multiplier approaches the unit circle and we have pz; = —1 (Fig. 
4.1(b)), or a pair of simple complex multipliers reaches the unit circle and we have 
M25 et O< Oy <7 (Fig. 4.1(c)), for some value of the parameter. It is obvious 
that one needs more parameters to allocate extra eigenvalues on the unit circle. 
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The rest of the chapter is devoted to the proof that a nonhyperbolic fixed point 
satisfying one of the above conditions is structurally unstable, and to the analysis 
of the corresponding bifurcations of the local phase portrait under variation of the 
parameter. Let us finish this section with the following definitions, the reasoning for 
which will become clear later. 


Definition 4.1 The bifurcation associated with the appearance of {41 = | is called 
a fold (or tangent) bifurcation. 


Remark: 
This bifurcation is also referred to as a limit point, saddle-node bifurcation, and 
turning point, among other terms. > 


Definition 4.2 The bifurcation associated with the appearance of jt; = —1 is called 
a flip (or period-doubling) bifurcation. 


Definition 4.3. The bifurcation corresponding to the presence of [1\,2 = e*',0 < 
6) < 7, is called a Neimark-Sacker (or torus) bifurcation. 


Notice that the fold and flip bifurcations are possible ifn > 1, but for the Neimark- 
Sacker bifurcation we need n > 2. 


Example 4.1 (Bifurcations of fixed points in the Hénon map) 
Consider the Hénon map introduced in Example 1.9 of Sect. 1.3.2: 


Ge (adv): (4.1) 


Let us find curves in the (3, «)-plane corresponding to the critical cases defined 
above. More precisely, we look for parameter values for which (4.1) has a fixed point 
with multipliers satisfying one of the bifurcation conditions visualized in Fig. 4.1. 

Fixed points of (4.1) can be found from the system 


r=Y,; 
y=a-Bae-y, 


(a) (b) (c) 


Fig. 4.1 Codim | critical cases 
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implying that all such points are located on the line y = x and their y-coordinates 
satisfy the equation 
y +(1+iyy-a=0. (4.2) 


Thus, the map (4.1) can have no more than two fixed points. 
Introduce the Jacobian matrix of (4.1): 


A(z, y, a, 8) = & ay : 


The fold bifurcation condition implies that 
det(A(z, U, a, B) — In) = 0, 


where (2, y) are the coordinates of a fixed point and J, is the unit 2 x 2 matrix. This 
condition is equivalent to 
1+ 64+2y=0. (4.3) 


Therefore, the fold bifurcation curve in the (a, (3)-plane can be found by eliminating 
y from an algebraic system composed of the fixed-point equation (4.2) and the fold 
bifurcation condition (4.3), i.e., 


y+(1+A~y-a=0, 
1+6+2y=0. 


The elimination gives 


2 
tO = {(Gasa=-S4 | 


4 


Along this curve, the map (4.1) has a fixed point with multiplier jz; = 1. 
Similarly, the flip bifurcation condition can be written as 


det(A(a, y, a, 9) +h) =0 


or 
1+6+2y=0. (4.4) 


Combining the fixed-point equation (4.2) with the flip bifurcation condition (4.4), 
we obtain the system 
y ++ By—a=0, 
1+6-2y=0. 


Eliminating y from this system, we see that the map (4.1) has a fixed point with 
multiplier jz; = —1 when its parameters belong to the curve 
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_ 04 
==}. 


Ss {ia a): a 


Finally, consider the Neimark-Sacker critical case. Notice that the product of the 
critical multipliers p21. = e*'% is equal to one: 


Hifi = 1. 


Since the same product is equal to the determinant of A(x, y, a, 3), we conclude 
that the Neimark-Sacker condition implies that 


det A(x, y, a, 8) —1=0. 
Thus, for a fixed point of (4.1) with two multipliers at the unit circle, we have 
1-—6=0. (4.5) 
However, here there are two complications. First, the bifurcation condition (4.5) 
should only be considered when the map (4.1) has fixed points, i.e., for parameter 


values above the curve t” in the (3, a)-plane. This imposes the restriction a > —1. 
Second, (4.5) is also valid for a fixed point with two real multipliers 


1 
bp =V, fo=-, |v) > 1. 
V 


Fig. 4.2. Bifurcation curves of the Hénon map (4.1) 
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The multiplier j.; is outside the unit circle, while the multiplier jz2 is inside the unit 
circle. Therefore, we have a saddle fixed point that cannot bifurcate. To exclude this 
possibility, one has to assume that a < 3 (check!). Thus, (4.1) has a fixed point with 
multipliers j2;,2 = et 0 <0) <7, along the line segment 


AY = {(8,a):8=1, -l<a<3} 


that is confined between the curves ¢”) and f“) (see Fig. 4.2). © 


4.2 The Normal Form of the Fold Bifurcation 


Consider the following one-dimensional dynamical system depending on one param- 
eter: 
trhatze+2 = f(z,a) = fo(z). (4.6) 


The map f, is invertible for |a| small in a neighborhood of the origin. The system 
(4.6) has at a = 0 a nonhyperbolic fixed point 7) = 0 with p = f,(0, 0) = 1. The 
behavior of the system near x = 0 for small |a| is shown in Fig. 4.3. For a < 0, there 
are two fixed points in the system: 119(@) = +,/—a, the left of which is stable, while 
the right one is unstable. For a > 0, there are no fixed points in the system. While 
a crosses zero from negative to positive values, the two fixed points (stable and 
unstable) “collide,” forming at a = 0 a fixed point with 4 = 1, and disappear. This 
is a fold (tangent) bifurcation in the discrete-time dynamical system. 

There is, as usual, another way of presenting this bifurcation: plotting a bifurcation 
diagram in the direct product of the phase and parameter spaces, namely in the (x, a)- 
plane. The fixed-point manifold x — f(x, ) = 0 is simply the parabola a = —2? 
(see Fig. 4.4). 


a<0 a=0 a>0 


Fig. 4.3 Fold bifurcation 


134 4 One-Parameter Bifurcations of Fixed Points in Discrete-Time Dynamical Systems 


Fig. 4.4 Fixed-point ate =0 : 


manifold 


x" 


Te 


x= f(x,a) 


Fixing some a, we can easily determine the number of fixed points in the system 
for this parameter value. At (x, ~) = (0, 0),amap projecting the fixed-point manifold 
onto the a-axis has a singularity of the fold type. 


Remark: 
The system x +> a+ a — x* can be considered in the same way. The analysis 
reveals two fixed points appearing fora > 0. 


2 


Now add to system (4.6) arbitrary higher-order terms, which could smoothly 
depend on the parameter. The following lemma holds. 


Lemma 4.1 The smooth map 
yratyty +0’) 


is locally topologically equivalent near the origin to the map 


reatata2’. 


Proof: Write the first map as 


Yt> Joy) =atyty+y ly, a), (4.7) 


where y is a smooth function of (y, a). Note that both f, and gq, are invertible near 
the origin. 

According to the definition of the local topological equivalence of parameter- 
dependent systems given in Chap. 2, we have to construct a conjugating homeo- 
morphism h, of a neighborhood of the origin that maps orbits of (4.6) onto the 
corresponding orbits of (4.7) for each small |a|. This homeomorphism satisfies the 
condition 


fa() = hz! (ga (ha(x))) 
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for all (x, a) in a neighborhood of (0, 0). 
The number and stability of the fixed points of (4.7) in a neighborhood of y = 0 
for small |a| are the same as in the normal form (4.6). This can be proved exactly as 
in the continuous-time fold case (Lemma 3.1). 
The existence of a local conjugating homeomorphism h, follows from Theorem 
2.1, since for each small a > 0 both maps f, and gq are strictly increasing in a small 
neighborhood of the origin (that can be selected to include both fixed points). 


4.3 Generic Fold Bifurcation 


We shall show that system (4.6) (with a possible sign change of the term x7) is a 
topological normal form of a generic one-dimensional discrete-time system having 
a fold bifurcation. In Chap. 5, we will also see that in some strong sense it describes 
the fold bifurcation in a generic n-dimensional system. 


Theorem 4.1 Suppose that a one-dimensional system 
zr f(z,a), c€R', aeR’, (4.8) 


with smooth f, has at a = 0 the fixed point x9 = 0, and let u = f,,(0, 0) = 1. Assume 
that the following conditions are satisfied: 


(A.1) fr (0, 0) 4 0; 
(A.2) fa(0, 0) 4 0. 


Then there are smooth invertible coordinate and parameter changes transforming 
the system into 
ne Bt+ntr + OC). 


Proof: 
Expand f(x, a) ina Taylor series with respect to x at x = 0: 


f(z, a) = fola) + fila) + fr(a)2” + O(a°). 


Two conditions are satisfied: f9(0) = f(0, 0) = 0 (fixed-point condition) and f, (0) = 
f,(0, 0) = 1 (fold bifurcation condition). Since f,(0) = 1, we may write 


f(z, a) = fola) + [1+ g(@]z + fola)2’ + O(z%), 


where g(a) is smooth and g(0) = 0. 
As in the proof of Theorem 3.1 in Chap. 3, perform a coordinate shift by intro- 
ducing a new variable €: 
r=E+, (4.9) 
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where 6 = 6(q) is to be defined suitably. The substitution (4.9) yields 


€=Z%4+0= f(tz,a)+d= f(E+6,a) —6. 
Therefore, 


E = [fo(a) + g(a)d + fr(a)e + O(8)] 
+ €+[g(a) + 2f2(a)d + OIE 
+ [fr(a) + ODE? + O(€?). 


Assume that 

(A.1) 20) = 5 fox, 0) £ 0. 

Then there is a smooth function 6(a@), which annihilates the parameter-dependent 
linear term in the above map for all sufficiently small |a|. Indeed, the condition for 
that term to vanish can be written as 


F(a, 6) = g(a) + 2f2(a)d + Sy(a, 5) = 0 


for some smooth function y. We have 


OF OF 
F(0,0)=0, => = 2f2.(0) £0, — = g'(0), 
06 (0,0) Oa (0,0) 


which implies (local) existence and uniqueness of a smooth function 6 = 6(a) such 
that 6(0) = 0 and F(a, 6(a)) = O. It follows that 


The map written in terms of € is given by 
€ = [fOa + aya] + € + [f20) + OIE? + O*), (4.10) 


where 7 is some smooth function. 
Consider as a new parameter js = ~(@) the constant (€-independent) term of 
(4.10): 
= foOa+ a7p(a). 


We have 


(a) w(0) = 0; 
(b) 1'(0) = fo) = fa(0, 0). 


4.4 The Normal Form of the Flip Bifurcation 137 
If we assume 
(A.2) fo(0, 0) #9, 


then the Inverse Function Theorem implies local existence and uniqueness of a 
smooth inverse function a = a(u) with a(0) = 0. Therefore, (4.10) now reads 


E=HrE+ be + O€), 
where b(1) is a smooth function with b(0) = f2(0) 4 O due to the first assumption 
(A.1). 
Let 7 = |b(u)|€ and 6 = |b(u)|u. Then we get 


= B+n+4+ sn? + Oy), 


where s = sign b(0) = +1. 


Using Lemma 4.1, we can also eliminate O(n) terms and finally arrive at the 
following general result. 


Theorem 4.2 (Topological normal form for the fold bifurcation) 
Any generic smooth one-parameter system 


rh f(z, a), ceER!,aeR', 


having at a = 0 the fixed point xp = Owith p = f,(0, 0) = 1, is locally topologically 
equivalent near the origin to one of the following normal forms: 


re B+qt1/. 


Remark: 
The genericity conditions in Theorem 4.2 are the nondegeneracy condition (A.1) 
and the transversality condition (A.2) from Theorem 4.1. > 


4.4 The Normal Form of the Flip Bifurcation 


Consider the following one-dimensional dynamical system depending on one para- 
meter: 


che -l+a)¢+2? = f(t, = fa(x). (4.11) 


The map fq is invertible for small |a| in a neighborhood of the origin. System 
(4.11) has the fixed point xp = 0 for all a with multiplier 4, = —(1 + a). The point 
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is linearly stable for small a < 0 and is linearly unstable for a > 0. At a = 0 the 

point is not hyperbolic since the multiplier ~ = f,(0,0) = —1, but is nevertheless 

(nonlinearly) stable. There are no other fixed points near the origin for small |a|. 
Consider now the second iterate ie (x) of the map (4.11). If y = fa(a), then 


£2@) = foly) = -d+a)y+y? 
-l+o[-(d+o2+2°)+[-d+oa)c+2°f 
= (1+a)’r—-[(1+a)24+ 2a+ a”)]x? + O(2°). 


The map f2 obviously has the trivial fixed point xo = 0. It also has two nontrivial 
fixed points for small a > 0: 
v2 = f,(@1,2), 


where 21,7 = +./a (see Fig. 4.5). These two points are stable and constitute a cycle 
of period two for the original map f,. This means that 


x2 = fa(@1), 11 = fo(%2), 


with x; # 22. Figure 4.6 shows the complete bifurcation diagram of system (4.11) 
with the help of a staircase diagram. As a approaches zero from above, the period-two 
cycle “shrinks” and disappears. This is a flip bifurcation. 

The other way to present this bifurcation is to use the («, @)-plane (see Fig. 4.7). 
In this figure, the horizontal axis corresponds to the fixed point of (4.11) (stable for 
a < 0 and unstable for a > 0), while the “parabola” represents the stable cycle of 
period two {x1, x2} existing for a > 0. 

As usual, let us consider the effect of higher-order terms on system (4.11). 


Lemma 4.2 The smooth map 


yr —(L+ayty t+ oy’) 


Rr 
Rr 
Rx 


a<0 a=0 a>0 


Fig. 4.5 Second iterate map near a flip bifurcation 
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£ £ 


Re 


Fig. 4.6 Flip bifurcation 


Fig. 4.7 A flip corresponds 
to a pitchfork bifurcation of 
the second iterate 


is locally topologically equivalent near the origin to the map 


TR -+ar+2°. 


An elementary proof of the lemma is given in Appendix A. The analysis of the fixed 
point and the period-two cycle is simple. A conjugating homeomorphism can be 
constructed with the method of fundamental domains, taking into account that orbits 
of both maps “jump” around the origin. 


The normal form 
ce —(l+a)¢—-2° (4.12) 


can be treated in the same way. For a 0, the fixed point x) = O has the same stability 
as in (4.11). At the critical parameter value a = 0, the fixed point is unstable. The 
analysis of the second iterate of (4.12) reveals an unstable cycle of period two for 
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a < Owhich disappears at a = 0. The higher-order terms do not affect the bifurcation 
diagram. 


Remark: 

By analogy with the Andronov-Hopf bifurcation, the flip bifurcation in system 
(4.11) is called supercritical or “soft,” while the flip bifurcation in system (4.12) 
is referred to as subcritical or “sharp.” The bifurcation type is determined by the 
stability of the fixed point at the critical parameter value. > 


4.5 Generic Flip Bifurcation 


Theorem 4.3 Consider a one-dimensional system 
cre f(z,a), ce€R!, aeR’, 


with smooth f, satisfying f (0, a) = 0 for all a, and let 4 = f,(0, 0) = —1. Assume 
that the following nondegeneracy conditions are satisfied: 


(B.1) (fer, 0))? + 3 frax(O, 0) £ 0; 
(B.2) fra (0, 0) £ 0. 


Then there are smooth invertible coordinate and parameter changes transforming 
the system into 


nr —(1+ Bn t1° + O(n’). 


Proof: 
The map f can be written as follows: 


f@,o) = fi@z+ frla)a’ + f(a’ + O(c’), (4.13) 
where f;(a) = —[1 + g(a)] for some smooth function g. Since g(0) = 0 and 
g (0) = —fro(0, 0) # 0, 


according to assumption (B.2), the function g is locally invertible and can be used to 
introduce a new parameter: 


B= g(a). 
Our map (4.13) now takes the form 
% = u(B)x + a(B)x" + b(B)a* + O(a"), 


where (3) = —(1 + 8), and the functions a(@) and b(@) are smooth. We have 
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a(0) = f2(0) = Fex(O, 0), b(0) = sfoaa(0, 0). 
Let us perform a smooth change of coordinate: 
c=yt dy’, (4.14) 

where 6 = 6((@) is a smooth function to be defined. The transformation (4.14) is 
invertible in some neighborhood of the origin, and its inverse can be found by the 
method of unknown coefficients: 

y =u — 62? +262? + O(2*). (4.15) 
Using (4.14) and (4.15), we get 

9 = py t (at bp — Op)y* + (b + 26a — 25S + a) + 267 p3)y? + Oly’). 

Thus, the quadratic term can be “killed” for all sufficiently small || by setting 


a() 


6(8) = —.——;.. 
1?(B) — (8) 


This can be done since :7(0) — (0) = 2 ¥$ 0, giving 


j= + (4 J+ ou =-0+ by + oy + OW) 


ye — p 


for some smooth function c(3), such that 


1 1 
(0) = a° 0) + BO) = (fox, 0)" + = fax (0, 0). (4.16) 
Notice that c(0) 4 0 by assumption (B.1). 
Apply the rescaling 
1 
Y= : 
Vv |e(9)| 


In the new coordinate 7, the system takes the desired form 


7 = —C+ B)n + 57° + Om), 


where s = sign c(0) = +1. 


Using Lemma 4.2, we arrive at the following general result. 


Theorem 4.4 (Topological normal form for the flip bifurcation) 
Any generic smooth one-parameter system 
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cre f(z,a), ceR', aeR', 


having at a = 0 the fixed point x) = 0 with 4 = f,(0, 0) = —1, is locally topologi- 
cally equivalent near the origin to one of the following normal forms: 


nr —(1+p)n£7. 


The genericity conditions in Theorem 4.4 are the nondegeneracy condition (B.1) 
and a transversality condition. When zp = 0 is the fixed point for all |a| small, this 
is condition (B.2) from Theorem 4.3. However, if the fixed point depends on the 
parameter a, one has to make a parameter-dependent shift of the x-coordinate to 
place the fixed point at the origin, and only then check (B.2). This can be done in 
general. 

Since f,(0, 0) € 1, the Implicit Function Theorem guarantees that the map has a 
unique fixed point xo(q), 


F(xo(@), a) = x(a), 
in some neighborhood of the origin for all sufficiently small |a|. Moreover, 


a (0, 0 1 
190) =0, 240) = OE = 5 fal 00) 


We can perform a parameter-dependent coordinate shift, 
L=2X(a)+&, 


placing the fixed point at € = 0 for all |a| sufficiently small. 
The map can then be expressed as 


Er = g(a), 
where g(&, a) = f(xo(a) + €, a) — x(a) so that 
gE, a) = MME + (aE + g3(@E? + O(€'), 
with smooth functions 
1 1 
g(a) = fr(to(@), &), go(a) = 7 few (t0(a), a), gla) = G fare (too), a). 


The function g(€, q) satisfies the condition g(0, a) = 0 for all sufficiently small |a|, 
assumed in Theorem 4.3. The genericity condition (B.2) now reads ge,(0, 0) £ 0. 
We have 


1 
Gea (O, 0) = 9 (0) = fra (0, 0) (0) + fro (0, 0) = fra (O, 0) + 5 Fa(0, 0) fra (0, 0), 
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so the inequality 


1 
Fra (0, 0) + zfa0, 0) fra (0, 0) #0 (4.17) 


should replace (B.2) when a general map is studied. 


Example 4.2 (Ricker’s equation) 
Consider the following simple population model (Ricker 1954): 
Cet = arpe **, 
where x;, is the population density in year k, and a > 0 is the growth rate. The 
function on the right-hand side takes into account the negative role of interpopulation 


competition at high population densities. The above recurrence relation corresponds 
to the discrete-time dynamical system 


rt axe” = f(a, a). (4.18) 


System (4.18) has a trivial fixed point xp = 0 for all values of the parameter a. At 
ao = 1, however, a nontrivial positive fixed point appears: 


x(a) = Ina. 


Notice that this fixed point depends on a. The multiplier of this point is given by the 
expression 

pa) = 1—Ina. 
Thus, x; is stable for 1 <a <a, and unstable for a > a;, where a, = ec? = 
7.38907.... At the critical parameter value a = a, the fixed point has multiplier 
L(a,) = —1. Therefore, a flip bifurcation takes place. 

To apply Theorem 4.4, we need to verify the corresponding nondegeneracy con- 
ditions in which all the derivatives must be computed at the fixed point x;(a,) = 2 
and at the critical parameter value a; = e?. 

Using (4.16) and (4.17), one can check that 


1 1 1 
c(e?) = B20 Sral2, e’) + 5 fa, eine) = Sr a 


Therefore, a unique and stable period-two cycle bifurcates from x; for a > ay. 

The fate of this period-two cycle can be traced further. It can be verified numer- 
ically (see Exercise 4) that this cycle loses stability at az = 12.50925... via the 
flip bifurcation, giving rise to a stable period-four cycle. It bifurcates again at 
a4 = 14.24425..., generating a stable period-eight cycle that loses its stability at 
ag = 14.65267.... The next period doubling takes place at ayg = 14.74212... (see 
Fig. 4.8, where several doublings are presented). 
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Fig. 4.8 Cascade of 3) 
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It is natural to assume that there is an infinite sequence of bifurcation values: 
Amik), Mk) = 2") k=1,2,... (m(k) is the period of the cycle before the kth 
doubling). Moreover, one can check that at least the first few elements of this sequence 
closely resemble a geometric progression. In fact, the quotient 


Am(k) — Am(k-1) 


Am(k+1) — Amik) 


tends to j1r = 4.6692... as k increases. This phenomenon is called Feigenbaum’s 
cascade of period doublings, and the constant ju is referred to as the Feigenbaum 
constant. The most surprising fact is that this constant is the same for many dif- 
ferent systems exhibiting a cascade of flip bifurcations. This universality has deep 
reasoning, which will be discussed in Appendix C of this chapter. 


4.6 The “Normal Form” of the Neimark-Sacker Bifurcation 


Consider the following two-dimensional discrete-time system depending on one 


parameter: 
hal cos @ —sin@ neal 
i) Ey sre) ee ay) (2) 


2 », { cosé — sind d—b\ (2 
+ ote ah (Os ak d})\ a)’ 


(4.19) 
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where a is the parameter; 6 = 6(a@), b = b(a), and d = d(q) are smooth functions; 
and 0 < @(0) < 7, d(O) £0. 
This system has the fixed point x; = x2 = 0 for all a with Jacobian matrix 


cos@ —sin@ 
ai he} i a 


The matrix has eigenvalues j1),2 = (1 + a)e*"’, which makes the map (4.19) invert- 
ible near the origin for all small |a|. As can be seen, the fixed point at the origin is 
nonhyperbolic at a = 0 due to a complex-conjugate pair of the eigenvalues on the 
unit circle. To analyze the corresponding bifurcation, introduce the complex variable 
Z=a,+ia, 2 =2, —ix, |z/? = 27 = a + cee and set d, = d+ ib. The equa- 
tion for z reads 

ze &zl+atd zl) = pz+c2\|z/", 


where pp = p(a) = (1 + aye” and c, = c(a) = ed; (a) are complex func- 
tions of the parameter a. 
Using the representation z = pe’, we obtain for p = |2| 


pr pilt+atd(a)p’|. 


Since 


2d(a) 5. |di(a)?_ 4)” 
rag ang? 
l+atd(a)p* + 0(p'), 


[L+a+di(a)p"| = (1 +a) (1+ 


we obtain the following polar form of system (4.19): 
p> pi+atd(a)p’) + p*Ra(p), (4.20) 
gre pt O(a) + p’Qalp), 


for functions R and Q, which are smooth functions of (p, aw). Bifurcations of the 
system’s phase portrait as a passes through zero can easily be analyzed using the 
latter form since the mapping for p is independent of ~. The first equation in (4.20) 
defines a one-dimensional dynamical system that has the fixed point p = 0 for all 
values of a. The point is linearly stable if a < 0; fora > 0 the point becomes linearly 
unstable. The stability of the fixed point at a = 0 is determined by the sign of the 
coefficient d(0). Suppose that d(0) < 0; then the origin is (nonlinearly) stable at 
a = 0. Moreover, the p-map of (4.20) has an additional stable fixed point 


a 


~ da) + O(a) 


po(a) = 
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Fig. 4.9 Supercritical Neimark-Sacker bifurcation 


for a > 0. The y-map of (4.20) describes a rotation by an angle depending on p and 
@; it is approximately equal to 6(a@). Thus, by superposition of the mappings defined 
by (4.20), we obtain the bifurcation diagram for the original two-dimensional system 
(4.19) (see Fig. 4.9). 

The system always has a fixed point at the origin. This point is stable for a < 0 
and unstable for a > 0. The invariant curves of the system near the origin look like 
the orbits near the stable focus of a continuous-time system for a < 0 and like orbits 
near the unstable focus for a > 0. At the critical parameter value a = 0, the point 
is nonlinearly stable. The fixed point is surrounded for a > 0 by an isolated closed 
invariant curve that is unique and stable. The curve is a circle of radius po(q). All 
orbits starting outside or inside the closed invariant curve, except at the origin, tend 
to the curve under iterations of (4.20). This is a Neimark-Sacker (NS) bifurcation. 

This bifurcation can also be presented in (x1, £2, ~)-space. The appearing family 
of closed invariant curves, parametrized by a, forms a paraboloid surface. 

The case d(0) > 0 can be analyzed in the same way. The system undergoes the 
Neimark-Sacker bifurcation at a = 0. Contrary to the considered case, there is an 
unstable closed invariant curve that disappears when a crosses zero from negative 
to positive values (see Fig. 4.10). 


Remarks: 

(1) As for the Andronov-Hopf and the flip bifurcations, these two cases are often 
called supercritical and subcritical (or, better, “soft” and “sharp”) Neimark-Sacker 
bifurcations. As usual, the type of bifurcation is determined by the stability of the 
fixed point at the bifurcation parameter value. 

(2) The structure of orbits of (4.20) on the invariant circle depends on whether 
the ratio between the rotation angle Ay = 0(a) + p?Q,(p) and 27 is rational or 
irrational on the circle. If it is rational, all the orbits on the curve are periodic. More 
precisely, if 
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Fig. 4.10 Subcritical Neimark-Sacker bifurcation 
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with integers p and gq, all the points on the curve are cycles of period q of the pth 
iterate of the map. If the ratio is irrational, there are no periodic orbits, and all the 
orbits are dense in the circle. > 


Let us now add higher-order terms to system (4.19); for instance, consider the 
system 


eal cos? —sin@ Ly 
(Fo ata (rs = @ 
2, .2, { cos? — sind d —b\ (x 4 
1 yD) i 7) G d x2 + O(llell"). 


Here, the O(||x||*) terms can depend smoothly on a. Unfortunately, it cannot be 
said that system (4.21) is locally topologically equivalent to system (4.19). In this 
case, the higher-order terms do affect the bifurcation behavior of the system. If one 
writes (4.21) in the polar form, the mapping for p will depend on vy. The system can 
be represented in a form similar to (4.20) but with 27-periodic functions R and Q. 
Nevertheless, the phase portraits of systems (4.19) and (4.21) have some important 
features in common. Namely, the following lemma holds. 


(4.21) 


Lemma 4.3. O(||x||*) terms do not affect the bifurcation of the closed invariant 
curve in (4.21). That is, a locally unique invariant curve bifurcates from the origin 
in the same direction and with the same stability as in system (4.19). 


The proof of the lemma is rather involved and is given in Appendix B. The geo- 
metrical idea behind the proof is simple. We expect that map (4.21) has an invariant 
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curve near the invariant circle of the map (4.19). Fix a and consider the circle 


So = {0 oie f-asI. 


which is located near the invariant circle of the “unperturbed” map without O (||2||*) 
terms. It can be shown that iterations F" So, & = 1,2, ..., where F is the map defined 
by (4.21), converge to a closed invariant curve 


Soo = {(p, 9): p= U(y)}, 


which is not a circle but is close to Sp. Here, V is a 27-periodic function of y describ- 
ing Soo in polar coordinates. To establish the convergence, we have to introduce a new 
“radial” variable u in a band around So (both the band diameter and its width “shrink” 
as a — 0) and show that the map F defines a contraction map F ona proper function 
space of 27-periodic functions u = u(y). Then the Contraction Mapping Principle 
(see Chap. 1) gives the existence of a fixed point u© of F : F(u™©) = u®). The 
periodic function u‘~) (y) represents the closed invariant curve S.. we are looking 
for at a fixed. Uniqueness and stability of S,o in the band follow, essentially, from the 
contraction. It can be verified that outside the band there are no nontrivial invariant 
sets of (4.21). 


Remarks: 

(1) The orbit structure on the closed invariant curve and the variation of this 
structure when the parameter changes are generically different in systems (4.19) and 
(4.21). We will return to the analysis of bifurcations on the invariant curve in Chap. 
7. Here we just notice that, generically, there is only a finite number of periodic orbits 
on the closed invariant curve. Let a(0) < 0. 

Then, some iterate p of map (4.21) can have two q-periodic orbits: a totally 
stable “node” cycle of period q and a saddle cycle of period g (see Fig. 4.11). The 
cycles exist in some “parameter window” and disappear on its borders through the 
fold bifurcation. A generic system exhibits an infinite number of such bifurcations 
corresponding to different windows. 

(2) The bifurcating invariant closed curve in (4.21) has finite smoothness: The 
function Y (yp) representing it in polar coordinates generically has only a finite num- 
ber of continuous derivatives with respect to y, even if the map (4.21) is differentiable 
infinitely many times. The number increases as |a| — 0. The nonsmoothness appears 
when the saddle’s unstable (stable) manifolds meet at the “node” points. > 


4.7. Generic Neimark-Sacker Bifurcation 


We now shall prove that any generic two-dimensional system undergoing a Neimark- 
Sacker bifurcation can be transformed into the form (4.21). 
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Fig. 4.11 Saddle 

{x1, v2,..., 26} and stable 
(V1, Y2s 0005 Yo} period-six 
orbits on the invariant circle 


Consider a system 
rh f(@,a), © = (x1, 22) € R?,aeR\, 


with a smooth function f, which has at a = 0 the fixed point x = 0 with simple 
eigenvalues 1). = e*", 0 < 0 < 7. By the Implicit Function Theorem, the system 
has a unique fixed point x9(c) in some neighborhood of the origin for all sufficiently 
small |a| since 4. = 1 is not an eigenvalue of the Jacobian matrix.! We can perform a 
parameter-dependent coordinate shift, placing this fixed point at the origin. Therefore, 
we may assume without loss of generality that x = 0 is the fixed point of the system 
for |a| sufficiently small. Thus, the system can be written as 


rr A(a)x+ F(z, a), (4.22) 


where F is a smooth vector function whose components F\,. have Taylor expan- 
sions in x starting with at least quadratic terms, F (0, aw) = 0 for all sufficiently small 
|a|. The Jacobian matrix A(q) has two multipliers 


[1,2(a) = r(ayetiP 


where r(0) = 1, y(O) = 6. Thus, r(a) = 1 + (a) for some smooth function G(a), 
(0) = 0. Suppose that 3’(0) 4 0. Then, we can use / as anew parameter and express 
the multipliers in terms of 3 : 4;(8) = “(R), 2(8) = L(G), where 


u(B) = (1 + Bye” 


' Since j: = 0 is not an eigenvalue, the system is invertible in some neighborhood of the origin for 
sufficiently small |a|. 
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with a smooth function 6(3) such that (0) = @. 


Lemma 4.4 By the introduction of a complex variable and a new parameter, system 
(4.22) can be transformed for all sufficiently small |a| into the form 


zh w(Bz+ 9, Z, B), (4.23) 


where 3 € R'!,z € C!, u(B) = 1+ Bye”, and g is a complex-valued smooth 
function of z,Z, and 3 whose Taylor expansion with respect to (z, Z) contains 
quadratic and higher-order terms: 


9(2,2,B)= )> SOE 


k+l>2 


with k,l =0,1,.... 


The proof of the lemma is completely analogous to that from the Andronov-Hopf 
bifurcation analysis in Chap. 3 and is left as an exercise for the reader. 

As in the Andronov-Hopf case, we start by making nonlinear (complex) coordi- 
nate changes that will simplify the map (4.23). First, we remove all the quadratic 
terms. 


Lemma 4.5 The map 
920 2 =, 902-2 3 
Ze zt “7 2 + anzzZ+ ae + O(\z|°), (4.24) 


where 1 = (3) = (1+ Be, gi; = gij(B), can be transformed by an invertible 
parameter-dependent change of complex coordinate 


h2o w? 2 


ho2 
z=wt+— w+ huwib + a, 


for all sufficiently small ||, into a map without quadratic terms: 
we> pw + O(\w!"), 


provided that 
e% £1 and e £1, 


Proof: 
The inverse change of variables is given by 


hao - ho 
w= Zz 2 hy, ZZ 2 


2 


+ O(\z)). 


Therefore, in the new coordinate w, the map (4.24) takes the form 
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w= pwt 5 (0 + (te — p?)hy9)w? 
+ (gu + (= [HIP hi wio 
a 5 (x + (= ji” )hoa) 
+ O(\w)?). 


Thus, by setting 


920 Gil g 
hog = 3 ni = 5 be = = 
We Bb IEI- — po Lh 


we “kill” all the quadratic terms in (4.24). These substitutions are valid if the denom- 
inators are nonzero for all sufficiently small || including @ = 0. Indeed, this is the 
case since 


(0) — pO) = ee — 1) £0, 
|4(0)|? — 40) = 1-e 40, 
ju(0)? — (0) = e*(e- 3% — 1) £0, 


due to our restrictions on 6. 


Remarks: 
(1) Let 9 = (0). Then, the conditions on 4 used in the lemma can be written 
as 


to #1, wy #1. 


Notice that the first condition holds automatically due to our initial assumptions on 
6. 

(2) The resulting coordinate transformation is polynomial with coefficients that 
are smoothly dependent on (3. In some neighborhood of the origin, the transformation 
is near-identical. 

(3) Notice the transformation changes the coefficients of the cubic terms of (4.24). 


© 


Assuming that we have removed all quadratic terms, let us try to eliminate the 
cubic terms as well. 


Lemma 4.6 The map 


Zh> pet ae + = PE+ eae + = 2 


+ O(\z|*), (4.25) 


where pp = (8) = (1+ Be, Giy = 9ij(2), can be transformed by an invertible 
parameter-dependent change of coordinates 
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h h h h 
z=wt 2073 + ck + ee ge + 3 73, 


6 2 2 6 
for all sufficiently small ||, into a map with only one cubic term: 
wr pw + cw + O(\w|*), 


provided that 
ec £1 and e*% £1. 


Proof: 
The inverse transformation is 


h 
30 43 ha». hi oe 
6 2 2 


h 
P34 O(zl*). 
6 
Therefore, 
ao H = ie = 2 2- 
w=Awt+ G (930 + (u — pw )h3o)w? + 5 (921 + (= ple hoi )wow 
I ar 2 h —2 a aay) h = 3 4 
+ 5 (912 + (we — We )hi2)wwr + G (903 + (He ft’ )ho3)w" + O(\w"). 


Thus, by setting 


912 Jo3 


= =o 03 = = ’ 
fll? — To 


h3o = aoe » hy 
Ho — pb 
we can annihilate all cubic terms in the resulting map except the w*#-term, which 
must be treated separately. The substitutions are valid since all the involved denom- 
inators are nonzero for all sufficiently small |G| due to the assumptions concerning 
6. 

One can also try to eliminate the w?i-term by formally setting 


921 


p= 
1 ud = [PD 


This is possible for small @ 4 0, but the denominator vanishes at @ = 0 for all 
6. Thus, no extra conditions on @) would help. To obtain a transformation that is 
smoothly dependent on (3, set h2; = 0 that results in 


Remarks: 
(1) The conditions imposed on 69 in the lemma mean 
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te oe Al, 


and therefore, in particular, (49 4 —1 and pio ¥ 2. The first condition holds automat- 
ically due to our initial assumptions on 6p. 

(2) The remaining cubic w’w-term is called a resonant term. Note that its coeffi- 
cient is the same as the coefficient of the cubic term zz in the original map (4.25). 


© 


We now combine the two previous lemmas. 


Lemma 4.7 (Poincaré normal form for the NS bifurcation) The map 


Zhe bet ee + 9n2zzZ+ ae 


ns = a 4 = pee. = Pe sie a re 


+ O(\z\*), 


where p = p(B) = (1+ Bye®®, 9ij = Gij(B), and 0) = 0(0) is such that eho 4 | 
for k = 1, 2,3, 4, can be transformed by an invertible parameter-dependent change 
of complex coordinate, which is smoothly dependent on the parameter, 


h h 
z=wt Sw + hw + a? 


h h h 
8 + ig we + oe 


w 
6 2 6 
for all sufficiently small ||, into a map with only the resonant cubic term: 


wr pwt cyww + O(\wl*), 


where c, = c((3). 


The truncated composition of the transformations defined in the two previous 
lemmas gives the required coordinate change. First, annihilate all the quadratic terms. 
This will also change the coefficients of the cubic terms. The coefficient of w?% will 
be 5 921, Say, instead of 5 gai. Then, eliminate all the cubic terms except the resonant 
one. The coefficient of this term remains 5 921. Thus, all we need to compute to get the 
coefficient of c, in terms of the given equation is a new coefficient 5 Go, of the w?w- 
term after the quadratic transformation. The computations result in the following 
expression for c; (a): 


ee googii (Hs — 3 + 2p) lgusl |go2!? g21 
= = = = ’ 
2(u*—-p)(a—-1) |w?-m 2W?—-p) 2 


(4.26) 


which gives, for the critical value of cy, 
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g20(0)911(0)(1 — 210) Lg (0)? |902(0)|* 921 (0) 
2(HG — Ho) 1—jio uj -fio)) = 2 


c(0) = (4.27) 


where jp = e, 


We now summarize the obtained results in the following theorem. 
Theorem 4.5 Suppose a two-dimensional discrete-time system 
rh f(@%,a), rE R?,aeR', 


with smooth f, has, for all sufficiently small |a, the fixed point x = 0 with multipliers 


[1,2(a) = r(ajeriP@ , 


where r(0O) = 1, p(O) = 6p. 
Let the following conditions be satisfied: 


(C.1) r'(O) 4 0; 
(C.2) et 4 1 fork = 1,2,3,4. 


Then, there are smooth invertible coordinate and parameter changes transforming 
the system into 


YI cos 0(3) — sin 8(@) YI 
(::) i ae fee 2 (:1) = 


cos (8) — sin (3) (dB) —b(3)\ (1m 
(vi +) a4 vO) Ge i) & + Od) 


(4.28) 


with 0(0) = 0 and d(0) = Re(e~*c,(0)), where c;(O) is given by the formula 
(4.27). 


Proof: 


The only thing left to verify is the formula for d(0). Indeed, by Lemmas 4.44.7, 
the system can be transformed to the complex Poincaré normal form, 


wre u(Byw + 1(B)wlwl? + Owl"), 
for u(3) = (1 + B)e”™. This map can be written as 
wre MO 1+ B+ d\(B)\wP)w + O(\wl'), 


where d, (3) = d(@) + ib(@) for some real functions d(@), b(@). A return to the real 
coordinates (y;, y2), Ww = y1 + 2y2, gives system (4.28). Finally, 
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d(3) = Re d,(B) = Re(ew"" c (8). 


Thus, 


d(0) = Re(e~*c; (0)). 


Using Lemma 4.3, we can state the following general result. 


Theorem 4.6 (Generic Neimark-Sacker bifurcation) |For any generic two- 
dimensional one-parameter system 


rh f(z, a), 


having at a = 0 the fixed point xy = 0 with complex multipliers p,,. = e*", there 
is a neighborhood of x9 in which a unique closed invariant curve bifurcates from Xo 
as a passes through zero. 


Remark: 

The genericity conditions assumed in the theorem are the transversality condition 
(C.1) and the nondegeneracy condition (C.2) from Theorem 4.5 and the additional 
nondegeneracy condition 


(C.3) d(0) £0. 


It should be stressed that the conditions e’* # 1 for k = 1, 2,3, 4 are not merely 
technical. If they are not satisfied, the closed invariant curve may not appear at all, 
or there might be several invariant curves bifurcating from the fixed point (see Chap. 


9). > 


The coefficient d(0), which determines the direction of the appearance of the 
invariant curve in a generic system exhibiting the Neimark-Sacker bifurcation, can 
be computed via 


e921 Cl — 2e™)e ca oe 

d(0) = R R - ow —-- ; 

0) e( ; ) e( sas — sgn) = Slgual® = 5a 
(4.29) 


In Chap. 5, we will see how to deal with n-dimensional discrete-time systems where 
mn > 2 and how to apply the results to limit cycle bifurcations in continuous-time 
systems. 


Example 4.3 (Delayed logistic equation) 
Consider the following recurrence equation: 


Unt = rup(l — ug—1). 


This is a simple population dynamics model, where u,; stands for the density of 
a population at time k, and r is the growth rate. It is assumed that the growth is 
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determined not only by the current population density but also by its density in the 
past. 
If we introduce vz; = uz_1, the equation can be rewritten as 


Uk+1 = TUR — vp), 
Uk+1 = Uk, 


which, in turn, defines the two-dimensional discrete-time dynamical system, 


ry rxi1—22)\ _ ( Fi(@,r) 
(Z)+( 7 )= Ge | (4.30) 
where x = (21, 22). The map (4.30) has the fixed point (0, 0) for all values of r. For 
r > 1, a nontrivial positive fixed point x° appears, with the coordinates 


1 


a¥(r) = 28 (r) =1- a 


The Jacobian matrix of the map (4.30) evaluated at the nontrivial fixed point is given 
by 
1 l-r 


1 5 
Mi2(r) = 5 + 7 f: 


and has eigenvalues 


Ifr> >, the eigenvalues are complex and |/11.2|? = fif42 = r — 1. Therefore, at 
r = ro = 2 the nontrivial fixed point loses stability, and we have a Neimark-Sacker 
bifurcation: The critical multipliers are 


iia = et, Oy = “ = 60°. 


It is clear that conditions (C.1) and (C.2) are satisfied. 
To verify the nondegeneracy condition (C.3), we have to compute a(0). The critical 
Jacobian matrix Ag = A(7o) have the eigenvectors 
Agoeg, Ape Dp, 


where 
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To achieve the normalization (p, g) = 1, we can take, for example, 


di 3 V3 1 V3 
q= 5 tg 2 » p= lt—, =~ -i— ]. 


Now we compose 
c= xo +zq+ 2G 


and evaluate the function 
H(z, Z) = (p, F(a® + 2q + 2G, 70) — 2°). 


Computing its Taylor expansion at (z, z) = (0, 0), 


S 1 i-hk 
H(z,2=e%z+ Yo Fst + O(\z\*), 
2<j+k<3 
gives 
2/3 2/3 2/3 
go = —2 +i, gu=i » g2=2+% » gi =9, 
3 3 3 
which allows us to find the critical real part 
1.0 1 T T T 
0.8 F tees Pe 7 &| 
0.6 + 4 
L2 
Bele hond oe a | 
0.0 i 1 1 1 
0.0 0.2 0.4 0.6 0.8 1.0 


aaa 


Fig. 4.12 Stable invariant curve in the delayed logistic equation 
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io 109 \ ,—2i00 
e g21 dd = 2e Je 1 2 1 i) 
R R - == =) 
e ( 5 ) e ( 21 — ey 920911 ,) lgit| ri |9o2| 


=—2<0. 


d(0) 


Therefore, a unique and stable closed invariant curve bifurcates from the nontrivial 
fixed point for r > 2 (see Fig. 4.12). 


4.8 Exercises 


(1) Prove that in a small neighborhood of « = 0 the number and stability of fixed points and periodic 
orbits of the map (4.7) are independent of higher-order terms, provided |a| is sufficiently small. 
(Hint: To prove the absence of long-period cycles, use asymptotic stability arguments.) 


(2) Show that the normal form coefficient c for the flip bifurcation (4.16) can be computed in terms 
of the second iterate of the map: 


1 » 
c= -— ay fa (2) ; 
12 dx3 °° (x,a)=(0,0) 


where fa (x) = f(x, a). (Hint: Take into account that f;(0, 0) = —1.) 


(3) (Logistic map) Consider the following map (May 1974): 
fo(%) = ax(1 — x), 


depending on a single parameter a. 

(a) Show that at a; = 3 the map exhibits the flip bifurcation, namely a stable fixed point of f,, 
becomes unstable, while a stable period-two cycle bifurcates from this point for a > 3. (Hint: Use 
the formula from Exercise 2 above.) 

(b) Prove that at ag = 1 + V8, the logistic map has a fold bifurcation generating a stable and 
an unstable cycle of period three as a increases. 


(4) (Second period doubling in Ricker’s model) Verify that the second period doubling takes place 
in Ricker’s map (4.18) at ag = 12.50925.... (Hint: Introduce y = axe~* and write a system of 
three equations for the three unknowns (x, y, a) defining a period-two cycle {x, y} with multiplier 
js = —1. Use one of the standard routines implementing Newton’s method (see Chap. 10) to solve 
the system numerically starting from some suitable initial data). 


(5) (Hénon map revisited) Show that the original map introduced by Hénon (1976) 
xX 1+ Y¥—ax? 
Cr) Oe) 
can be transformed into map (4.1) by a linear change of the coordinates and parameters. 
(6) Derive formula (4.27) for c; (0) for the Neimark-Sacker bifurcation. 


(7) (Discrete-time predator-prey model) 
Consider the following discrete-time system (Maynard Smith 1968): 
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Thee1 = Atel — Le) — LeYk, 
1 
ZUkRVk> 
B 
which is a discrete-time version of the Volterra model. Here, x; and y, are the prey and predator 
numbers, respectively, in year (generation) k, and it is assumed that in the absence of prey the 
predators become extinct in one generation. 

(a) Prove that a nontrivial fixed point of the map undergoes a Neimark-Sacker bifurcation on a 
curve in the (a, )-plane, and compute the direction of the closed invariant-curve bifurcation. 


Yk+ 


(b) Guess what happens to the emergent closed invariant curve for parameter values far from 
the bifurcation curve. 


4.9 Appendix A: Proof of Lemma 4.2 


In this appendix, we prove the following theorem, which is a reformulation of Lemma 4.2. 


Theorem 4.7 The map 


yt goly) =-Atayyty+y*viy, a), (A.1) 


where w is a smooth function, is locally topologically equivalent near the origin to the map 


are fo(a)=—-U+aj)a4 x. (A.2) 


Proof: 
Step 1 (Fixed-point analysis) The second iterate of the map (A.1) has the form 


gy) =y + Qa t+ a7)y — (1+ a)(2+ 204 07)y3 + y* Wy, a) 


for some smooth function YW. It has a trivial fixed point yo = 0, as well as two nontrivial fixed points 
satisfying the equation 


P(a, y) = 2a +07 — (1+. a)(24+2a+a%)y? + y¥Wy, a) =0. (A.3) 


Since (0, 0) = 0 and oe (0, 0) = 2 4 0, the Implicit Function Theorem gives the existence of a 
smooth solution to (A.3): 
a= Aly), A@)=0. 


Moreover, A(y) = y* + O(y°), and therefore g has two fixed points 


yi2(a) = £J/a + O(a) = 21,2(a) + O(a), 


for small a > 0, corresponding to a period-two cycle of g,. Thus, the number and (is easy to check) 
stability of the fixed points and period-two cycles is the same for the map (A.1) and the normal 
form (A.2). 


Step 2 (Construction of a conjugating homeomorphism) Clearly, the second iterates fR and g 
are locally topologically equivalent near the origin at each parameter value a with sufficiently small 
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|a|. Indeed, both compositions are strictly increasing and have the same number of fixed points near 
the origin (one stable when a < 0, and one unstable and two stable when a > 0). Thus, Theorem 
2.1 is applicable and implies the existence of a homeomorphism conjugating f? and g2. To prove 
that the maps f, and gq are locally conjugate, we can still use the same method of fundamental 
domains as in the proof of Theorem 2.1, now taking into account that orbits “jump” around the 
origin. 

Let a<0O with small |a| be fixed. Take sufficiently small but parameter-independ 
ent a, b > 0 and introduce two fundamental domains 


Do = [f2(a),a] and Dj =[92.(b), b] 


(see Fig. 4.13). For & > 0, introduce the images Dy, = fk (Do) and Dy, = gk (Db). For example, 
we have explicitly 


Dom = Lt? (a), Peal, Dom+1 = wert (a), PeB@l, 


where m = 0, 1, 2,.... Note that D2,, with m = 0 reduces to Do, while Uk=o Dy = (f(a), a). 
Let ho be an arbitrary homeomorphism ho : Do > Dj satisfying ho(a) = b and ho( f2(a)) = 
gg (b). For & > 1, we can now define recursively 


hy (x) = ga(he-1(fa(2))),  € Dp. 
This gives a sequence of homeomorphisms hy, : Dy > Dj, k = 0,1,2,.... 
Let hq be a map coinciding with h;, on each D,, for k > 0. This gives a homeomorphism 
ha : [Lf (a), a] > [g(0), 0] satisfying 
Go(ha(®)) = ho(fo(x)), x € [f(@), al, 


so that (A.1) and (A.2) are topologically equivalent near the origin in this case. 


Fig. 4.13 Construction of ha for small a < 0; for € € Do, 7 = ha(§) € Ds 
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Now, let a < 0 with small |a| be fixed. Here, we will construct the local conjugating map 
hq separately between points x;(a@) and x(a) of the period-two cycle, and outside the interval 
delimited by these two points. 

First, select two parameter-dependent points a, b > 0 satisfying 0 < a < 2(a) and0 <b < 
y1(q), and introduce two fundamental domains 


Do = [f2(@), a] and Dj = [92(b), b 


(see Fig. 4.14). For ke Z, define Dy = fio) and D, = gk (Db). Clearly, Uez Di 
= [x2(a), x;(@)]. As usual, let ho be an arbitrary homeomorphism ho : Do > Do satisfying 
ho(a) = b and ho(f2 (a)) = a, (b). For x € Dy, k € 0, set inductively 


Galhe-i(fa'(a))) if k> 1, 


Te ie if k<-1. 


Let ha be a map defined for 72(a) < x < 21(q) and coinciding with h;, on each D; for k € Z. Set 
h(x1(@)) = yi (a) and h(x2(a)) = y2(a@) by continuity. This gives a homeomorphism 


he : [%2(@), 1(a)] > [y2(@), yi (2)] 


satisfying 
Jo(ha(%)) = ha(fo(z), £ € [x2(a), 21(a)], 
so that f, and gq are topologically equivalent on their definition domains. 
The construction outside the interval [2:2 (a), 1 (a@)] is identical to that in the case a < 0 (see Fig. 


4.15). Here, we should select parameter-independent a, b > 0 such that a > 21(a@) and b > y1(Q), 
and then define the fundamental domains 


Do = [fa(a),a] and Dj = [g2(0), dl. 


he 
> 


Fig. 4.14 Construction of h, for small a > 0 between points x; 9(a); for€ € D2, = ha(§) € Ds 


162 4 One-Parameter Bifurcations of Fixed Points in Discrete-Time Dynamical Systems 


ha 


baa #=-a2 “ory g=-y> 


Fig. 4.15 Construction of ha for small a > 0 outside the interval [x2(a), 71(a@)]; for € € Do, 
n = ha(€) € Dy 


For k > 0, introduce the images D;, = fe (Do) and Dj, = gf (Do). We have 


J =) De = [fo@), 22(0)] U [x1 (a), al. 


k>0 


Let ho be an arbitrary homeomorphism ho : Do > Dg satisfying ho(a) = band ho( f (a)) = gg (bd). 
For k > 1, we can now define recursively 


he(x) = ga(he-i(fa'(@))), © € Dg. 
This gives a sequence of homeomorphisms hy : Dk > Dis k= 0, 1,254 


Let ha be a map coinciding with h;, on each Dj, for k > 0 and satisfying ha(%a) = y1,2(a). 
This yields a homeomorphism h, : J > J’, where 


J’ = [go(b), y2(@)] U [yi (a), 1, 


satisfying 
Ja(ha(®)) = ha(fa(e)), ve J. 


Combining h,,’s constructed inside the interval [2 (a), x; (a)] and outside it, we obtain a conju- 
gating homeomorphism and see that (A.1) and (A.2) are topologically equivalent near the origin 


also in this case. 


4.10 Appendix B: Proof of Lemma 4.3 


In this appendix, we prove the following theorem, which is the complex analog of Lemma 4.3. 
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Theorem 4.8 Consider the map 
ze = Q(z, 2,0) =e"%z0 +a4+d(a)|z|") + Gi, Z, a), (B.1) 


where z= 21 + ix2, d(a) = a(a) + ib(a); a(a@), b(a), and 0(a) are smooth real-valued func- 
tions; a(0) < 0,0 < 0(0) < a, and G is a smooth complex-valued function of (z,Z) and a such 
that G = O(|z|*) for small |z\. 

The real planar map x +> & = f(x, @) corresponding to the map (B.1) has in a neigborhood 
of the origin a unique stable closed invariant curve for sufficiently small a > 0. Moreover, any 
nontrivial orbit starting in this neigborhood converges to the closed invariant curve under the 
iteration of this map. 


Proof: 
Step I (Construct an attracting annulus). The point with polar coordinates (p, y) is mapped by 
(B.1) to the point with polar coordinates (p, ~) with 


(B.2) 


ie pl +a+a(a)p?) + p*R(p, y, a), 
= t+ Wa)+ p’O(p, 9, a), 


where R and Q are smooth functions of (p, y, ~) near (p, w) = (0, 0) and 


_ b(a) 2 
Q(p, P, a) = eat + O(p*) 


(cf. (4.20) but note the difference: now R and Q depend also on v and, in particular, the p-equation 


is not decoupled from the y-equation). 
Let 1 > € > O. Introduce an annulus Aq,- in the plane by the formula 


Ane =o: [-a-2<0s = atl ee (0.2m. 
a(a) a(q@) 


Consider a point (p, y) and its image (/, ~) under the map (B.2). Then 


Ap=p—p=platala)p’ + pR(p, 9. a)) 
and (recall that a(a@) < 0) 


a 


Ap = pla(e — €*) + O(a7!”)) if 0< p< ,/-—~(1- 8), 
a(q) 

A pip Oy 3. 3/2y) ee 

p < pla(—2e — &*) + O(ar""*)) if eo = p= (1+), 
a(a) 


where the O(a?/ 2)-terms are smooth functions of ¢ and €9 > 0 is a constant independent of a. Now 
take 
e=all4, (B.3) 


The above inequalities then imply 
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. a 1/4 
Ap > 0if0<p< ,J/—-——~(l-a”"’), 
a(a) 
: a 1/4 
Ap <0ife9>p>,/-—~(l+a”), 
a(a) 


for all sufficiently small a > 0. (Indeed, for any constant C, a°/4 > Ca%/? provided a > 0 is 
sufficiently small, so that the +2a°/+-terms dominate.) 

This proves that any nontrivial orbit of (B.1) starting in a small neighborhood of the origin 
containing the annulus A, 1/4 enters this annulus after a finite number of iterations. Notice that 


Ag qi/4 has width of order O(a°/*) and contains the circle 


a 
So(a) = fo. yg): p= -= | 


having radius O(a!/?), 
Step 2 (Rescaling and shifting). To analyze the dynamics inside the annulus A, 41/4, introduce first 
a new radial variable s by the formula 


a 
p= J=—-d +), (B.4) 


Substitution of (B.4) into (B.2) gives 


3 = (1 — 2a)s — as? + 83) + a9? r(s, p, a), (B.5) 
’= 94+ O(a) +av(a)( + s)? +.074(s, Y, a), . 
where 
b(a) 
via) =— 
a(a) 
while r and qg are smooth real-valued functions of (s, y, al/2), 
Next define wu by 
s=al/fu, (B.6) 


Notice that the band {(u, y) : |u| < 1} corresponds exactly to the annulus A (see (B.3)). After 


rescaling according to (B.6), the map (B.5) takes the form 
Olge eae) 
p p p 


pp. [ %= 1 —2a)u+ a4 HOC, 9), 
@ = y+ wa) + 0/4 K%(u, y). 


a,al/4 


where 
(B.7) 


Here 
w(a) = O(a) + av(a) 


is smooth and 
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H%(u, 9) = —Gu? + a!/4u3) + r(al/4u, y, a), 
K%(u,p) = v(a)(Qu + al/4u2) + a3/4q(a!/4u, p, a) 


are smooth functions of (u, y, a'/4) that are 27-periodic in y. 
It is convenient to introduce 


OH® 
Ou 


\= Xa) = sup five. | 5 
U 


lul<1,yel0,27] 


en 


= 
‘| Be 


= 
er 


, (B.8) 


and note that A(q@) remains bounded as a — 0. 


Step 3 (Definition of the function space). We will represent closed curves by elements of a func- 
tion space U. By definition, u € U is a 27-periodic continuous function u = u(y) satisfying the 
following two conditions: 


(U.1) |u(~)| < 1 for all y; 
(U.2) |u(yi) — u(y2)| < lY1 — ¢2| for all y1, ¢2. 


The first property means that u(y) is absolutely bounded by unity, while the second means that 
u(y) is Lipschitz continuous with Lipschitz constant less than or equal to one. The space U is a 
complete metric space with respect to the distance defined by the norm 


|u|] = sup ju(y)|. 
pe[0,27] 


Recall that a map F : U — U (transforming a function uw € U into some other function u = 
F(u) € U) is a contraction if there is anumber ¢, 0 < € < 1, such that 


|F (1) — F(ua) II < eller — wall 


for all uj,2 € U. According to Theorem 1.3, a contraction in a complete metric space has a unique 
fixed point u© € U: 
Fu) = uO, 


Moreover, the fixed point u‘%) is globally asymptotically stable as a fixed point of the infinite- 
dimensional dynamical system {N, U, F' k },ie., 


lim |F*u) — uw =0, 
k-+>+00 


for all u € U (see Fig. 4.16). 


Step 4 (Construction of the map F). We will consider a map F on U induced by F.. This means 
that if w represents a closed curve, then u = F(wu) represents its image under the map F defined 
by (B.7). Such a map is called Hadamard’s Graph Transform. It is clear that the continuous map 
F transforms a closed curve onto a closed curve, but it need not necessarily be true that the image 
can be represented by a function of iy. We will now verify that for a small this actually takes place. 

Suppose that a function u = u(y) from U is given. To construct the map F, we have to specify 
a procedure that for each given y finds the corresponding u(y) = (Fu)(y). Notice that F is nearly 
a rotation by the angle w(qa) in y. So a point (u(y), y) in the resulting curve is the image of a point 
(u(~), %) in the original curve with a different angle coordinate ¢? (see Fig. 4.17). 

To show that ¢ is uniquely defined, we have to prove that the equation 
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Fig. 4.16 Accumulating ugly) 
closed curves 


Fig. 4.17 Definition of the (u(y), 4 
map F 


y= t+ w(a) + 09/4 K%(u(P), >) (B.9) 


has a unique solution @ = ~(vy) for any given u € U. This is the case, since the right-hand side of 
(B.9) is a strictly increasing function of ~. Indeed, let y2 > y then, according to (B.7), 


y2 — v1 +a?/* [K%(u(y2), y2) — K*(u(y1), eI 


Q- fi = 
= v2 — 91 — 0/4 |K%(u(y2), G2) — K* (uly), YI - 


Combining (U.2) with the definition (B.8), we deduce that 


|K°(u(y2), 2) — K°(u(y1), gr)| < Allu(y2) — u(y) + ly2 — vill 
S< 2Aly2 — gil = 2A(~2 — 1). 


This last estimate can also be written as 
— |K%(u(y2), 92) — K*(u(yi), gr)| = —2Ay2 - G1), 


which implies 
G2 — G1 = 1 — 2Aa*!) (yp — 1). 
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It follows that the right-hand side of (B.9) is a strictly increasing function, provided a is small 
enough. Hence, (B.9) has a unique solution p(y) © y — w(a). From the above estimates, it directly 
follows that G(y) satisfies the estimate 


IP(pr) — (yr) < A — 2Aa**)" |g — gal. (B.10) 
We now define the map « = F(u) by the formula 
u(y) = (1 — 2a)u(G) + a*/* H? (u(Q), 9), (B.11) 
where & = ((y) is the solution of (B.9). The mere definition, of course, is not enough and we have 
to verify that F(u) € U if u € U, i.e., we have to check (U.1) and (U.2) for u = F(u). 
Condition (U.1) for « follows from the estimate 
Ja(p)| < (1 — 2a)|u(G)| + a°/4| A? (u(G), 9)| < 1- 2a + Aa?"4, 
where we have used (U.1) for wu and the definition (B.8) of A. Thus, |u| < 1 if a is small enough 


and positive. 
Let ~) and ¢ be the unique solutions of 


p= bo +wla) + a/4K% (U1 ($1), G1) (B.12) 


and 
y = $2 +w(a) + a4 K°(ua($2), G2), (B.13) 


respectively. Condition (U.2) for @ is then checked by the sequence of estimates: 


lpi) — H(y2)| < C1 — 20)|u(G1) — u(er)| 

+ 05/4) (u(G1), G1) — H%(u(G2), $2) 
< (1 — 2a)|u(1) — u(g2)I 

+ a5/4p[ ju(G1) — w(Go)| + 121 — Gal] 
< (1 — 2a + 2da5/4) |G, — So], 


where the final inequality holds due to the Lipschitz continuity of wu. Inserting the estimate (B.10), 
we get 
lpi) — H(p2)| < A — 2a + 2A0*/*)A — 2A0/4)“"I 91 — yal. 


Thus, (U.2) also holds for u for all sufficiently small positive a. Therefore, the map u = F(w) is 
well defined. 


Step 5 (Verification of the contraction property). Now suppose two functions u;, u2 € U are given. 
We need to estimate || — t|| = ||F(u1) — F(uz)|| in terms of ||w1 — u2||. By the definition 
(B.11) of w= F(u), 


|u1(y) — t2(y))| < CU — 2a)|uy (G1) — u2($2)I 
+ a/4| H° (ui (G1), G1) — H°(u2($2), 2)| 
< (1 — 2a)|ui(¥1) — u2(¥¢2)I 
+ a5/4d[ ju (G1) — u2($2)| + IG — dal]. 


(B.14) 
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The estimates (B.14) have not solved the problem yet, since we have to use only ||w; — uz2|| at the 
right-hand side. First, express |u 1 ($1) — u2($2)| in terms of ||w; — ug|| and |p, — ol: 


Jui (G1) — u2(G2)| = Iu (G1) — u2(1) + u2(G1) — u2(P2)! 
< Jui (G1) — u2($1)| + |u2(G1) — u2($2)| (B.15) 
S |lur — wall +1¢1 — Pal. 


The last inequality has been obtained using the definition of the norm and the Lipschitz continuity 
of uz. To complete the estimates, we need to express |(61 — | in terms of ||w1 — u2||. Subtracting 
(B.13) from (B.12), rearranging, and taking absolute values we find 


a/41K (uy (G1), G1) — K°(u2(2), $2)| 
a/4 Jui (G1) — u2(Ga)| + [G1 — Pal]. 


ld1 — $2\ 


IA IA 


Inserting (B.15) into this inequality, collecting all the terms involving |~; — ¢2| on the left, and 
dividing by (1 — 2a°/*)), we obtain 


IG1 — Gal < (— 20°/*))“!a** Aha — ual. (B.16) 
Using the estimates (B.15) and (B.16), we can complete (B.14) as follows: 
l|u1 — ug|| < ellur — ual, 


where 


= (1 =%0) [! t o/4 XI 205/41] + aA] + 205/401 — 205/4)-1] 


Since 
e=1—2a+ O(a"), 


the map F is acontraction in U for small positive wv. Therefore, it has a unique fixed point uO) € U 
such that 
lim F*(u) = u© 
k->0o 


for any u € U. 


Step 6 (Asymptotic stability of the invariant curve). The established contraction of F implies that 
the closed invariant curve corresponding to u\°° is a stable invariant set for the map F defined by 
(4.10). Indeed, images of any band located in A, 41/4 and containing u©°) will contain this curve 
and lie inside the band, for all sufficiently high iterates of F. 

Now take a point (uo, Yo) within the band {(u, y) : |u| < 1}. If the point belongs to the curve 
given by u©), it remains on this curve under iteration of F, since the map F maps this curve into 
itself. If the point does not lie on the invariant curve, take some (noninvariant) closed curve passing 
through it represented by u € U, say u (~) = up cos(y — yo). Let us apply the iterations of 
the map F to this point. We get a sequence of points 


{(Uk, PRI RAO « 
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It is clear that each point from this sequence belongs to the corresponding iterate of the curve u 


under the map #. We have just shown that the iterations of the curve converge to the invariant 
curve given by wu‘). Therefore, the point sequence must also converge to the curve. This proves 
asymptotic stability of the closed invariant curve as the only nontrivial invariant set of the map (4.8) 
in the annulus A, 1/4. Recalling Step / completes the proof. 


4.11 Appendix C: Feigenbaum’s Universality 


As mentioned previously, many one-dimensional, parameter-dependent dynamical systems, 
ure fo(x), LE R!, (C.1) 


exhibit infinite cascades of period doublings. Moreover, the corresponding flip bifurcation parameter 
values, a1, @2,..., Q;,..., form (asymptotically) a geometric progression: 


as 1 — oo, where ur = 4.6692... is a system-independent (universal) constant. The sequence 
{a;} has a limit agg. At Qo, the dynamics of the system become “chaotic” since its orbits become 
irregular, nonperiodic sequences. 

The phenomenon was first explained for special noninvertible dynamical systems (C.1) that 
belong for all parameter values to some class Y. Namely, a system 


ure f(x) (C.2) 


from this class satisfies the following conditions: 


(1) f(z) is an even smooth function, f : [—1, 1] > [-1, 1]; 
(2) f’(0) = 0, x = O is the only maximum, f(0) = 1; 

(3) fC) = —a < 0; 

(4)b= f(a) >a; 

(5) [® = f?(@) <a; 


where a and b are positive (see Fig. 4.18). The function f, (2) = 1 — aa is in this class fora > 1. 

Consider the second iterate f2 of a map satisfying conditions (1) through (5). In the square 
A’ B'C'D! (see Fig. 4.18), the graph of f2, after a coordinate dilatation and a sign change, looks 
similar to the graph of fq in the unit square ABCD. For example, if f(x) = 1 — ax, then 
f (x) = (1 —a) + 2072” +---. This observation leads to the introduction of a map defined on 


functions in Y, 


2 


1 
(T f)(x) = —{fGCan)), (C.3) 


where a = —f (1). Notice that a depends on f. 
Definition 4.4 The map T is called the doubling operator. 


It can be checked that map (C.3) transforms a function f € Yinto some function T f € Y. Therefore, 
we can consider a discrete-time dynamical system {Z+., Y, T*}. This is a dynamical system with 
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Fig. 4.18 A map satisfying 
conditions (1) through (5) 
and its second iterate 


Re 


the infinite-dimensional state space VY, which is a function space. Moreover, the doubling operator 
is not invertible in general. Thus, we have to consider only positive iterations of T. 

We shall state the following theorems without proof. They have been originally proved with the 
help of a computer and delicate error estimates. 


Theorem 4.9 (Fixed-point existence) The map T : Y — ) defined by (C.3) has a fixed point 
yey: Tp=y. 


It has been found that 
p(x) = 1 — 1.52763...27 +0.104815... 24 + 0.0267057...2°+.... 


In Exercise 1 of Chap. 10, we discuss how to obtain some approximations to (2). 


Theorem 4.10 (Saddle properties of the fixed point) The linear part L of the doubling operator T 
at its fixed point p has only one eigenvalue jurp = 4.6692... with |jur| > 1. The rest of the spectrum 
of L is located strictly inside the unit circle. 


The terms “linear part” and “spectrum” of L are generalizations to the infinite-dimensional 
case of the notions of the Jacobian matrix and its eigenvalues. An interested reader can find exact 
definitions in standard textbooks on functional analysis. 

Theorems 4.9 and 4.10 mean that the system {Z, Y, TK } has a saddle fixed point. This fixed 
point y (a function that is transformed by the doubling operator into itself) has a codim | stable 
invariant manifold W*(y) and a one-dimensional unstable invariant manifold W“(y). The stable 
manifold is composed of functions f € ’, which become increasingly similar to y under iteration 
of T. The unstable manifold is composed of functions for which all their preimages under the action 
of T remain close to y. This is a curve in the function space Y (Fig. 4.19 sketches the manifold 
structure). 

Notice that maps Tf and f? are topologically equivalent (the relevant homeomorphism is a 
simple scaling; see (C.3)). Hence, if Tf has a periodic orbit of period N, f” has a periodic orbit of 
the same period and f therefore has a periodic orbit of period 2N. This simple observation plays a 
central role in the following. Consider all maps from Y having a fixed point with multiplier jz = —1. 
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Fig. 4.19 Stable and 
unstable manifolds of the 
fixed point 


Such maps form a codim 1 manifold & C Y. The following result has also been first established 
with the help of a computer. 


Theorem 4.11 (Manifold intersection) The manifold & intersects the unstable manifold W"(y) 
transversally. 


By analogy with a finite-dimensional saddle, it is clear that the preimages T~* © will accumulate 
on W*(p) as k — 00 (see Fig. 4.20). Taking into account the previous observation, we can conclude 
that T~!D is composed of maps having a cycle of period two with a multiplier —1, that T~?D 
is formed by maps having a cycle of period four with a multiplier —1, and so forth. Any generic 
one-parameter dynamical system f, from the considered class corresponds to a curve A in Y. 
If this curve is sufficiently close to W“(), it will intersect all the preimages T—"¥. The points 
of intersection define a sequence of bifurcation parameter values a1, a2, ... corresponding to a 
cascade of period doublings. The asymptotic properties of this sequence are clearly determined 
by the unstable eigenvalue ju. Indeed, let € be a coordinate along W“(y), and let €; denote the 
coordinate of the intersection of W"(y) with T-*S. The doubling operator (C.3) restricted to the 
unstable manifold has the form 

E> prE + O(€?) 


and is locally invertible, with the inverse given by 


1 
Er —E+ O(€). 
[LF 


Since i 
€xt1 = —& + O@), 
Lr 
we have 
Ek — Ek-1 are 
Ext — €k 


as k — oo, as does the sequence of the bifurcation parameter values on the curve A. 
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Fig. 4.20 Preimages of a 
surface & intersecting the 
unstable manifold W"(y) 


4.12 Appendix D: Bibliographical Notes 


The dynamics generated by one-dimensional maps is a classical mathematical subject, studied 
in detail (see Whitley (1983) and van Strien (1991) for surveys). Properties of the fixed points 
and period-two cycles involved in the fold and flip bifurcations were known long ago. Explicit 
formulation of the topological normal form theorems for these bifurcations is due to Arnol’d (1983). 
A complete proof, that the truncation of the higher-order terms in the normal forms results in 
locally topologically equivalent systems, originally looked unexpectedly difficult (see Newhouse 
et al. (1983), Arnol’d et al. (1994)). However, following remarks in Peckham & Kevrekidis (1991), 
Katok & Hasselblatt (1995), elementary proofs based on the construction of fundamental domains 
were given by Balibrea et al. (2017). We adopted their approach in Appendix A to this chapter. 

The appearance of a closed invariant curve surrounding a fixed point while a pair of complex 
multipliers crosses the unit circle was known to Andronov and studied by Neimark (1959) (without 
explicit statement of all the genericity conditions). A complete proof was given by Sacker (1965), 
who discovered the bifurcation independently. It became widely known as “Hopf bifurcation for 
maps” after Ruelle & Takens (1971) and Marsden & McCracken (1976). A modern treatment of the 
Neimark-Sacker bifurcation for planar maps can be found in Iooss (1979), where the normal form 
coefficient d(0) is computed (see also Wan (1978b)). In our Appendix B, we combine the proofs 
given in Marsden & McCracken (1976) and Shilnikov et al. (2001), however, using a different 
singular scaling (B.6) that simplified the analysis. 

The normal form theory for maps is presented by Arnol’d (1983). In our analysis of the 
codimension-one bifurcations of fixed points, we need only a small portion of this theory which we 
develop “online.” 

A cascade of period-doubling bifurcations in the quadratic map x +> «* — \ was discovered and 
investigated by Myrberg (1962). Independently, similar cascades were observed by mathematical 
ecologists in one-dimensional discrete-time population models: Shapiro (1974) analyzed a model 
by Ricker (1954), while May (1974) used the logistic map. Feigenbaum (1978) and Coullet & 
Eckmann (1980) discovered the universality in such cascades and explained its mechanism based 
on the properties of the doubling operator, as outlined in Appendix C. The relevant theorems were 
first proved by Lanford (1980, 1984) with the help of a computer and delicate error estimates (see 
also Babenko & Petrovich (1983, 1984) and Petrovich (1990)). Analytical proofs have been given 
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much later (see Lyubich (2000) for a survey). Feigenbaum-type universality is also proved for some 
classes of multidimensional discrete-time dynamical systems. 

Both the delayed logistic and discrete-time predator-prey models originate in a book by May- 
nard Smith (1968). The fate of the closed invariant curve while a parameter “moves” away from the 
Neimark-Sacker bifurcation was analyzed for the delayed logistic map by Aronson et al. (1982). 


® 
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5 updates 


Bifurcations of Equilibria and Periodic 
Orbits in n-Dimensional Dynamical Systems 


In the previous two chapters, we studied bifurcations of equilibria and fixed points 
in generic one-parameter dynamical systems having the minimum possible phase 
dimensions. Indeed, the systems we analyzed were either one- or two-dimensio- 
nal. This chapter shows that these bifurcations occur in “essentially” the same way 
for generic n-dimensional systems. As we shall see, there are certain parameter- 
dependent one- or two-dimensional invariant manifolds (called center manifolds) on 
which the system exhibits the corresponding bifurcations, while the behavior off the 
manifolds is somehow “trivial,” for example, the manifolds may be exponentially 
attractive. 

Systems restricted to their center manifolds are thus described by one- or two- 
dimensional ODEs or maps depending on one parameter. The bifurcation scenarios 
are determined by the coefficients of the corresponding normal forms of the restricted 
systems at the bifurcation parameter values. Below we derive explicit invariant for- 
mulas for the critical normal form coefficients of the restricted systems and the 
quadratic approximations to the center manifolds at the bifurcation parameter val- 
ues. It turns out that computing the normal form coefficients and the center manifold 
approximations can be combined in a single recursive procedure that will be carried 
out for all studied codimension | bifurcations of equilibria and fixed points in generic 
n-dimensional systems. 

Then we turn our attention to bifurcations of limit cycles in ODEs. Applying the 
obtained results to Poincaré maps, we can introduce and study all three local bifur- 
cations of cycles, i.e., their saddle-node, period-doubling, and torus bifurcations. In 
Appendix A, we introduce an alternative method to study bifurcations of limit cycles 
that is called the periodic normalization and which completely avoids the Poincaré 
map reduction. Here we also apply a combined reduction/normalization method to 
derive explicit invariant formulas for the coefficients of the normal forms of ODEs 
restricted to certain periodic center manifolds near the critical limit cycle. These 
invariant manifolds are two-dimensional for the fold and period-doubling bifurca- 
tions and three-dimensional for the torus case. The formulas for the coefficients 
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involve solutions of some boundary-value problems on an interval, written in terms 
of the partial derivatives of the original ODE evaluated at the periodic solution. 

For several types of the continuous-time infinite-dimensional dynamical sys- 
tems, the Center Manifold Theorem remains valid (see the bibliographical notes 
in Appendix D). This allows one to compute the first Lyapunov coefficient for Hopf 
bifurcation in such systems practically following the finite-dimensional derivation. 
In Appendices B and C, we consider reaction-diffusion systems on an interval and 
systems of ordinary differential equations with a finite number of delays, respectively, 
to illustrate the necessary modifications of the technique to handle Hopf bifurcation 
in these two important classes of the infinite-dimensional systems. 


5.1 Center Manifold Theorems 


We are going to formulate without proof the main theorems that allow us to reduce 
the dimension of a given system near a local bifurcation. Let us start with the critical 
case; we assume in this section that the parameters of the system are fixed at their 
bifurcation values, which are those values for which there is a nonhyperbolic equi- 
librium (fixed point). We will treat continuous- and discrete-time cases separately. 


5.1.1 Center Manifolds in Continuous-Time Systems 


Consider a continuous-time dynamical system defined by 
c= f(r), ceR’, (5.1) 


where f is sufficiently smooth, f (0) = 0. Let the eigenvalues of the Jacobian matrix A 
evaluated at the equilibrium point 7p = Obe Aj, Az, ..., An. Suppose the equilibrium 
is not hyperbolic and that there are thus eigenvalues with zero real parts. Assume that 
there are n+ eigenvalues (counting multiplicities) with Re \ > 0, no eigenvalues with 
Re A = 0, and n_ eigenvalues with Re A < 0 (see Fig. 5.1). Let T° denote the linear 
(generalized) eigenspace of A corresponding to the union of the ng eigenvalues on 
the imaginary axis. The eigenvalues with Re \ = 0 are often called critical , as is the 
eigenspace T°. Let y’ denote the flow associated with (5.1). Under the assumptions 
stated above, the following theorem holds. 


Theorem 5.1 (Center Manifold Theorem) There is a locally defined smooth no- 

dimensional invariant manifold W;,.(O) of (5.1) that is tangent to T° at x = 0. 
Moreover, there is a neighborhood U of x9 = 0, such that if y'x € U for all 

t > 0 < 0), then y'x > W{,.(0) for t > +00 (t > —o0). 
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Fig. 5.1 Critical eigenvalues Im A 
of an equilibrium 


Re A 
no 


ne ny 


Definition 5.1. The manifold W,,.. is called the center manifold. 


We are not going to present the proof here. If n, = 0, the manifold W,;,. can be 
constructed as a local limit of iterations of T° under y!. From now on, we drop 
the subscript “loc” in order to simplify notation. Figures 5.2 and 5.3 illustrate the 


Fig. 5.2 A one-dimensional 
center manifold at the fold V2 
bifurcation A2 |Ai 


ca 


Zr) 


we 


Fig. 5.3. A two-dimensional 
center manifold at the Hopf 
bifurcation 


Im v1 
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theorem for the fold bifurcation on the plane (n = 2,9 = 1, n_ = 1) and for the 
Hopf bifurcation in R (n = 3, no = 2, n_ = 1). Inthe first case, the center manifold 
W° is tangent to the eigenvector corresponding to \; = 0, while in the second case, 
it is tangent to a plane spanned by the real and imaginary parts of the complex 
eigenvector corresponding to A; = iwo, wo > 0. 


Remarks: 

(1) The second statement of the theorem means that orbits staying near the equi- 
librium for ¢ > 0 or t < 0 tend to W° in the corresponding time direction. If we 
know a priori that all orbits starting in U remain in this region forever (a necessary 
condition for this is n+ = 0), then the theorem implies that these orbits approach 
W°(0) as t > +00. In this case the manifold is “attracting.” 

(2) W° need not be unique. The system 


“= 2’, 
y= —y 
has an equilibrium (x, y) = (0, 0) with A; = 0, A2 = —1 (a fold case). It possesses 
a family of one-dimensional center manifolds: 


W;00) ={@,y) : y= Ya(a)}, 
where 


_\ _ J Bexp (+) fora < 0, 
bela) = 0 for x > 0, 


(see Fig. 5.4(a)). The system 
b= -y-a(0? +97), 


y=u—y(aty’), 
zg=-z 


has an equilibrium (x, y, z) = (0, 0, 0) with A}. = +7, A3 = —1 (Hopf case). There 
is a family of two-dimensional center manifolds in the system given by 


W;0) ={@, y,2) : z= dea, y}, 


where 


og(x,y) = Gexp (-zs) for x? + y? > 0, 
| 0 for = y = 0, 


(see Fig. 5.4(b)). As we shall see, this nonuniqueness is actually irrelevant for appli- 
cations. 
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y Ws z 
0 x 0 p 
W5 
(a) (b) 


Fig. 5.4 Nonuniqueness of the center manifold at (a) fold and (b) Hopf bifurcations 


(3) A center manifold W° has the same finite smoothness as f (if f € C* with 
finite k, W° is also a C* manifold) in some neighborhood U of xo. However, as 
k; — oo the neighborhood U may shrink, thus resulting in the nonexistence of a C° 
manifold W° for some C® systems (see Exercise 1). > 


To characterize dynamics near a nonhyperbolic equilibrium x) = 0 more explic- 
itly, write (5.1) in an eigenbasis formed by all (generalized) eigenvectors of A (or 
their linear combinations if the corresponding eigenvalues are complex). Collecting 
critical and noncritical components, we can then rewrite (5.1) as 

u= Bu+g(u, v), 
v= Cv+h(u, v), (5.2) 


where u € R™, v € R"+t"-, Bis anno X no matrix with all its no eigenvalues on the 
imaginary axis, while C is an (ny + n_) x (n+ + n_) matrix with no eigenvalue on 
the imaginary axis'. Functions g and h have Taylor expansions starting with at least 
quadratic terms. A center manifold W° of system (5.2) can be locally represented as 
the graph of a smooth function: 


W° = {(u,v): v= V(u)} 


(see Fig. 5.5). Here V : R” — R"+*"-, and due to the tangent property of W°, 
V(u) = O((lull’). 


Theorem 5.2 (Reduction Principle) System (5.2) is locally topologically equiva- 
lent near the origin to the system 


' Actually, any basis in the noncritical eigenspace is allowed. In other words, the matrix C may not 
be in real canonical (Jordan) form. 
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Fig. 5.5 Center manifold as 
the graph of a function 
v= V(u) 


(5.3) 


u= Bu+ g(u, V(u)), 
v= Cv. 


If there is more than one center manifold, then all the resulting systems (5.3) with 
different V are locally smoothly equivalent. 


Notice that the equations for u and v are uncoupled in (5.3). The first equation 
is the restriction of (5.2) to its center manifold. Thus, the dynamics of the struc- 
turally unstable system (5.2) are essentially determined by this restriction since the 
second equation in (5.3) is linear and has exponentially decaying/growing solutions. 
For example, if u = 0 is the asymptotically stable equilibrium of the restriction and 
all eigenvalues of C have negative real part, then (wu, v) = (0, 0) is the asymptoti- 
cally stable equilibrium of (5.2). Clearly, the dynamics on the center manifold are 
determined not only by the linear but also by the nonlinear terms of (5.2). 


Example 5.1 (Failure of the tangent approximation) 


Consider the planar system 


et 3 
(emis, (5.4) 


y= —y — 22”. 


There is an equilibrium at (7, y) = (0,0). Is it stable or unstable? The Jacobian 


matrix 
0) 0 
4=(5 4) 


has eigenvalues A; = 0, Az = —1. Thus, system (5.4) is written in the form (5.2) 
and has a one-dimensional center manifold W“ represented by a scalar function 


y= V(a). 
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Let us find the quadratic term in the Taylor expansion of this function: 
V(x) = Swa? +++ ‘ 
The unknown coefficient w can be found by expressing y as 
y= Vix (wa +-+-)& = wary + wat +---=w(Swt latte. , 


or, alternatively, as 


gs —y— Wer a=—(pwt arte. 


Therefore, w+ 4 = 0 and 
w= —4. 


Thus, the center manifold has the following quadratic approximation: 
_ 2 3 
V(@) = —22° + O(@), 
and the restriction of (5.4) to its center manifold is given by 
&=aV(t) +a) = —20° + 2° + O(2*) = 2° + O(c*). 
Therefore, the origin is stable and the phase portrait of the system near the equilibrium 
is as sketched in Fig. 5.6. By restriction of (5.4) onto its critical eigenspace y = 0, 


one gets 
Caan 


Fig. 5.6 Phase portrait of y 
(5.4): The origin is stable 
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(a) (b) 


Fig. 5.7 Restricted equations: (a) to the center manifold W°; (b) to the tangent line T° 


This equation has an unstable point at the origin and thus gives the wrong answer to 
the stability question. Figure 5.7 compares the equations restricted to W° and T°. © 


The second equation in (5.3) can be replaced by the equations of a standard 


saddle: ; 
oe (5.5) 


w= vw, 


with (v, w) € R” x R”+. Therefore, the Reduction Principle can be expressed 
neatly in the following way: Near a nonhyperbolic equilibrium the system is locally 
topologically equivalent to the suspension of its restriction to the center manifold by 
the standard saddle. 


5.1.2 Center Manifolds in Discrete-Time Systems 


Consider now a discrete-time dynamical system defined by 
rt f(z), ceR’, (5.6) 


where f is sufficiently smooth, f(0) = 0. Let the eigenvalues of the Jacobian matrix 
A evaluated at the fixed point xp = 0 be py, Mo, ..., fn. Recall that we call them 
multipliers. Suppose that the equilibrium is not hyperbolic and there are therefore 
multipliers on the unit circle (with absolute value one). Assume that there are n+ 
multipliers outside the unit circle, ng multipliers on the unit circle, and n_ multipliers 
inside the unit circle (see Fig. 5.8). Let T° denote the linear invariant (generalized) 
eigenspace of A corresponding to the union of no multipliers on the unit circle. Then, 
Theorem 5.1 holds verbatim for system (5.6), if we consider only integer time values 
and set p* = f*, the kth iterate of f. Using an eigenbasis of A, we can rewrite the 
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Fig. 5.8 Critical multipliers In pt 
of a fixed point 


Be. 


system as 
u But glu, v) 
(i)+ (eae eee OD) 
with the same notation as before, but the matrix B now has eigenvalues on the unit 
circle, while all the eigenvalues of C are inside and/or outside it. The center manifold 


possesses the local representation v = V(u), and the Reduction Principle remains 
valid. 


Theorem 5.3 System (5.7) is locally topologically equivalent near the origin to the 


system 
(") a a), (5.8) 


If there is more than one center manifold, then all the resulting maps (5.8) with 
different V are locally smoothly conjugate. 


The construction of the standard saddle is more involved for the discrete-time case 
since we have to take into account the orientation properties of the map in the 
expanding and contracting directions. First, suppose for simplicity that there are 
no multipliers outside the unit circle, (i.e., n; = 0). Then, if det C > 0, the map 
v +> Cv in (5.8) can be replaced by 


Vi> $Y, 


which is a standard orientation-preserving stable node. However, if det C < 0, the 
map v +> Cv in (5.8) must be substituted by 


U9, F> —ly, 


1 
ee > 7U1, 
2 
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where v; € R"-~!, uv) € R!, which is a standard orientation-reversing stable node. 
If there are now n+ multipliers outside the unit circle, the standard unstable node 
wr w, w, WwW € R"*, should be added to (5.8). The standard unstable node is defined 
similarly to the standard stable node but with multiplier 2 instead of 5 . Standard stable 
and unstable nodes together define the standard saddle map on R"-*"*. 


5.2 Center Manifolds in Parameter-Dependent Systems 


Consider now a smooth continuous-time system that depends smoothly on a param- 
eter: 
&=f(z,a), cE R", aeR'. (5.9) 


Suppose that at a = 0 the system has a nonhyperbolic equilibrium x = 0 with no 
eigenvalues on the imaginary axis and (n — no) eigenvalues with nonzero real parts. 
Let n_ of them have negative real parts, while n have positive real parts. Consider 
the extended system: 


a = 0, 

| B= f(a) — 
Notice that the extended system (5.10) may be nonlinear, even if the original system 
(5.9) is linear. The Jacobian matrix of (5.10) at the equilibrium (a, x) = (0, 0) is the 
(1+ 1) x (n+ 1) matrix 


=(;,0.0 4.0.0) 
~ { fa(0, 0) f-(0, 0) )’ 


having (no + 1) eigenvalues on the imaginary axis and (n — no) eigenvalues with 
nonzero real part. Thus, we can apply the Center Manifold Theorem to system 
(5.10). The theorem guarantees the existence of a center manifold W* Cc R! x 
R", dim W° = no + 1. This manifold is tangent at the origin to the (generalized) 
eigenspace of J corresponding to (no + 1) eigenvalues with zero real part. Since 
a = 0, the hyperplanes JT, = {(a, x) : @ = ao} are also invariant with respect to 
(5.10). Therefore, the manifold W° is foliated by ng-dimensional invariant manifolds 


We=W°N Te 


(see Fig. 5.9). Thus, we have the following lemma. 


Lemma 5.1 System (5.9) has a parameter-dependent local invariant manifold W*¢. 
Ifn4 = 0, this manifold is attracting. 


Notice that Wy is a center manifold of (5.10) at a = 0 as defined in the previous 
section. Often, the manifold W¢ is called a center manifold for all a. For each small 
|a| we can restrict system (5.9) to W¢. If we introduce a (parameter-dependent) 
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Fig. 5.9 Center manifold of 
the extended system 


a 


coordinate system on W¢ with u € R” as the coordinate,” this restriction will be 
represented by a smooth system 


i = ®(u, a). (5.11) 


At a = 0,7 system (5.11) is equivalent to the restriction of (5.9) to its center manifold 
W,5 and will be explicitly computed up to the third-order terms in Sect. 5.4 for all 
codim | bifurcations. 


Theorem 5.4 (Shoshitaishvili (1972)) System (5.9) is locally topologically equ- 
ivalent to the suspension of (5.11) by the standard saddle (5.5). Moreover, (5.11) can 
be replaced by any locally topologically equivalent system. 


This theorem means that all “essential” events near the bifurcation parameter value 
occur on the invariant manifold W¢* and are captured by the no-dimensional system 
(5.11). A similar theorem can be formulated for discrete-time dynamical systems 
and for systems with more than one parameter. Let us apply this theorem to the fold 
and Hopf bifurcations. 


Example 5.2 (Generic fold bifurcation in R?) 
Consider a planar system 


&=f(z,a), c€R’, weR’. (5.12) 


Assume that at a = 0 it has the equilibrium 7) = O with one eigenvalue A; = 0 and 
one eigenvalue Az < 0. Lemma 5.1 gives the existence of a smooth, locally defined, 
one-dimensional attracting invariant manifold W¢ for (5.12) for small |a|. Ata = 0 
the restricted equation (5.11) has the form 


& = bu? + O(u’). 


? Since Wo is tangent to T°, we can parametrize W; for small |a| by coordinates on T° using a 
(local) projection from W¢ onto T°. 
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If b 4 0 and the restricted equation depends generically on the parameter, then, as 
proved in Chap. 3, it is locally topologically equivalent to the normal form 


ui=atou’, 


where o = sign b = +1. Under these genericity conditions, Theorem 5.4 implies 
that (5.12) is locally topologically equivalent to the system 

_ 2 

a (5.13) 
v= Uv. 


Equations (5.13) are decoupled. The resulting phase portraits are presented in Fig. 
5.10 for the case 0 > 0. For a < 0, there are two hyperbolic equilibria: a stable node 
and a saddle. They collide at a = 0, forming a nonhyperbolic saddle-node point, 
and disappear. There are no equilibria for a > 0. The manifolds W¢ in (5.13) can be 
considered as parameter-independent and as given by v = 0. Obviously, it is one of 
the infinite number of choices (see the Remark following Example 5.3). The same 
events happen in (5.12) on some one-dimensional, parameter-dependent, invariant 
manifold, that is locally attracting (see Fig. 5.11). 

All the equilibria belong to this manifold. Figures 5.10 and 5.11 explain why the 
fold bifurcation is often called the saddle-node bifurcation. It should be clear how to 
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Fig. 5.10 Fold bifurcation in the standard system (5.13) foro = 1 


ae Pie 


a<0 a=0 a>0 


Fig. 5.11 Fold bifurcation in a generic planar system 
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a<0 a=0 a>0 


Fig. 5.12 Hopf bifurcation in the standard system (5.15) foro = —1 


generalize these considerations to cover the case 2 > O, as well as the n-dimensional 
case. ( 


Example 5.3 (Generic Hopf bifurcation in R°) 
Consider a system 
&=f(z,a), ce R’,aeR'. (5.14) 


Assume that at a = 0 it has the equilibrium x9 = O with eigenvalues A). = +iwo, 
wo > O and one negative eigenvalue 43 < 0. Lemma 5.1 gives the existence of a 
parameter-dependent, smooth, local two-dimensional attracting invariant manifold 
W< of (5.14) for small |a|. At a = 0, the restricted equation (5.11) can be written in 
complex form as 

Z=twozt+g(z,2, z€Cl. 


If the Lyapunov coefficient /; (0) of this equation is nonzero and the restricted equa- 
tion depends generically on the parameter, then, as proved in Chap. 3, it is locally 


topologically equivalent to the normal form 


g=(atiz+o27z, 


where o = sign /,;(0) = +1. Under these genericity conditions, Theorem 5.4 implies 
that (5.14) is locally topologically equivalent to the system 

2 . y= 

(ae Z, (5.15) 
v= —v. 


The phase portrait of (5.15) is shown in Fig. 5.10 for o = —1. The supercritical 
Hopf bifurcation takes place in the invariant plane v = 0, which is attracting. The 
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a<0 a=0 a>Q0 


Fig. 5.13 Supercritical Hopf bifurcation in a generic three-dimensional system 


same events happen for (5.14) on some two-dimensional attracting manifold (see 
Fig. 5.13). The construction allows a generalization to arbitrary dimension n > 3. © 


Remark: 

It should be noted that the manifold W¢ is not unique in either the fold or Hopf 
cases, but the bifurcating equilibria or cycle belong to any of the center manifolds (cf. 
Remark (2) after the Center Manifold Theorem in Sect. 5.1.1). In the fold bifurcation 
case, the manifold is unique near the saddle and coincides with its unstable manifold 
as far as it exists. The uniqueness is lost at the stable node. Similarly, in the Hopf 
bifurcation case, the manifold is unique and coincides with the unstable manifold of 
the saddle-focus until the stable limit cycle L,, where the uniqueness breaks down. 
Figure 5.14 shows the possible freedom in selecting W¢ in the Hopf case for a > 0 
in (p, v)-coordinates in system (5.15) with o = —1. 


ce 
Ws 


Fig. 5.14 Nonuniqueness of the parameter-dependent center manifold near the Hopf bifurcation 
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5.3 Bifurcations of Limit Cycles 


A combination of the Poincaré map reduction (see Chap. 1) and the center manifold 
approaches allows us to apply the results of Chap. 4 to limit cycle bifurcations in 
n-dimensional continuous-time systems. An alternative approach will be discussed 
in Appendix A of this chapter. 

Let Lo be a limit cycle (isolated periodic orbit) of system (5.9) at a = 0. Let Py 
denote the associated Poincaré map for nearby a; P, : & — XU, where & is a local 
cross-section to Lo. If some coordinates € = (€), 2, ..., &,—1) are introduced on &, 
then ra = P,(€) can be defined to be the coordinates of the next intersection point 
with & of the orbit of (5.9) having the initial point with coordinates € on X. The 
intersection of & and Lo gives a fixed point £ for Po: Po(&o) = €. The map P, is 
smooth and locally invertible. 

Suppose that the cycle Lo is nonhyperbolic, having no multipliers on the unit cir- 
cle. The center manifold theorems then give a parameter-dependent invariant mani- 
fold WS C & of P, on which the “essential” events take place. The Poincaré map P,, 
is locally topologically equivalent to the suspension of its restriction to this manifold 
by the standard saddle map. Fix n = 3, for simplicity, and consider the implications 
of this theorem for the limit cycle bifurcations. 


Fold Bifurcation of Cycles 


Assume that at a = 0 the cycle has a simple multiplier j4; = 1 and its other multiplier 
satisfies 0 < 2 < 1. The restriction of P, to the invariant manifold W¢ is a one- 
dimensional map, having a fixed point with yw, = | at a = 0. As has been shown in 
Chap. 4, this generically implies the collision and disappearance of two fixed points 
of P, as a passes through zero. Under our assumption on ju2, this happens on a 
one-dimensional attracting invariant manifold of P,; thus, a stable and a saddle fixed 
point are involved in the bifurcation (see Fig. 5.15). Each fixed point of the Poincaré 
map corresponds to a limit cycle of the continuous-time system. Therefore, two limit 
cycles (stable and saddle) collide and disappear in system (5.9) at this bifurcation 
(see the figure). 


Flip Bifurcation of Cycles 


Suppose that at a = 0 the cycle has a simple multiplier ~; = —1, while —1 < pi 
< 0. Then, the restriction of P, to the invariant manifold will demonstrate generically 
the period-doubling (flip) bifurcation: A cycle of period-2 appears for the map, while 
the fixed point changes its stability (see Fig. 5.16). Since the manifold is attracting, 
the stable fixed point, for example, loses stability and becomes a saddle point, while 
a stable cycle of period-2 appears. The fixed points correspond to limit cycles of the 
relevant stability. The cycle of period-two points for the map corresponds to a unique 
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ry I Lo 
i, 
a<0 a=0 a> 0 
Fig. 5.15 Fold bifurcation of limit cycles 
Lo Lo Lo 
Ly 
a <0 a=0 a>0 


Fig. 5.16 Flip bifurcation of limit cycles 


stable limit cycle in (5.9) with approximately twice the period of the “basic” cycle 
Lo. The double-period cycle makes two big “excursions” near Lo before the closure. 
The exact bifurcation scenario is determined by the normal form coefficient of the 


restricted Poincaré map evaluated at a = 0. 


Neimark-Sacker Bifurcation of Cycles 


The last codim 1 bifurcation corresponds to the case when the multipliers are com- 


plex and simple and lie on the unit circle: ~1.. = e7 


‘0 The Poincaré map then 


has a parameter-dependent, two-dimensional, invariant manifold on which a closed 
invariant curve generically bifurcates from the fixed point (see Fig. 5.17). This closed 
curve corresponds to a two-dimensional invariant torus T? in (5.9). The bifurcation 
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Lo Lo 


a <0 a=0 


Fig. 5.17 Neimark-Sacker bifurcation of a limit cycle 


is determined by the normal form coefficient of the restricted Poincaré map at the 
critical parameter value. The orbit structure on the torus T? is determined by the 
restriction of the Poincaré map to this closed invariant curve. Thus, generically, there 
are long-period cycles of different stability types located on the torus (see Chap. 7). 


5.4 Computation of Center Manifolds 


As pointed out in the previous sections, the analysis of bifurcations of equilibria and 
fixed points in multidimensional systems reduces to that for the differential equations 
(maps) restricted to the invariant manifold W‘. As should now be clear, for codim 
1 bifurcations, W¢ is either one- or two-dimensional. Since these bifurcations are 
determined by the normal form coefficients of the restricted systems at the critical 
parameter value a: = 0, we have to be able to compute the center manifold Wj and 
the normalized ODEs (maps) restricted to this manifold up to sufficiently high-order 
terms. 

In principle, these coefficients could be found by first computing the Taylor expan- 
sion of the center manifold and then evaluating the corresponding normal form coef- 
ficients. However, in this section, we derive the critical normal form coefficients 
for all codim 1 bifurcations of equilibria and fixed points using a more efficient 
combined reduction/normalization technique. In this modern approach, the center 
manifold reduction and normalization are performed simultaneously. The normal 
form coefficients and coefficients of the Taylor expansion of a function representing 
the center manifold Wj will be computed via a recursive procedure, each step of 
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which involves solving a linear system of algebraic equations®. In this section, we 
will make the computations ad hoc for each bifurcation, postponing more general 
discussion until Sects. 8.7 and 9.9. 

The method avoids the transformation of the system into its eigenbasis (i.e., to the 
form (5.2) or (5.7)). The resulting formulas involve only the critical eigenvectors of 
the Jacobian matrix and its transpose, as well as the Taylor expansion of the system 
at the critical equilibrium on the original basis. This makes these formulas equally 
suitable for both symbolic and numerical evaluation. 

The method is based on the Fredholm Alternative Theorem and can be applied not 
only to finite-dimensional systems, but also to some infinite-dimensional dynamical 
systems, with few modifications (see Appendices B and C of this chapter). 


5.4.1 Restricted Normalized Equations for ODEs 


As usual, we start with the continuous-time case. Write the system at the critical 
parameter value as 


1 1 
“= F(x), F(xv)=Axrt+ 5B, a) + EC(@, 2, x) + O(||z||*), « eR”, (5.16) 


where A is the Jacobian matrix and B(x, y) and C(2, y, z) are multilinear functions. 
In coordinates, we have 


“. #Fi(€) 
Bie = SEO) i 65.17) 
jk=l 678k leo 
and 
“. PF (6 
Ci(a, y, Z) = Arar ar|  UyjYke (5.18) 
2) DE jAEKOEL | eo 
where i = 1, 2,..., . The critical equilibrium is assumed to be x = 0. 


Fold Bifurcation 


In this case, A has a simple zero eigenvalue A; = 0, and the corresponding critical 
eigenspace T° is one-dimensional and spanned by an eigenvector gq € IR" such that 
Aq = 0, i.e., 

f&geT®, EER. 


3 Even if the center manifold is not unique, the coefficients so obtained are the same for all such 
manifolds. In the C° case, this means that these manifolds can only differ by “flat” functions. 
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Let p € R" be the adjoint eigenvector, that is, A’ p = 0, where A’ is the transposed 
matrix.* It is possible and convenient to normalize p with respect to q: (p,q) = 1, 
where (-, -) is the standard scalar product in R”. 

The critical center manifold is smooth and tangent to q at x = O. Thus, any point 
x € Wy) can be written as 


1 
a=HA(), H(é)=€¢t+ A + O(€), (5.19) 


where hz € R” is some yet unknown vector that surely exists due to Theorem 5.1. 
The restriction of (5.16) to Wg is a scalar equation of the form 


E=G(), Ge) = be? + OED), (5.20) 


where the normal form coefficient b has to be computed. 
Along solutions of (5.16) on W5, we have 


t= H(OE = Ae(OGO, 
& = F(x) = F(H(), 


so that the following homological equation holds: 
Ae (€)G(g) = F(A (é)). (5.21) 


Using the above expressions for G, H, and F, we obtain 


He(£) = q + Eho + O(€?), 
HeG(€) = b&’q + O(€), 


1 
F(H()) = A [Ah2 + Big, D1+ O(€), 


which we then should substitute into the homological equation (5.21). Collecting the 
€?-terms in this equation, we get a linear algebraic system for ha: 


Aha = 2bq — B(q, q). (5.22) 
This system is singular, since the matrix A has eigenvalue \; = 0. However, it must 
have a solution hz € R”. This solution is not unique, but any such solution—actually 
any vector h2— satisfies 


(p, Aho) = (AT p, hz) = (0, hz) = 0, 


so that computing the inner product of both sides of equation (5.22) we get 


* Recall that (~, Ay) = (A? x, y) for any x,y € R”. 
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0 = (p, 2bq — B(q, q)) = 2b(p, g) — (p, B(q, @)) = 2b — (p, Bq, ). 


This yields the following expression for the critical normal form coefficient at the 
fold bifurcation: 


1 
b= 3 (Ps B(q, q))- (5.23) 


Although to check that a fold bifurcation is nondegenerate we need only to com- 
pute b using (5.23), let us also discuss how to find hz. The following lemma follows 
from the Fredholm Alternative Theorem. 


Lemma 5.2 Let T*“ denote an (n — 1)-dimensional linear eigenspace of A corre- 
sponding to all eigenvalues other than 0. Then y € T*" if and only if (p, y) = 0. 


As we have already mentioned, the algebraic system (5.22) is singular. However, if 
bis given by (5.23) then a = 2bq — B(q, qg) € T*", since (p, a) = 0. The restriction 
of the linear transformation corresponding to A to its invariant subspace T*” is 
invertible. Thus, equation (5.22) has a unique solution hz € T*“ that we denote by 


ho = AN’ a = AlN’ (yp, Bg, MD) — BG, DI. 


In practice, one can compute w = A/V 


bordered system 
A q w\_ [a 
(> 6) (")=() sm 


for w € R” and u € R. Here gq and p are the above-defined and normalized eigen- 
vectors of A and A’ corresponding to their simple zero eigenvalue, respectively. 


a by solving the (n + 1)-dimensional 


Lemma 5.3 The (n+ 1) x (n + 1) matrix of the bordered system (5.24) is nonsin- 


gular. 
(6) (2) =(0) 629 


Proof: Indeed, 
implies 7 = 0 and € = 0, so the null-space of the bordered matrix is trivial. To verify 
this, suppose that 7 € R” and € € R! forma solution to (5.25), ice., 


ie + €¢=0, 
(p, 7) = 0. 


Taking the scalar product of the first equation with p, we obtain 
(p, An) + &(p, q) = 0. 


However, (p,q) = 1 and (p, An) = (Ap, n) = 0. Therefore, € = 0 and the first 
equation becomes 
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An= 0. 


This means that 77 is a null-vector of A and, thus, we should have 7 = yq for some 
7 € R!. The second equation then gives 


Vp, q) = 0. 


Since (p, g) = 1, we infer that y = 0, which implies 7 = 0. Thus, zero is not an 
eigenvalue of the bordered matrix and this matrix can be inverted in the ordinary 
sense. 


Suppose now that (w, w) is the unique solution to (5.24) guaranteed by Lemma 
5.3. Equivalently, 
Aw + uqg=a, 
(p, w) = 0. 
Thus, according to the second equation, w € T°". Taking the scalar product of the 
first equation with p, we now obtain 


(p, Aw) + u(p, q) = (p, a). 


As before, (p,q) = 1, (p, a) = 0, and (p, Aw) = (A’p, w) = 0. Therefore, u = 0 
and 
Aw =a. 


Thus, by definition, w = A/a. 


Remarks: 
(1) We have the following expression for b in terms of the directional derivatives 


of F: 
2 


b (p, F (€q)) 


_itid 

2ae* 0 

(2) The choice of normalization for q is irrelevant. Indeed, if the vector q 
is substituted by yq with some nonzero y € R! but the relative normalization 
(p,q) = 1 is preserved, the coefficients of the restricted equation will change, 
although the equation can easily be scaled back to the original form by the sub- 
stitution ub yu. For the quadratic term, this can easily be seen from (5.23). > 


Hopf Bifurcation 
In this case, A has a simple pair of complex eigenvalues on the imaginary axis, 


A1.2 = tiwo, wo > O, and these eigenvalues are the only eigenvalues with Re \ = 0. 
Let g € C” be a complex eigenvector corresponding to A: 
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Aq =iwog, Ag = —iwog 


(as in the fold case, its particular normalization is not important). Introduce also the 
adjoint eigenvector p € C” having the properties 


A™p=—iwop, Ap = iunp, 


and satisfying the normalization 
(p,q) = 1, (5.26) 


where (p, q) = )~_, pigi is the standard scalar product in C” (linear with respect to 
the second argument). This normalization is possible since the eigenvalues Aj. = 
iw are simple. 

The critical real eigenspace T° corresponding to +2wo is now two-dimensional 
and can be parameterized by a complex variable z, 


zqt+2qET°, z€EC. 
Then any x € Wo can be written as 


x= H(z,2), H(z,D=2zq+2G+ »- hjpziz* + O(\z\°), (5.27) 
2<jtk<3 


where hj; € C” are some yet unknown vectors that surely exist due to Theorem 5.1. 
We can assume that the restriction of (5.16) to the critical center manifold Wo is 
locally transformed to the smooth normal form 


£=G(z,2), G(z,Z) = iwoz +272 + O(|z\*), (5.28) 


where c; € C. This crucial assumption is based on the freedom in the selection of 
the center manifold coefficients h;;,. 
Along solutions of (5.16) on Wy, we have 


& = H,(z,2)2+ He(z, Zz = H,(z,DG(z,2) + Aslz, DG, D, 
&= F(z) = F(A(z,2)), 


so that the following homological equation holds: 
H(z, Z)G(z, 2) + Az(z, zZ)G(z, z) = F(A(z, Z)). (5.29) 
Now substitute G, H, and F given by (5.28), (5.27), and (5.16), respectively, into 


(5.29), and first collect the z/Z*-terms with j + k = 2. Collecting the z?-terms gives 
a linear algebraic system for h29: 
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(2iwoIn — A)h2o = Bq, q). 
This system is nonsingular, since 2iwg is not an eigenvalue of A. Thus, it has the 
unique solution 
hy = (2iwoln — A) 'B(q, q) € C”. (5.30) 
Similarly, collecting the zz-terms gives a linear algebraic system for h11, i.e., 
—Ahy = Bq, q). 
This system is also nonsingular, since 0 is not an eigenvalue of A either. Thus, 
hi = —A'Bq,@ € R”. (5.31) 
The z*z-terms in (5.29) give the following linear algebraic system: 
(iwoln — A)hai = CQ, 4, D + BG, h20) + 2B, hii) — 2c19. (5.32) 


Contrary to the previous two systems, this one is singular. Indeed, zw is an eigenvalue 
of A. However, it must have a solution h2; € C”. This solution is not unique, but any 
such solution—actually any vector hz, € C”—-satisfies 


(p, (iwoln — AYh21) = ((—iwoln — A)! p, har) = —(AT p + iwop, hat) = (0, ha1) = 0, 


so that computing the scalar product of both sides of equation (5.22) we get 


1 = = 
c= 5p, C@, 4, 9) + 2B, hit) + BGG, ha0)). (5.33) 


Recall that the first Lyapunov coefficient is defined by /; (0) = =Re c,. Taking into 
account the equations (5.30) and (5.31), we obtain the following invariant expression 
for the first Lyapunov coefficient: 


1 
(0) = a Rel. C(q, 4, D) — 2(p, Bg, A B(a, D)) 


+ (p, BG, (2iwoln — A)' Bq, @))]. (5.34) 


This formula seems to be the most convenient for the analytical treatment of the 
Hopf bifurcation in n-dimensional systems with n > 2. It does not require a prelim- 
inary transformation of the system into its eigenbasis, and it expresses /; (0) using 
original linear, quadratic, and cubic terms, assuming that only the critical (ordinary 
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and adjoint) eigenvectors of the Jacobian matrix are known?. In Chap. 10, it will be 
shown how to implement this formula for the numerical evaluation of [; (0). 

If one wants to find h3), this can be done similar to finding h2 in the fold case. 
The real eigenspace T°" corresponding to all eigenvalues of A other than Aj. = 
iw is (n — 2)-dimensional. Lemma 5.2 remains valid, i.e., y € T*“ if and only if 
(p, y) = 0. Notice that y € R” is real, while p € C” is now complex. Therefore, the 
condition (p, y) = 0 implies two real constraints on y. 

With c, defined by (5.33), where hy and hy; are given by (5.30) and (5.31), 
respectively, the right-hand side 


r=C(q, qq) + BG, h2o) + 2B(q, hii) — 2c19 


of (5.32) satisfies (p, r) = 0,1.e.,r € T°". In the invariant subspace T*", the operator 
r +> Ar is invertible and the equation (5.32) has a unique solution ho; € T°". We 
write 

hay = (iwoln — Ayr. 


Consider the complex bordered system 


pa A “) ("”) _ (;) (5.35) 


with unknowns w € C” and u € R. Here q and p are the above-defined and nor- 
malized eigenvectors of A and A’. The matrix of (5.35) is nonsingular. If (w, u) € 
C” x Ris the solution of this system, then w = (two, — A)'*’r € T* andu = 0. 

Notice that for other cubic coefficients, i.e., 39, h12, and ho3, the homological 
equation leads to nonsingular linear systems; see Sect. 8.7.3. 


Example 5.4 (Hopf bifurcation in a feedback-control system) 
Consider the following nonlinear differential equation depending on positive 
parameters (a, (3): 
By dy 
de ap 


dy 
1 = 0, 
+ Ba, + yt y) 


which describes a simple feedback-control system of Lur’e type. By introducing 
LZ) =Y, L2 = x, and x3 = Z, we can rewrite the equation as the equivalent third- 
order system 


Ly) = 2, 
xr = 73, (5.36) 
£3 = —ar3 — Ba. — 2, +23. 


For all values of (a, 3), system (5.36) has two equilibria 2 = (0, 0, 0) and a = 
(1, 0, 0). We will analyze the equilibrium at the origin. The Jacobian matrix of (5.36) 


If n = 2 the evaluation of 1;(0) by formula (3.20) might be more straightforward, particularly 
when a symbolic manipulation software is used (see Exercise 4 in Sect. 3.6). 
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evaluated at x has the form 


with the characteristic equation 
M+ad?+BA+1=0. 


To find a relation between a and ( corresponding to the Hopf bifurcation of 2, 
substitute \ = iw into the last equation. This shows that the characteristic polynomial 
has a pair of purely imaginary roots Aj. = tiw, w > 0, if 


a= ao0(Z) = 5 B>O0. (5.37) 


It is easy to check that the origin is stable if a > ap and unstable if a < ap. The 
transition is caused by a simple pair of complex-conjugate eigenvalues crossing the 
imaginary axis at \ = +iw, where 


w? = B. 


The velocity of the crossing is nonzero and the third eigenvalue \3 remains negative 
for nearby parameter values.° Thus, a Hopf bifurcation takes place. In order to analyze 
the bifurcation (i.e., to determine the direction of the limit cycle bifurcation), we have 
to compute the first Lyapunov coefficient /; (0) of the restricted system on the center 
manifold at the critical parameter values. If J; (0) < 0, the bifurcation is supercritical 
and a unique stable limit cycle bifurcates from the origin for a < ag(3). As we shall 
see, this is indeed the case in system (5.36). 

Therefore, fix a at its critical value ag given by (5.37) and leave ( free to vary. 
Notice that the elements of the Jacobian matrix are rational functions of w: 


A= 0 oO 1 
—1 -—w* -1/w? 


Since the matrix A is not in real canonical form, we will proceed by the projection 
method. 
It is easy to check that the vectors 


1 iw 
q~| w |], p~| w-1 
—w? —w? 


6 At the critical parameter value (5.37), 43 = — 5 <0. 


f 
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are eigenvectors of A and A’, respectively, corresponding to the eigenvalues iw and 
—iw, respectively: 
Aq =iwq, A’ p= —iwp. 


In order to achieve the normalization (5.26) properly, we should scale these vectors. 
The following scaling, for example, suffices: 


1 1 qw 
TS ed) PO we +H | 


The linear part of the analysis is now complete. 

There is only one nonlinear (quadratic) term in (5.36). Therefore, the bilinear func- 
tion B(x, y), defined for two vectors x = (21, 42, 23) € R’ andy=(y, Yo, y3)€R? 
(see (5.17)), can be expressed as 


0 
B(x, y) = 0 ; 
221Y1 
while C(x, y, z) = 0. Therefore, 
0 0 
BG Q=BaQ= | 9 |=] 0], 
2q¢ 2 


and solving the corresponding linear systems yields 


—2 
s=A'BG.D={ 0 
0 
and 
) 1 
= QiwE — A)'B(q, d = -——-—= 2% 
r= (iw ) BY.) 3 + Diw) ne 
—4w 
Finally, formula (5.34) gives the first Lyapunov coefficient 
w(1 + 8w°) 


1 
1, (0) = — Re(—4p 2p3qiri) = 
10) = 5— Re(—4psqisi + 2psqir) (+409 +0) 
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We can now return to the parameter 3 by making the substitution w? = (3: 


(1+86°)8./8 <0 
(La?) (lB?) 


(0) = 


The Lyapunov coefficient is clearly negative for all positive 3. Thus, the Hopf bifur- 
cation is nondegenerate and always supercritical. > 


5.4.2 Restricted Normalized Equations for Maps 


Now we compute the critical normal form coefficients for the discrete-time case. 
Write the map at the critical parameter value as 


1 1 
tre F(x), F(a)=Axt+ 3 BG, x)+ a x, £)+ O(|lz|I), 2 eR”, (5.38) 


where A is the Jacobian matrix and B(x, y) and C(a, y, z) are the multilinear func- 
tions given by (5.17) and (5.18), respectively. The critical fixed point is assumed to 
be at x = 0. 

The following calculations will closely resemble those of the previous sections. 


Fold Bifurcation 


In this case, A has a simple eigenvalue j4; = 1, and the corresponding critical 
eigenspace T° is one-dimensional and spanned by an eigenvector q € IR” such that 
Aq = q. Let p € R” be the adjoint eigenvector, that is, A’p = p, where A’ is the 
transposed matrix. We normalize p with respect to g by assuming that (p, gq) = 1. 

The critical center manifold is smooth and tangent to q at x = O. Thus, any point 
x € Wy can be written as 


1 
r= H(§), H(§) =fq+ 5@hn + O(€), (5.39) 


where h» € IR” is some vector that exists due to Theorem 5.3. 
The restriction of (5.38) to Wo is a scalar map 


ER GO, GO =£+ b+ 0(€), 


where the normal form coefficient b is to be found. 
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The invariance of the center manifold leads to the homological equation 
F(A (&)) = H(G(§)). 
We have 


F(H(®) = A(Eq+ 5ho€? +---) +5 BEqt-:: .€gt- +e, 
H(G(®) = (€ +02 +++ )q+ tho(E+---)? +-- 


Comparing the €?-terms gives the equation for hz: 
(A — In)h2 = —B(q, @) + 209. 


It is singular since 4; = 1 is the eigenvalue of A. Exactly as in the fold case for 
ODEs, its solvability implies 


1 
b= 75 (Ps B(q, q)). (5.40) 


Moreover, with thus defined b, the unique solution hz satisfying (p, hz) = 0 is hz = 
(A — I,)'X" [2bq — B(q, q)]; see equation (5.24). 
Flip Bifurcation 


Suppose js; = —1 is a simple eigenvalue of A and assume that it has no other critical 
eigenvalues. Introduce vectors g, p € IR”, such that 


Aq =—-4q, A’p= —P, (D, q) =. 


The critical center manifold is one-dimensional, smooth, and is tangent to q at x = 0. 
Thus, any point x € Wo can be written as 


1 1 
a= H(€), H(6)=€q+ x hok? + gist + o€'), (5.41) 


where h2,3 € IR” are some vectors that exist due to Theorem 5.3. 
We assume that the parametrization (5.41) is selected such that the restriction of 
(5.38) to the one-dimensional center manifold W5 has the normal form 


Er -€4+ c+ 00, EER, (5.42) 
where cis the flip normal form coefficient. This is the same combined reduction/nor- 


malization technique that was employed to compute the first Lyapunov coefficient 
for Hopf bifurcation. 
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The €?-terms in the homological equation (expressing the invariancy of W6), 
F(A (§)) = H(G()), 

give the following linear algebraic system for ha: 
(A — In)h2 = —B(q, q). 


Since . = | is not an eigenvalue of A, the matrix (A — /) is nonsingular and can be 
inverted. Thus, 
ho = —(A— In) |B, ). (5.43) 


The €?-terms in the homological equation give the linear system for h3: 
(A+ Dh3 = 6cq— CG, 4g, 9) — 3B(q, hz). 


This system is singular, since (A + J;,)q = 0, but has a solution. Thus, taking the 
scalar product of both sides of the system with vector p, we see that 


(p, 6cq — C(q, g, g) — 3.B(q, h2)) = 9, 


implying 


1 1 
c= GP CqaaQM) + 3 (P B(q, hz)). 


Taking into account hz = —(A — J)~'B(q, q), we see that the critical normal form 
coefficient can be computed by the following invariant formula: 


c= (0, CQ, a, M) — (0, Bq, (A— In) 'B@,)). (5.44) 
This quantity determines the nondegeneracy of the flip bifurcation and allows us to 
predict the direction of bifurcation of the period-two cycle. 
With c defined by (5.44), the unique solution h3 satisfying (p, h3) = 0 is h3 = 
(A+ I,)!%" [6cq — C(q, g, ¢) — 3B(q, h2)]; see equation (5.24) for the practical 
computation. 


Neimark-Sacker Bifurcation 
In this case, A has a simple pair of complex eigenvalues (multipliers) on the unit 


circle: [11,. = e*', 0 < 0 < 7, and these multipliers are the only eigenvalues of A 
with || = 1. Let g € C” be a complex eigenvector corresponding to /4: 


—i0o = 


Ag = eg, Aq=e "°q. 
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Introduce also the adjoint eigenvector p € C” having the properties 


iOy = 


A’p= ep, Alp= eH, 


and satisfying the normalization 
(p,q) = 1, 


where (p, q) = )~"_, pig; is the standard scalar product in C”. 
The critical real eigenspace T° corresponding to j1),2 is two-dimensional and any 
x € T° can be written—as in the Hopf case—as 


r= 2q+ 24, 


so that variable z € C could be concidered as a coordinate in T°. 
The critical center manifold is two-dimensional, smooth, and tangent to T° at 
x = 0. Thus, any point x € Wy can be written as 


1 2, 
v= H(z,2)=2z¢g+2G+ PS ap hanelz + O(\z|*), (5.45) 
2<j+k<3 %" 


where hj, € C” are some complex vectors that exist due to Theorem 5.3. 
As before, we assume that the parametrization (5.45) is selected such that the 
restriction of (5.38) to the two-dimensional center manifold W5 has the normal form 


ze G(z,Z), Glz,2Z) =e z+ 2°24+ O(\z|y, zeEC, (5.46) 
where c, € C is the Neimark-Sacker normal form coefficient. 
The invariancy of the center manifold Wj represented as the graph of x = H(z, z) 
can be written as the homological equation 


F(H(z,2)) = H(G(z, 2)). (5.47) 


Quadratic terms in (5.47) give nonsingular linear algebraic systems for hao and 
hy, from which we get 


hao = (€7"° In — A)' BQ, @), (5.48) 
hit = Un — A) 'B@, O.- (5.49) 


However, the z*2Z-terms lead to the singular system 
(eI, — Aha = C(q, 4, D + BG, hao) + 2B(q, his) — 2c14. (5.50) 


The solvability of this system implies 
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(p, C(q, 4, 9 + BC, hao) + 2B(q, his) — 2c1g) = 0, 


so the cubic normal form coefficient can be expressed as 


1 - 7 
c1 = 5(p, C@, 4, ) + BG, hao) + 2B, hit)), (5.51) 


where hag and hy; are defined above. Recall that the direction of the bifurcation of 
the closed invariant curve is determined by the sign of 


a= Re(e~¢)). 
Using formula (5.51) with the coefficients h29 and h,; defined by equations (5.48) 
and (5.48), respectively, we obtain the following invariant expression: 


1 ‘ 
a= 5Re(e“™ [(p, Ca. 4. D) + 2p, BOG, Un — A)! BG, )) 
+ (p, BG, (eI, — A)"'B(q, @))]) - (5.52) 


This compact formula allows one to verify the nondegeneracy of the nonlinear terms 
at a nonresonant Neimark-Sacker bifurcation of n-dimensional maps with n > 2. 
Note that all the computations can be performed in the original basis. 

Fix c; given by (5.51) with hog and hj; defined by (5.48) and (5.49), respectively. 
Similar to the Hopf bifurcation case, the unique solution hz; € T°” of (5.50) can be 
computed using the formula 


hoy = (eT, — A)” [C(q, 4g, D + BY hao) + 2B(q, his) — 2e141. 


5.5 Exercises 


(1) (Finite smoothness of the center manifold) Consider the system (Arrowsmith & Place 1990) 


Show that the system has a center manifold given by y = V(a, z), where V is a C® function in z if 
Z< é but only a C4 function in x for z < i (Hint: Obtain the coefficients a;(z) of the expansion 
Va2a=> j=0 8 (z)x/ and analyze their denominators.) 


(2) (No Neimark-Sacker bifurcation in the Lorenz system) Prove that the Neimark-Sacker bifur- 
cation of a limit cycle never occurs in the Lorenz (1963) system: 


&=-ox+oy, 
y= —-az+ra-—y, (E.1) 
z= ry — bz, 
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where the parameters (c, 17, b) are positive. (Hint: Use the formula for the multiplier product and 
the fact that div f = —(o0 + b+ 1) < 0, where f is the vector field given by the right-hand side of 


(E.1).) 
(3) Prove Lemma 5.2. 


(4) (Feedback-control model of Moon & Rand (1985)) Show that the origin (x, y, z) = (0, 0, 0) 
of the system 


t=y, 
y = —x“ — xv, 
b= —vt+az? 


is asymptotically stable if ~ < 0 and unstable if a > 0. 


(5) (Center manifold in the Lorenz system) 

Compute the second-order approximation to the family of one-dimensional center manifolds of 
the Lorenz system (E.1) near the origin (x, y, z) = (0, 0, 0) for fixed (a, b) and r close to rp = 1. 
Then, calculate the restricted system up to third-order terms in €. (Hint: See Chap. 7.) 


(6) (Hopf bifurcation in the Lorenz system) 
(a) Show that for fixed b > 0, 0 > b+ 1, and 


a(o+b+3) 


ao—b-1 2) 


n= 
a nontrivial equilibrium of (E.1) exhibits a Hopf bifurcation. 
(b) Prove that this Hopf bifurcation is subcritical and, therefore, gives rise to a unique saddle 
limit cycle for r < r; (Roshchin 1978). 
(Hints: (Shilnikov et al., 2001, pp. 877-880) 
(i) Write (E.1) as a single third-order equation 


a a oye” i ve peas ae 
T Ha 6 ou. 
x x 


EHotb+HE+ 00+ 0)@+ bol —r)e= 


(ii) Translate the origin to the equilibrium by introducing the new coordinate € = x — xo, where 
xo = J/b(r — 1), thus obtaining the equation 


Et(o+b+ DE +O +0) + ad]é + [bol — 1) +3003] = fEE8, (E.3) 
where 

& os e ites io » Leo. 1 oo 
FE, E,8) = —30age? — 2apéé + 72? + —8 — 0 — PE - SP — See +... 

XO xO airy airy 
and the dots stand for all higher-order terms in (€, é ; é ). 
(iii) Rewrite (E.3) as a system 
U=AU+F(U), U=(£,5 eR’. (E.4) 


Find the eigenvector and the adjoint eigenvector of A corresponding to its purely imaginary eigen- 
values (when (E.2) is satisfied). 

(iv) Compute the first Lyapunov coefficient /; for (E.4) using (5.34). Substitute o = o* + b+ 1 
and show that ; is positive for all positive o* and b. Symbolic manipulation software is useful here, 
but not necessary.) 
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(7) Prove that the origin (x, y) = (0, 0) is a stable fixed point of the planar map 


Gr (4 )G)-() 


using (a) transformation to its eigenbasis (Hint: See Wiggins (1990, pp. 207—209)); (b) the technique 
from Sect. 5.4 in this chapter (Hint: Do not forget that the matrix (A — /2) is noninvertible in this 
case.) 


(8) (Hénon map revisited) Consider the Hénon (1976) map 


G)(e-f-}: 


Prove that fold and flip bifurcations of its fixed points (see Example 4.1 in Chap. 4) are nondegenerate 


for 8A +1. 


(9) (Adaptive control system of Golden & Ydstie (1988)) 
(a) Demonstrate that the fixed point (xo, yo, 20) = (1, 1, 1 — b — k) of the discrete-time dynam- 
ical system 


a y 

ba +k + yz 
ylr iy 
z z ae ee 1) 


exhibits the flip bifurcation at 


be 1 ! + : k, 
2 4A(c+1) 


and the Neimark-Sacker bifurcation at 


c+1 


bvs = —-——. 
NS Pre) 


(b) Determine the direction of the period-doubling bifurcation that occurs as b increases and 
passes through br. 

(c) Compute the normal form coefficient and show that the Neimark-Sacker bifurcation in the 
system under variation of the parameter b can be either sub- or supercritical depending on the values 
of (c, k). 


(10) (Hopf bifurcation in Brusselator; read Appendix B first) The Brusselator on the unit interval 
is a reaction-diffusion system with two components 


ax PX P 
eo ae (B+1)X4+ XY, 
xe 6d ae BX — X’Y. 

Ot Or2 * : 


where X = X(r,t), Y=Y(r,t); r € [0,7]; t>0; A, B,d,@ > 0 (see Chap. 1 and Lefever & 
Prigogine (1968)). Consider the case when X and Y are kept constant at their equilibrium values at 
the end points: 


XO0,0)=X@,)=C, YO0)=¥ia,)= = 
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Fix 


1 
Co =1, do =2, ==, 
0 0 0= 5 


and show that at 


Bo =1+ Ci +do(1 +0) =5 


the system exhibits a supercritical Hopf bifurcation giving rise to a stable limit cycle (periodic 
standing wave). (Hint: See Auchmuty & Nicolis (1976) and Hassard et al. (1981).) 


(11) (Hopf bifurcation in Hutchinson-Wright model; read Appendix C first) Consider the 
following population model 


dN (t) N(t—T) 

—— =r(1- ———]N@, 
dt ( K ® 

where N(¢) is the population size at time t > 0 andr, K, T > 0 are parameters. The growth rate 

N(t) depends on the population size at ¢ but also on its size at time ¢ — T in the past. Scaling time 


with t = Ts and defining 
N(Ts) 
a(s) = - 


1 
yield a delay differential equation 
“z(s) = —ax(t — 1)(1+2(0)), 


where a = rT is the new parameter. Prove that at 


w= S 
the trivial equilibrium z = 0 exhibits a supercritical Hopf bifurcation generating a stable periodic 
solution that exists for small a > ao. (Hint: See Hassard et al. (1981).) 


(12) (Hopf transversality condition) Let A(a) be a parameter-dependent real (nm x n)-matrix 
which has a simple pair of complex eigenvalues Aj ,(a) = (a) + iw(a), (0) = 0, w(0) > 0. 
Prove that 


LO) = Re (p, A’(0)q), 
where q, p € C” satisfy 


A(0)q = iw(0)q, AT (0)p = —iw(O)p, (p,q) = 1. 


(Hint: Differentiate the equation A(a)q(a) = A; (a)q(a@) with respect to a at a = 0, and then 
compute the scalar product of both sides of the resulting equation with p.) 


5.6 Appendix A: Periodic Normal Forms for Bifurcations 
of Limit Cycles 


Here we introduce a method to study bifurcations of limit cycles that is called the periodic nor- 
malization and which completely avoids the Poincaré reduction for the original ODE system. We 
apply the combined reduction/normalization technique to derive explicit invariant formulas for the 
coefficients of the periodic normal forms of ODEs restricted to certain periodic center manifold 
W> C R" near a nonhyperbolic limit cycle. This invariant manifold is two-dimensional for the fold 
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and period-doubling bifurcations and three-dimensional for the torus case. The formulas for the 
critical coefficients involve solutions of some linear boundary-value problems on a finite interval, 
written in terms of the partial derivatives of the original ODE evaluated at the periodic solution. In 
practice, these boundary-value problems have to be solved numerically. 


5.6.1 Periodic Center Manifolds 


First consider the critical case. Assume that a smooth system 
&= f(r), ceR", (A.1) 


has a nonhyperbolic limit cycle Lo and the corresponding solution is To-periodic. The mon- 
odromy matrix M(7o) of Lo introduced in Chap. | has n eigenvalues (counting multiplicities): 
[1 H2,--+5 n—1, Un, Where jt, = 1. The first n — 1 eigenvalues of M(TJo) are the multipliers of 
the fixed point of the Poincaré map P : © — & associated with cycle Lo. We assume that the 
cross-section & is a hyperplane orthogonal to Lo at a point x9 € Lo. The linear part of P has an 
invariant no-dimensional eigenspace T° C ¥ corresponding to the nontrivial critical multipliers 
with |,| = 1. Since Lo is nonhyperbolic, either the trivial multiplier jz,, = 1 is not simple, or there 
are nontrivial critical multipliers on the unit circle. 


Theorem 5.5 (Periodic Center Manifold Theorem) There is a locally defined smooth (no + 
1)-dimensional invariant manifold W5 of (A.1) that contains the nonhyperbolic cycle Lo. The 
intersection of W6§ with & is tangent at xo to T°. 

Moreover, there is a neighborhood U of Lo, such that if y'x € U for all t = 0 (t < 0), then 
pla > Wé fort > +00 (t > —00). 


Definition 5.2. The manifold W, is called the periodic center manifold. 
For a parameter-dependent smooth system 
z= f(z,a), ceR",veR, (A.2) 


that coincides with (A.1) at a = 0, there is a smooth continuation W£ of the critical periodic 
center manifold Wy for small |a|. The manifold W{ is locally defined, (no + 1)-dimensional, 
smooth, invariant, and has the same convergence properties as W5. This manifold W{ is called 
the parameter-dependent periodic center manifold. If M(To) has no multipliers with || > 1, the 
manifold W¢ is locally exponentially attracting; if M(7o) has no multipliers with |j.| < 1, this 
manifold is locally exponentially repelling. When multipliers are present both inside and outside 
the unit circle, the orbits near W£ exhibit saddle behavior: A typical orbit first approaches the 
manifold before eventually departing from it. 


5.6.2 Periodic Normal Forms for Codim I Bifurcations of 
Limit Cycles 


Varying the parameter and tracing a hyperbolic limit cycle in (A.2), we may encounter a critical 
parameter value, say « = 0, where the cycle loses hyperbolicity, so that either 


(i) M(To) has a multiple eigenvalue jz, = 1; or 
(ii) M(To) has an eigenvalue jz) = —1; or 
(iii) M(To) has a pair of complex eigenvalues 41.2 = e+! with 0 < 0 <7. 
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As we know already, all three cases generically lead to cycle bifurcations: When the parameter a 
crosses its critical value, the local phase portrait in a fixed neighborhood of the critical cycle changes 
qualitatively. Clearly, each bifurcation happens essentially on a parameter-dependent periodic center 
manifold W¢. Generically, for cases (i) and (ii), dim WS = 2 (so that W¢ is a surface in R"), while 
in case (iii) dim WS = 3. We will parametrize WS by (7, €), where 7 € [0, Tp] or [0, 27], and € is 
a real or complex coordinate, depending on the critical case. 


Limit Point (Fold) of Cycles 


Assume that case (i) occurs at a = 0 and that Lo is the corresponding critical cycle with period 
To. Generically, the eigenvalue j4, = 1 of the monodromy matrix M (7) is double non-semisimple 
and corresponds to a two-dimensional Jordan block, while there are no other critical multipliers of 
M(To). 

In this case, there is a two-dimensional critical periodic center manifold (surface) Wj. Near the 
cycle Lo, the manifold W¢ is a simple smooth band (see Fig. 5.18 for an illustration in R>). It is 
possible to select the (€, 7)-coordinates in Wy with 7 € [0, Zo] such that the restriction of (A.1) to 
this manifold will take the periodic normal form 


dt oe 3 

ie € + af + Of), 

dé (A.3) 
aC 3 

roa b& + O(€), 


where a, b € Rand the O(€ 3)-terms are To-periodic in rT. Notice that (A.3) is an autonomous system 
with one cyclic variable 7 (mod To) and, thus, can be treated as a system on a cylinder. 

For small |a|, there exists a continuation W{ of W that is also a smooth two-dimensional 
invariant surface for (A.2). If b #0, then the restriction of (A.2) to Wf can be written using 
appropriate coordinates (7, €) in WS as the autonomous system 


dr 4 3 
7 = 1+v(a)—€+a(ayf + Of), 
lg (A.4) 


FG = w+ be? + O(€3), 


where 3(0) = (0) = 0 and (a(0), b(0)) coincide with (a, b) introduced in (A.3). Note that the 
O(é?)-terms in (A.4) can smoothly depend on « but are still Ty-periodic in 7. Truncating these 


Fig. 5.18 Critical center Lo 
manifold Wj at the LPC 
bifurcation 
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a<0 a=0 a>0 


Fig. 5.19 Periodic fold bifurcation in R? for b > 0, 3’(0) > 0, and |p3| <1 


terms, we recognize in the second equation a normal form for the fold bifurcation of equilibria. 
Thus, if (0) 4 0 and (’(0) # 0, the truncated periodic normal form (A.4) predicts a collision and 
the disappearance of two cycles L1,2 on W¢ at a = 0, since the first equation in (A.4) describes a 
monotone motion along the cycle. The same phenomenon occurs in the full normal form, as can be 
proved by considering the scalar Poincaré map defined by orbits of (A.4) in Wf on the cross-section 
T=0. 

Taking into account that W£ is locally attracting or repelling or saddle-type, we conclude that 
the system (A.2) exhibits a limit point cycle (LPC) (or periodic fold) bifurcation: Two hyperbolic 
cycles collide and disappear at the critical parameter value; see Fig. 5.19. 

In Sect. 5.6.3, we derive an explicit formula to compute the critical normal form coefficient b(0) 
for the LPC bifurcation. 


Period-Doubling (Flip) Bifurcation 


Assume that case (ii) occurs at a = 0 and that Lo is the corresponding critical cycle with period 
To. Generically, the eigenvalue j4; = —1 is simple and is the only nontrivial critical eigenvalue of 
M (To), so that eigenvalue fz, = | is also simple. 

In this case, there exists a critical periodic center manifold W,,, that is a two-dimensional invariant 
surface. The surface Wj near Lo is a Mobius band (see Fig. 5.20) that can be parametrized locally 


Fig. 5.20 Critical center 
manifold Wo at the 
period-doubling bifurcation 
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by (7, €). The coordinate 7 € [0, 27>] goes along the cycle Lo twice, while € is a real coordinate 
on Ws that is transverse to Lo. It is possible to select the (7, €)-coordinates on the center manifold 
such that the restriction of (A.1) to W6 will take the periodic normal form 


dt > 4 

a 1+ a&- + O(E&"), 

dé (A.5) 
& _ 63 4 

at cf + O(€"), 


where a, c € R, and the O(£4)-terms are 2Ty-periodic in T. Notice that (A.5) defines an autonomous 
ODE system on the Mobius band. The coefficient c determines stability of the critical cycle in Wy: 
if c < 0, then the cycle Lo is asymptotically stable within W); if c > 0, it is unstable. 

For small |q|, there exists a continuation W of Wo that is also a smooth two-dimensional invari- 
ant surface for (A.2). The restriction of (A.2) to Wf can be written using appropriate coordinates 
(7, €) in W§ as the autonomous system with one cyclic variable 7 (mod 27), 


dr i f 24 4 

ht =1 T v(@) T a(ay& T O (€ ), 

dé (A.6) 
Em Blog + e(ayé? + O(€4), 


where 3(0) = (0) = 0 and (a(0), c(0)) coincide with (a, c) introduced in (A.5). Note that the 
O(€*)-terms in (A.6) can smoothly depend on a but are still 27 -periodic in 7. Truncating these 
terms, we get ; 

E = Baye + clang’. 
This equation always has a trivial equilibrium € = 0 that is linearly stable if G(a) < 0 and linearly 
unstable if G(a) > 0. Provided c(0) 4 0 and (3’(0) ¥ 0, two nontrivial equilibria 


_, | Bo 
2st FES 


exist for G(a)c(0) < 0. These equilibria are stable if c(0) < 0 and unstable if c(0) > 0. This phe- 
nomenon is called the pitchfork bifurcation. Since the first equation in (A.6) describes a monotone 
motion along the cycle, the trivial equilibrium corresponds to the primary cycle, while two nontrivial 
equilibria actually correspond to one cycle L2 in WS that makes two global turns. Thus, if c(0) 4 0 
and (3’(0) # 0, the truncated periodic normal form predicts a period-doubling bifurcation on W¢ 


a<0 a=0 a>Q0 


Fig. 5.21 Period-doubling bifurcation in R? for c(0) < 0, 3’(0) > 0, and | L3| < 1 
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at a = 0. One can prove using the scalar Poincaré map defined on the cross-section T = 0 that the 
same phenomenon occurs in the full normal form (A.6); see Fig. 5.21. 

Taking into account that W‘ is locally attracting or repelling or saddle-type, we conclude that the 
system (A.2) exhibits a period-doubling (PD) (or flip) bifurcation: A hyperbolic cycle L; changes 
stability and gives birth to another hyperbolic cycle L2 of approximately double period T7(a) — 27Tp 
as a — 0. The cycle Lo exists fora > 0 ora < 0. 

In Sect. 5.6.3, we derive an explicit formula to compute the critical normal form coefficient c(0) 
for the PD bifurcation. 


Neimark-Sacker (Torus) Bifurcation 


Finally, assume that case (ili) occurs at a = 0 and that Lo is the corresponding critical cycle with 
period 7. Generically, there is a simple pair of nonreal eigenvalues j11,. = e*", such that e 4 1 
for g = 1, 2,3, 4 (no strong resonances), and M (To) has no further critical eigenvalues, other than 
one simple eigenvalue ju, = 1. 

In this case, there exists a real three-dimensional critical periodic center manifold W5 near Lo, 
that can be parametrized locally by (7, €) with 7 € [0, Jo] and € € C. 

In the absence of strong resonances, it is possible to select the (7, €)-coordinates on the critical 
center manifold such that the restriction of (A.1) to Wg will take the periodic normal form: 


dt 2 4 

— =1+alg\°+ Og"), 

ae 100 AD 
1 2.2 4 

Te = qe t HUE? + OMEN. 


where a€ R,d eC, and the O(\é|*)-terms are Tp-periodic in 7. Notice again that (A.7) is 
autonomous with one cyclic variable 7. If Re d < 0 then the cycle Lo corresponding to € = 0 
is nonlinearly stable; if Re d > 0, then the cycle Lo is unstable. 

For small |a|, there exists a continuation W{ of Wo that is also a smooth three-dimensional 
invariant manifold for (A.2). The restriction of (A.2) to W¢ can be written using appropriate coor- 
dinates (7, €) in W£ as the autonomous system with the cyclic variable 7 (mod To): 


= 14v(a) + allel? + O11, 

. (A.8) 
d& i0(a) 2 4 
-— (sc) | atk + d(adélel? + Oe. 


where 3(0) = v(0) = 0 and (T(0), 6(0), a(O), d(O)) coincides with (7p, 00, a, d) introduced in 
(A.7). The O(€*)-terms in (A.8) can smoothly depend on a and are still 7o-periodic in T. Truncating 
the O(|€ |*)-terms in (A.8), we recognize in the second equation the complex normal form for the 
Andronov-Hopf bifurcation of equilibria from Chap. 3: 


‘ e 6 
E= (G(a) + iw(a)Et+ d(WMEE, w(a) = a 


A planar system corresponding to this equation has a trivial equilibrium € = 0 that is linearly stable 
if G(@) < 0 and linearly unstable if 3(a) > 0. Moreover, if 3(a)Re d(0) < 0, this system has a 


single cycle with amplitude 
G(Q) 
Isl=4- . 
Re d(a) 
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Ly Ly 


a<0O a=0 


Fig. 5.22 Torus bifurcation in R? for Re d(0) < 0 and 3'(0) > 0) 


The cycle is stable if Re d(O) < 0 and unstable if Re d(0) > 0. Since the first equation in (A.8) 
describes a monotone motion along the cycle, the trivial equilibrium corresponds to the primary 
cycle, while the cycle in the (Re €, Im €)-variables actually corresponds to a two-dimensional invari- 
ant torus T? around the primary cycle. Thus, if Re d(0) 4 0 and (3’(0) 0, the truncated periodic 
normal form predicts the appearance of an invariant 2-torus on W when the parameter passes its 
critical value a = 0. The analysis of the two-dimensional Poincaré map defined by orbits of (A.2) 
in W¢ on the cross-section 7 = 0 shows that the same phenomenon occurs in the full normal form 
(A.8), provided no strong resonances exist (see Fig. 5.22). The exact orbit structure on the torus 
differs, however, in the truncated and the full normal forms. 

Taking into account that W£ is locally attracting or repelling or saddle-type, we conclude that 
the system (A.2) exhibits a Neimark-Sacker (NS) (or torus) bifurcation: A hyperbolic cycle changes 
stability giving birth to an invariant two-dimensional invariant torus with periodic or quasi-periodic 
motions on it. The torus exists for a > 0 or a < 0 and has the O(./Ja])-“thickness.” This torus has 
finite smoothness increasing as a — 0. Orbits on this torus can be periodic, nonperiodic but tending 
to periodic ones, or quasi-periodic. Generically, when a passes a = 0, an infinite number of LPC 
bifurcations of cycle with large periods occur. These bifurcations delimit open intervals of parameter 
a, where two hyperbolic cycles coexist on the torus. Outside these intervals, quasi-periodic orbits 
fill the torus. 

In the next section, we derive an explicit formula for the critical normal form coefficient d(0) 
that determines the direction of the torus bifurcation. 


5.6.3 Critical Normal Form Coefficients 


Let x(t) be a periodic solution to (A.1), so that x9(t) = xo(t + To), where Ty > 0 is its (minimal) 
period. Suppose that the corresponding limit cycle Lo is nonhyperbolic and exhibits one of the 
codim 1 bifurcations discussed above. Write the Taylor expansion of f near Lo as 


1 1 
f(@o() + v) = fr(xo(t)) + Au + zB v,v)+ sou v, ¥, v) + O(uI), (A.9) 
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where matrix A and multilinear forms B and C are periodic in t with period 7p. Their components 
are given by 


n 
Ofi(2) 
(A(t)v); = a Uj, 
j=l Uj le=wo(t) 
n 
Of; 
Bi(t;u,v) = >> x) Uj Uk, 
kel Ox j OX, r= (t) 
and : 
f OF fi (a 
Ci(t; u, v, w) = ye fi) UjVUKWI 
jkl=l Ox jOxpOx] x=xo(t) 


for? =1,2,...,n. 

The following (or similar) construction will often be used below. Denote by C Ka, b], R”) 
the space of k times continuously differentiable functions on [a, b], with values in R”. Let y € 
C!({0, Tp], R”) be the solution of the BVP (unique up to a sign change) 


p(t) — A(r)y(r) = 0, 7 € [0, Tol, 
(0) — p(T) = 0, 
fa’ (@@, el) dr — 1 = 0, 


and let p* EC 1((0, Tp], R”) be a nontrivial solution of the adjoint BVP 


= T * _ 
oe oe ore into 
If h € C!((0, To], R”) is a solution of the singular BVP 
fae = iy 7 €[0, Tol, (A.11) 
then g € C!({0, Jo], R”) satisfies 
To 
[ woamrar=o. (A.12) 


Indeed, taking into account (A.10), we see that this integral equals 
To 


To . 
[ (p* (7), A(T) — A(T)R(7)) dr = = (p*(r) + AT (r)g* (7), h(x) dr = 0. 


We will refer to (A.12) as the Fredholm solvability condition. If (A.12) holds, then the problem 
(A.11) is solvable and the solution is unique up to adding a scalar multiple of y. It becomes unique 
if one imposes the additional constraint 


To 
i) (g"(r), h(r)) dr = 0. 
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LPC Bifurcation 


Generically, the multiplier 4, = 1 is double non-semisimple at an LPC bifurcation and corresponds 
to a two-dimensional Jordan block, while there are no other critical multipliers of the cycle. 
In this case, the critical center manifold W§ can be parametrized locally by (7, €) as 


x= x0(T) + €v(7T) + H(7,&), 7 €[0, To], € € R, (A.13) 


where H satisfies H(7o, €) = H(0, &), and has the Taylor expansion 
1 
H(r, 8) = shane? + O€), (A.14) 


with ho(T}) = h2(0), while 


i(7) — A()v(r) — f(wo(7)) = 0, 7 € [0, Tol, 
v0) — o(T) = 0, (A.15) 
fo? (or), f@o(r)))dr = 0. 


Note that (A.15) implies 
To 
. (e*(7), F(eoln))) dr = 0, (A.16) 


for any y* satisfying (A.10). Moreover, at a generic LPC-point, we can also assume that 


To 
i (y* (7), v(r))dr = 1. (A.17) 
0 


Therefore, we can take ~* to be the unique solution of the BVP 


G(T) + AT (r)Y*(T) = 0, 7 € [0, Tol, 
p*(0) — p* (To) = 0, (A.18) 
Jo? (*@, 0@)dr -— 1 = 0. 


Let the (7, €)-coordinates with 7 (mod 7p) on the center manifold be selected such that the 
restriction of (A.1) to W§ will take the periodic normal form (A.3). Under this assumption, the 
function h2(7) can be found by solving an appropriate BVP. The coefficient b arises from the solv- 
ability condition for this BVP as an integral over the interval [0, Zo] of scalar products. Specifically, 
these scalar products involve the quadratic terms of (A.1) near the periodic solution x9 (7), the (gen- 
eralized) eigenfunction v(7), and the adjoint eigenfunction y*(7) defined by (A.18). Substitute 
(A.13) into (A.1), using (A.9), (A.3), and (A.14), as well as 


dx Oxd& | Oxdr 
dt 0€ dt ' Or dt’ 


Collecting the €°-terms in the resulting equation, we get the identity 
ro = f (xo), 


where xo is the 7o-periodic solution associated with Lo. 
The €!-terms provide another identity, namely 


v— A(rT)v — Xp = 0,7 


due to (A.15) and the previous identity. 
Finally, collecting the €?-terms, we obtain the equation for hz 
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ho — A(r)h2 = B(t; v, v) — Zax + 26 — 2bv, 


to be solved in the space of continuously differentiable vector functions on [0, 7] satisfying 
h2(To) = h2(0). The differential operator a — A(r) is singular in this space, with y = io as the 
eigenfunction corresponding to zero eigenvalue. The null-eigenfunction y* of the adjoint operator 
=# — A! (7) is defined by (A.18). Thus, the Fredholm solvability condition implies that 


dt 


Ti 
i * yt (rT), B(t; v(7), v(7)) — 2axg(7T) + 20(7) — 2bv(7)) dr = 0. 
0 


Using (A.16) and (A.17), we get the expression 


T 
b= 5 / * yt (7), B(t; v(t), v(7)) + 2A(7T)v(7)) dr. (A.19) 
0 


Here v and y* are defined by (A.15) and (A.18), respectively. Therefore, the critical coefficient b 


in the periodic normal form for the LPC bifurcation is computed. The bifurcation is nondegenerate 
if b 4 0. Note that the coefficient a does not enter in (A.19) due to (A.16). 


PD Bifurcation 


Generically, the multiplier jz) = —1 is simple at a PD bifurcation and is the only nontrivial critical 
multiplier of the cycle, while that the multiplier jz, = 1 is also simple. 
In this case, the two-dimensional critical center manifold W5 can be parametrized locally by 
(7, ) as 
x= x0(T) + €v(7) + A(t, &), 7 € [0,27], € € R, (A.20) 


where the function H satisfies H (27, €) = H(0, &). It has the Taylor expansion 


il 1 
H(r,£) = a halne Zane + O€4), (A.21) 
with h;(2T>) = h; (0), while 


v(7T) — A(r)v(7T) = 0, 7 € [0, To], 
v0) + v(To) = 0, (A.22) 
fx? (o(r), v(r))dr — 1 = 0, 
and 
v(t + To) = —v(7), T € [0, To]. 


The parametrization (A.20) provides a two-cover of the center manifold, since each point in W5 
has two representations. 

The functions hz and h3 can be found by solving appropriate BVPs, assuming that (A.1) restricted 
to W6 has the periodic normal form (A.5). Since we are at the PD point, it can also be assumed 
that x(7, €) = «(7 + To, —€) on Wo. Then it follows from (A.20) and (A.21) that ho(t + To) = 
h2(r), while h3(7 + To) = —h3(r) for 7 € [0, To]. The coefficients a and c in (A.5) arise from 
the solvability conditions for the BVPs as integrals of scalar products over the interval [0, 7p]. 
Specifically, these scalar products involve the quadratic and cubic terms of (A.1) near the periodic 
solution xo, the eigenfunction v, and a similar adjoint eigenfunction v* satisfying 


v* (7) + A? (r)u* (7) = 0, 7 € [0, To], 
v*(0) + v* (To) = 0, (A.23) 
fo’ (@*@), vr) dr — 1 = 0. 
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To derive the normal form coefficients, we proceed as in the LPC case, namely, we substitute 
(A.20) into (A.1), and use (A.9), as well as (A.5) and (A.21). 
Collecting the €°-terms in the resulting equation, we get the identity 


xo = f(z), 


where xo is the 7y-periodic solution corresponding to the cycle. 
The ¢!-terms provide the identity 
v=A(r)v, 


due to (A.22). 
Collecting the £?-terms, we obtain the equation for h2 


ho — A(r)ho = B(t; 0, v) — 2ako, (A.24) 


to be solved in the space of continuously differentiable functions on [0, 70] satisfying h2(To) = 
h2(0). In this space, the differential operator me — A(r) is singular with the null-function y = to = 


f (0). 
Thus, the following Fredholm solvability condition must hold: 


To 
[0 '@. Ber: 00, 0079) ~ 2ato(m) dr = 0. 
0 
where the adjoint eigenfunction * satisfies 


p(t) + AT (r)y* (7) = 0, TF € [0, To], 
yp" (0) — y* (To) = 9, (A.25) 
Joe), f(wo(r))) dr — 1 = 0. 


Note that 


To 
[ (g(r), fleo(r))) dr £0, 


since 0 is a simple eigenvalue of the differential operator 4. — A(r). This leads to the expression 


To 
a=5 / (o"(), Br; vr), v(a)) dr, (A.26) 
0 


where y* satisfies (A.25). 

With the coefficient a defined in this way, let hz be the unique solution of (A.24) in the space of 
continuously differentiable functions on [0, To] satisfying h2(0) = h2(To), as well as the orthogo- 
nality condition: 


To 
[ (p*(r), ha(r)) dr = 0. 


Thus, 2 is the unique solution of the BVP 


hy (rT) — A@)ha(7) — B(r; u(r), v(7)) + 2af (ao(7)) = 0, 7 € [0, Tol, 
h2(0) — h2(To) = 0, (A.27) 
Jo° (e*(@), har) dr = 0. 


Collecting the €?-terms, we get the equation for h3 


hz — A(r)h3 = C(r: 0, v, v) + 3B(7; v, hz) — 6ab — 6cu, (A.28) 
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that must be solved in the space of continuously differentiable functions on [0, 7] satisfying 
h3(To) = —h3(0). Its solvability implies 


Ti 
/ OLE HOAONO) A SEMA WO) = 6h) = 6a aaa. 
0 


Taking into account (A.22), we obtain 


qT 
c= : / TREES: C(t; v(7), v(7), v(T)) + 3B(t; v(7), ha(7)) — 6aA(7T)v(7)) dr, (A.29) 
0 


where a is defined by (A.26), hz is the solution of (A.27), and v and v* are defined by (A.22) 
and (A.23), respectively. Thus, the critical coefficient c in the periodic normal form for the PD 
bifurcation has been computed. 


NS Bifurcation 


Ata generic Neimark-Sacker bifurcation, there is a simple pair of nonreal multipliers jzy,7 = e*", 
such that e/4% # | for gq = 1, 2,3, 4 (no strong resonances), and there are no critical multipliers, 
other than one simple trivial multiplier 4, = 1. 

In this case, the three-dimensional critical center manifold Wy near the limit cycle can be 
parametrized locally by (7, &) as 


x = x9(T) + €v(r) + €0(7) + (7, 6,8), TE 0, Mo], € EC, (A.30) 


where the real function H satisfies H (To, €, r) = H(0,€, é), and has the Taylor expansion 


= 1 2 I = 
H(t, €,8) = x=hao(r)* + hi (TEE + shoal 


1 =e ae ofl 7 
+ ghs0o(re + sha (nek + 5 har yge + Z hole 
+ O(él*), 


(A.31) 


with hjj(Zo) = hij (0) and hij = hi so that 11 is real, while 


v(7) — A(r)v(7) + MO cr) = 0, T € [0, To], 
v(0) — v(T) = 0, (A.32) 
fo (0, v(x) dr — 1 = 0. 


In the abscence of strong resonances, it is possible to select the €-coordinate and 7 (mod 70) on 
the critical center manifold so that the restriction of (A.1) to Wg will take the periodic normal form 
(A.7). As in the previous cases, the functions h;;(7) can be found by solving appropriate BVPs, 
assuming that (A.1) restricted to Wj has the periodic normal form (A.7). 

Introduce the adjoint eigenfunction v* that satisfies 


‘ T 100 
U(r) + AX (7)U*(7) + at = 0, 7 € [0, To], 
0 


Jo° (w*@), v(7))dr — 1 = 0. 


Substitute (A.32) into (A.1), using (A.7), (A.9), and (A.31), as well as 
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dx Oxdé | Ox dé _ Ox dr 
dt O€ dt ' O& dt ' Or dt 


The €-independent terms in the resulting equation give the usual identity 
to = f(a). 
The €-terms give another identity, namely, 


; 100 
v—A(r)v+ —v=0)0, 
To 


while the €-terms lead to the corresponding complex-conjugate identity. 
Collecting the coefficients of the €?- or €?-terms leads to the equation 


: 2100 
hao — A(t)h20 + a hao = B(r; v, v), (A.43) 
0 


or its complex conjugate. This equation has a unique solution 29 satisfying h29(To) = h20(0), 
since e?% is not a multiplier of the critical cycle by the spectral assumptions. Thus, hg can be 
found from the BVP 


; 210 
hao (7) — A(r)ha0(7) + Fh — B(r; u(r), v(7)) = 0, 7 € [0, To], 
h20(To) — h20(0) = 0. 


(A.35) 


The |€ |?-terms give ; 
hi — A()hi = Br; v, v) — ako, (A.36) 
where h11(7o) = h11(0). The differential operator te — A(t) has a nontrivial kernel spanned by 


Zo. The null-eigenfunction of the adjoint operator — a — AT(r) is y* given by the equation 


p(t) + AT (r)y* (7) = 0, T € [0, To], 
¢* (0) — y* (To) = 9, (A.37) 
5° (ptr), f(ao(7)) dr — 1 = 0. 


Note that ie (y*(r), f(xo(7), ao))dr # 0, since the trivial multiplier 1 is simple. The Fredholm 


solvability condition implies 


To 
a= / (y* (7), Br; v(r), U(7)) dr. (A.38) 
0 


With a defined in this way, let h1; be the unique solution of (A.36) satisfying h11(7o) = hii (0) and 


To 
[ (e"(r), hu(a)) dr =0, 
namely, 


h(t) — AC) hu (7) — Br; v(7), (7) + af (wo(7), a0) = 0, 7 € [0, To], 
hi1(0) — hi (Zo) = 0, (A.39) 
So’ (e*@), hus (7) dr = 0. 


Other spectral conditions assure the solvability of linear equations for h39, h12, and ho3. Since these 
coefficients are not used below, we do not write the corresponding equations explicitly. 
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Finally, the coefficients of the €2é-terms give the singular equation for h2 
, i0o - 2 . 
ha, — Ahz, + Fp ta = 2B(t; hy, v) + B(t; hao, v) + C(t; v, v, v) — 2at — 2dv. 
0 


If one takes into account (A.32), the Fredholm solvability condition implies 


T 
d=5 / “(u* (7), B(Ts hui (1), (7) + B(rs hao (1), B(r)) + C(t; U(r), v7), B(r))) dr 
0 


T . 
= af "Ww, A(r)u(t)) dt + ae 
0 To 


(A.40) 


where a is defined by (A.38), hi, and hag by (A.39) and (A.35), respectively, and v and v* satisfy 
(A.32) and (A.33), respectively. Thus, the critical coefficient d in the periodic normal form for the 
NS bifurcation has been computed. 


5.7 Appendix B: Hopf Bifurcation in Reaction-Diffusion 
Systems 


Consider a reaction-diffusion system 


i A 
a Do + A(a)ju+ F(u, a), (B.1) 


where u = u(€, t) is a vector-valued function describing the distribution of n reacting components 
over a one-dimensional space, € € [0, 7], at time t > 0. D is a positive diagonal matrix, A(q) 
is a parameter-dependent matrix, and F = O((ull?) is a smooth function depending on a single 
parameter a. Let us assume that u satisfies Dirichlet boundary conditions: 


u(0, t) = u(r, t) =0 (B.2) 


for all t > 0. As we have seen in Chap. 1, system (B.1),(B.2) defines an infinite-dimensional dynam- 
ical system {R1, H, ',} on several function spaces H. We can take H, for example, to be the com- 
pletion of the space C2 (0, a], C”) of twice continuously differentiable, complex-valued, vector 


functions on the interval [0, 7] vanishing at £ = 0, 7, with respect to the norm ||w|| = (w, w)!/?. 
Here (-, -) is the scalar product defined on functions from Cp (0, a], C”) by 
i ms dw; dv; Pw; 20; 
(w, v) = — / (me ) dé, (B.3) 
0 d 0 nt de dé dg? ae 


where jig > 0 is aconstant to be specified later. By continuity, this scalar product can be defined for 
all u, v € H. Thus the introduced space H is a Hilbert space.’ Of course, (B.1),(B.2) also define a 
dynamical system on the real subspace of H. Actually, any orbit of {R!., H, y!} with initial point 
at ug € H belongs to C3 ((0, a], C”) for t > 0, and 


ul, t) = (pl. w() 


7 Its elements are continuous vector-valued functions defined on the interval. Thus, the pointwise 
products of a finite number of w; depend continuously on € € [0, 7]. 
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is a classical solution to (B.1),(B.2) for t > 0. 
Obviously, uo(€) = 0 is a stationary solution of (B.1). The linear part of (B.1) defines the 
linearized operator 


Py 
Lav = D2 + A(a)v, (B.4) 
which can be extended to a closed operator Ly in H. An operator defined by 
* a u iT 
Lyu= De + A’ (a)u (B.5) 


can be extended to be a closed adjoint operator L* in H with the characteristic property 
(u, Lav) = (L*u, v) 


whenever both sides are defined. An eigenvalue rj; of La is a complex number such that 
Lar = Ane for some eigenfunction y;,. Equivalently, the eigenvalues and eigenfunctions satisfy 
the following linear boundary-value spectral problem: 


Cup 
ie + Aloe = ne 


Vp) = Yea) = 0. 


D 


The spectrum of La consists entirely of eigenvalues. There is a countable number of eigenvalues. 
Any eigenfunction in this case has the form 


We (E) = Vy sin hE 
for some integer k > 1. The vector V;, € C” satisfies 


(—K?D + A(a)) Ve = An Vie 


Suppose that at a = 0 the operator La has a pair of imaginary eigenvalues +7wo and all its other 
eigenvalues lie strictly in the left half-plane of C. Assume that the eigenvalues on the imaginary 
axis correspond to k = ko, and that iwo is a simple eigenvalue of (—kxD + A(0)). The critical 
eigenspace T° C H of Lo can be parameterized by z € C since we can write any u € T° as 


u=2q+ 2%, 
where the complex critical eigenfunction is 


q() = V sin ko, 


where V € C” is the eigenvector of (kD + A(0)) corresponding to two. 

Under the formulated assumptions, there is a local two-dimensional invariant center manifold 
W< C H of the system {R,, H, gh} defined by (B.1),(B.2) which depends on the parameter a. The 
manifold is locally attracting in terms of the norm of H and is tangent to T° at a = 0. Moreover, 
the manifold is composed of twice continuously differentiable real functions. The restriction of the 
system onto the manifold W¢ is given by a smooth system of two ordinary differential equations 
that depend on a. Thus, the restricted system generically exhibits the Hopf bifurcation at a = 0, and 
a unique limit cycle appears for nearby parameter values. The bifurcation is determined by the first 
Lyapunov coefficient /; (0). If the bifurcation is supercritical, the cycle that appears is stable within 
W< and, therefore, it is stable as a periodic orbit of (B.1),(B.2) in the H-norm. This cycle describes 
a spatially inhomogeneous, time-periodic solution to the reaction-diffusion system. Solutions of 
this type are sometimes called spatial-temporal dissipative structures (standing waves). 
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It is remarkable that formula (5.34) for the first Lyapunov coefficient derived in the finite- 
dimensional case can be applied almost verbatim in the considered infinite-dimensional case. Fist 
of all, we need the adjoint eigenfunction p : Lop = —iwop. It is given by 


p() = W sin kof, 


where (—kiD + A’ (0))W = —iwoW, W € C”. Weare free to choose V and W such that 


(p,q) = 1. (B.6) 


There is a useful but simple property of the scalar product (B.3) involving an (adjoint) eigenfunction; 
namely, such a scalar product in H is proportional to the corresponding scalar product in L: 


1 
pu = + ko + kg)(p, u)t2. 


where 


ter =o [plus a. 
i=1 


Therefore, if we assume 
Ho = 1+ ko +k, 


all the scalar products can be computed in L2. The normalization (B.6) implies 
2 
(W,V)cr = = (B.7) 


As in Sect. 5.4, the linear invariant for Lp subspace corresponding to all noncritical eigenvalues 
is composed by all smooth functions v € H satisfying 


(p, v) = 0. 


Write the system (B.1) at a = 0 near the equilibrium u = 0 as an abstract ODE in the Hilbert space 
= du 

dt 
where B(-, -) and C(-, -, -) are multilinear H-valued functions on H x H and H x H x H, defined 
by the Taylor expansion of F(u, 0) at u = 0. For example, for p,q € H, the components of the 
function B(p, q) € H are defined as 


1 1 
Lou+ 5 Blu, u) 4 ZC(u, uw) + O(lull*), (B.8) 


“. OP Fi(u, 0) 
Bip, D(E) = ae pj(Eqr(€), € € [0,7], 7=1,2,...,n. 
jm O8jUR leno 


The critical center manifold Wo is tangent to T° and can be parametrized by z € C?. To compute 
the first Lyapunov coefficient, we need its cubic approximation 


1 oh 
u=2zq+2q44 > api wine, (B.9) 
2<j+k<3 "" " 


where the complex-valued functions w;, = wjx(€) are yet to be defined. These functions satisfy 
wjr(O) = wjyr(7) = 0. 
Moreover, we can assume that with the selected parametrization the restriction of the system to 
Wo has the normal form 
b= iwoz +272 + O(\z|*). (B.10) 
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Proceeding exactly as in Sect. 5.4, we can substitute (B.9) and (B.10) into (B.8) and look at equations 
for w,j, appearing at the 2/ 2* terms with 1 < j + k < 3. The z*- and z2-terms imply the following 
linear problems for w1; and w29: 


| (2iwy — Lo)w20 = BG, d), (B.11) 


—Lowi = BG, q), 


where g = q(&) is the above-defined eigenfunction of Lo. The problems (B.11) can be written in a 
more “classical” way as the boundary-value problems: 


a 
DFO) + 1A) — 2ivody wal) = Bal), 406) 
wi, 


dé 


D (€) + ACO)wii(€) = — Bla), a(€)), 


with w;;(€) vanishing at € = O and 7. These boundary-value problems have the unique solutions, 
since 0 and 22w are not in the spectrum of Lo. Also notice that all the functions on the right- 
hand side have the same spatial dependence sin*(ko€). Their exact form is determined by the 
critical eigenfunctions and the quadratic terms of F. The boundary-value problems can be solved 
numerically, for example, by the Fourier method. 

Now compute the scalar product with the adjoint eigenfunction p = p(€) with the both sides of 
the equation for w21 = wz) (€) appearing from collecting the 2*Z-terms, i.e., 


(iwo — Lo)w21 = C(q, 9, 9 + 2B(q, wit) + BG, w20) — 2c14. (B.12) 


Taking into account that (p, (wo — Lo)w21) = —((iwo + Lo)p, w21) = 0 and (p, gq) = 1, we 
obtain the following formula for the normal form coefficient c; in (B.10): 


1 : _ 
q= 3 (Ps Cq.g,9 + 2B, wit) + BG, wr9))- (B.13) 


Of course, everywhere the scalar products (-, -) are defined by (B.3). Then 


1 
1,(0) = —Re cy. 
wo 


Note that equation (B.12) is singular, since the operator (two — Lo) has a nontrivial null-space, 
because iw is the eigenvalue of Lo. Actually, (B.12) has a solution if and only if c; is defined by 
(B.13). 


5.8 Appendix C: Hopf Bifurcation in Delay Differential 
Equations 
Consider a system of delay differential equations 
rt) = fe, xt — 71), vt — 72), ..., a(t — Tm), a), (C.D) 
where f : R"°"+) x R is smooth. Here a € R is a parameter, while 


Ty <T72<-++'<Tm 
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are constant positive delays. We also let 7 = 0 and h = 7. Let x = 0 be an equilibrium (constant 
solution) of (C.1) for all a € R with |a| small. As we have seen in Chap. 1, equation (C.1) defines 
for each parameter value an infinite-dimensional dynamical system {Ri , X, y',} on the space of 
continuous functions X = C°({—h, 0], R”). The stability of the equilibrium x = 0 in this dynamical 
system is generically determined by the linear part of (C.1), 


m 


a(t) = )> An(a)a(t — Tr), 


k=0 


where A;,(@) is the Jacobian matrix of f w.r.t. its k-th vector-argument evaluated at the equilibrium 
x = 0. The roots of the characteristic equation introduced in Theorem 1.13 will now depend on a. 
Suppose that for small |a| all roots have negative real parts, except one simple pair of complex- 
conjugate roots A;,2(@) such that A19(0) = 4iwo with wo > 0. 

Under the formulated assumptions, there is a local two-dimensional invariant center manifold 
Wo CX of the system {R,, X, y!,} defined by (C.1), which depends on the parameter a. The 
restriction of the system onto the manifold W{ is given by a smooth system of two ordinary 
differential equations depending on a that exhibits a Hopf bifurcation at a = 0. Thus, generically, 
a unique limit cycle appears for nearby parameter values. The bifurcation is determined by the first 
Lyapunov coefficient. If the bifurcation is supercritical, the cycle that appears is stable within W¢ 
and, therefore, it is stable as a periodic orbit of (RL, X, yh}. 

Write the delay differential equation (C.1) at the critical parameter value a = 0 as 


“(t) = La, + F(a), (C.2) 


where x; € X is the history at time t > 0 (see Definition 1.17), and for u € C°([—A, 0], R”) 


Lu = > Ag(0)u(—T) 


k=0 
is the linear part and 


F(u) = f(u(0), w(—71), w(—7), --., W(—Tn), 0) — YF Ag O)u(—Te) 


k=0 
is a smooth nonlinear function of u € X. This function can be written as 
1 1 4 
F(u) = aa uy + Pe u, u) + O(|lull"), 
where B(-,-) and C(.,-,-) are multilinear functions on X x X and X x X x X. We leave to the 


reader writing expressions for the components of B and C in terms of the partial derivatives of f. 
One can replace (C.2) by an equivalent abstract differential equation 


ay = Ax, + Raz), (C.3) 
with 
ig 36 PSO, 
(Au)(@) = tae if 70 <6, 
and 


F(u) if  0=0, 
Ren) = | 0 if -h<6<0. 


Indeed, for 9 = 0, we obtain «(t) = La; + F(z), i-e., recover (C.2), while for @ € [—h, 0), we get 
the trivial identity 
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dxt = dx 
dt do” 
If u(t) = yuo € X is a solution of (B.1) with an initial history up € X, then 
u(t) = Au(t) + R(u(t)) (C.4) 


for t > 0. However, one should treat this differential equation with care. For a general u € 
C!({—h, 0], R”), neither Aw nor R(u) is an element of C°([—A, 0], R”), since they could have a 
discontinuity at @ = 0. 

The operator A can be considered as an unbounded linear operator in the complex Banach space 
C°({—h, 0], C”) with the definition domain 


D(A) = {v € C'((-h, 0], C") : v' (0) = Lo}. 
Its spectrum o(A) consists entirely of eigenvalues which are the roots of the characteristic equation 
det A(A) = 0, 


where 
m 


A(\) = AIn — 2S A,.(O)e*™. 
k=0 
Expanding 7(w) in (C.4) at u = 0, we get the equation 


1 1 
= Au 5 Blu, w) 4 glu u, u) + O(|lull*), (C.5) 


where B(.,-) and C(-,-,-) are multilinear functions on C°({—h, 0], C”) x C°({—h, 0], C”) and 
C°({—h, 0], C”) x C°([—h, 0], C”) x C°([—h, 0], C”) computable from the above expansion of 
F(u): 


’ _ | Biu,u) if 6=0, 
Bau = | 0 if -h<6<0, 


= C(u,u,u) if 6=0, 
coun = { 0 if -—h<0<0. 


At the Hopf bifurcation there is a simple pair of purely imaginary critical eigenvalues \; 7 = 
tiwo, wo > 0 of A and the eigenvector ¢ € C 9([—h, 0], C”) corresponding to the eigenvalue A; = 
iwg, 1.e., Ad = iwo®, is given by 


(0) = eg, (C.6) 


where q € C” is the nonzero null-vector of A(iwg), ie., satisfies A(iwo)q = 0. Notice that ¢ € 
D(A). The real critical eigenspace T° C X of A corresponding to the pair of the critical eigenvalues 
can be parametrized by z € C as 

u=2zo+2¢ET. 


The critical center manifold W5 C X is tangent to T° and can be written as 


7 1 ak 
u=2z6+2¢4 a ap wine 2, (C.7) 


j+k>2 JN 


where the functions wx € C°({—h, 0], C”), Wik = Wir (8), are to be defined. 
We can also assume that the restriction of our dynamical system to Wy is described by the 
normal form 
b= iene tavz+O(lzl, zeEC, (C.8) 
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with some c; € C. 

Proceeding exactly as in Sect. 5.4, we can substitute (C.7) and (C.8) into (C.5) and look at 
equations for wj~ = w (8) appearing at the 2) zk terms with 2 <j+k<3.The z?-and 22Z-terms 
imply the following linear problems for w 1; and wy9: 


| (2iwy — A)w29 = BP, >), (C9) 


—Awi = B(¢, >), 


where ¢ = (6) is the above-defined eigenfunction of A corresponding to the eigenvalue iwo. The 
equations (C.9) have the unique solutions w29 and wi1, since A = 2iwo and \ = 0 are not the 
eigenvalues of A. These solutions can be computed explicitly: 


ia = e709 A~! (2iwo) B(¢, @), (C.10) 


wi) = A! (O)BY, @). 
The equation for w21 = w21(@) appearing from collecting the 2?Z-terms, 
(iwo — Awa = C(¢, 6, 6) + 2B(@, wit) + BGS, wr) — 2c1¢, 


is singular, since iw is the eigenvalue of A and thus (two — A) has a nontrivial null-space. One 
can show that this equation has a solution if and only if 


1 - - 
a= 5PIC, , 0) + 2B(¢, wi1) + B(d, wr], 


where pis the left null-vector of A (iwo), i.e., pA (iwo) = 0, that is normalized such that pA’ (iwo)¢ = 
1. Using the expressions (C.10) for w29 and wi, one obtains the following rather compact formula 
for the normal form coefficient 


1 i ie 7 Ly 
1 = 5p[C(d, 6, 8) + 2B, 10) BE, 8) + BG, AA! Qiu) BOO, @))]. (C1) 


The first Lyapunov coefficient is then given by 


1,(0) = Eps Cl. 
Wo 
Recall that DDEs are the infinite-dimensional dynamical system. Nevertheless, the computation 
of 1; (0) is reduced to the finite-dimensional algebraic manipulations with the characteristic matrix 
A(A) and its eigenvectors gq and p at \ = iwo, as well as the evaluation of the multilinear forms B 
and C, which are explicitly defined by the DDE system at the Hopf bifurcation. 
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The Center Manifold Theorem in finite dimensions has been proved by Pliss (1964) for the attracting 
case n = 0 and by Kelley (1967) and Hirsch et al. (1977) in general. In the Russian literature the 
center manifold is often called the neutral manifold. Proofs of the Center Manifold Theorem can 
be found in Carr (1981) and Vanderbauwhede (1989). A very detail proof based on boundary-value 
problems is given by Shilnikov et al. (1998, Chap. 5), while that based on the graph-transform can 
be found in (Sandstede & Theerakarn 2015). Proofs of the Reduction Principles (Theorems 5.2 
and 5.3) can be found in (Kirchgraber & Palmer 1990). Topological normal forms for multidimen- 
sional bifurcations of equilibria and limit cycles are based on the works by Shoshitaishvili (1972, 
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1975), where the topological versality of the suspended system is also established, given that of the 
restricted system. The first example showing that a C® system may have no C™ center manifold 
was constructed by van Strien (1979). 

One-parameter bifurcations of limit cycles and corresponding metamorphoses of the local phase 
portraits in n-dimensional ODE systems were known to mathematicians of Andronov’s school 
since the late 1940s. Their detailed analysis via Poincaré maps can be found in Neimark (1972) 
and Butenin, Neimark & Fufaev (1976). A systematic modern presentation of these and other 
bifurcations is given in (Shilnikov et al. 2001). An alternative approach to bifurcations of limit 
cycles that is based on normal forms on periodic center manifolds is due to Iooss (1988) and is 
presented in details in (looss & Adelmeyer 1998). Notice, however, that a proof of the existence and 
smoothness of the periodic center manifold near a nonhyperbolic limit cycle remained unpublished 
until recently. 

The existence of center manifolds near steady states for several classes of partial differential 
equations and delay differential equations has been established in 1980s. The main technical steps 
of such proofs are to show that the original system can be formulated as an abstract ordinary 
differential equation on an appropriate (i.e., Banach or Hilbert) function space H, and to use the 
variation-of-constants formula (Duhamel’s integral equation) to prove that this equation defines a 
smooth dynamical system (semiflow) on H. For such flows, a general theorem is valid that guarantees 
existence of a center manifold under certain conditions on the linearized operator. See Marsden & 
McCracken (1976), Carr (1981), Hassard et al. (1981), Henry (1981), Hale (1977), Diekmann et al. 
(1995), and a more recent book by Haragus & Iooss (2011) for details and examples. 

The combined reduction/normalization technique for bifurcations of equilibria is due to Coullet 
& Spiegel (1983). However, equivalent expressions for the critical normal form coefficients for 
codim | local bifurcations could be obtained using various techniques. An invariant expression 
equivalent to (5.34) for the first Lyapunov coefficient was derived by Howard and Kopell in their 
comments to the translation of the original Hopf paper in Marsden & McCracken (1976) using 
asymptotic expansions for the bifurcating periodic solution (see also Iooss & Joseph (1980)). Inde- 
pendently, it was obtained by van Gils (1982) via the Lyapunov-Schmidt reduction and published 
by Diekmann & van Gils (1984) within an infinite-dimensional context, see also (Diekmann et al. 
1995). Computational formulas for the discrete-time flip case were given by Kuznetsov & Rinaldi 
(1991). The formula (5.52) to analyze the Neimark-Sacker bifurcation of maps was first obtained 
by Iooss et al. (1981) using asymptotic expansions for the bifurcating invariant closed curve. The 
derivation of the explicit formulas for the critical normal form coefficients of the periodic nor- 
mal forms for codim 1| bifurcations of limit cycles in Sect. 5.6.3 of Appendix A closely follows 
(Kuznetsov et al. 2005), where these formulas were first obtained. 

The Hopf bifurcation in reaction-diffusion systems has been studied by many authors, for a 
modern treatment via the combined reduction/normalization technique see (Ipsen et al. 1997; Ipsen 
& Schreiber 2000). For delay differential equations, a detailed analysis of this bifurcation is provided 
by Diekmann et al. (1995), where a formula equivalent to (C.11) in Appendix C is derived. 
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Bifurcations of Orbits Homoclinic and 
Heteroclinic to Hyperbolic Equilibria 


In this chapter, we will study global bifurcations corresponding to the appearance 
of homoclinic or heteroclinic orbits connecting hyperbolic equilibria in continuous- 
time dynamical systems. First, we consider in detail two- and three-dimensional 
cases where geometrical intuition can be fully exploited. Then we show how to 
reduce generic n-dimensional cases to the considered ones plus a four-dimensional 
case treated in Appendix A. 


6.1 Homoclinic and Heteroclinic Orbits 


Consider a continuous-time dynamical system {R!, R”, y'} defined by a system of 
ODEs 
x= f(x), L = (1, 22,...,2,) € R", (6.1) 


where f is smooth. Let x9, x(1), and x2) be equilibria of the system. 


Definition 6.1 An orbit Io starting at a point x € R” is called homoclinic to the 
equilibrium point xo of system (6.1) if y'a > x as t > too. 


Definition 6.2 An orbit Ip starting at a point x7 € R” is called heteroclinic to the 
equilibrium points (1) and x(2) of system (6.1) if p'a > a) ast > —ooandy'ax > 
Za) ast + +00. 


Figure 6.1 shows examples of homoclinic and heteroclinic orbits to saddle points 
if n = 2, while Fig. 6.2 presents relevant examples for n = 3. 

Itis clear that ahomoclinic orbit Ip to the equilibrium x9 belongs to the intersection 
of its unstable and stable sets: "9 C W"“ (x0) N W* (xo). Similarly, a heteroclinic orbit 
Ip to the equilibria x1) and x) satisfies [9 C W“(aqy) N W* (x2). It should be 
noticed that the Definitions 6.1 and 6.2 do not require the equilibria to be hyperbolic. 
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(a) (b) 


Fig. 6.1 (a) Homoclinic and (b) heteroclinic orbits on the plane 


[9 


(a) 


Fig. 6.2. (a) Homoclinic and (b) heteroclinic orbits in three-dimensional space 


Fig. 6.3. Homoclinic orbit 
T9 to a saddle-node 
equilibrium 


To 


Figure 6.3 shows, for example, a homoclinic orbit to a saddle-node point with an 
eigenvalue A; = 0. Actually, orbits homoclinic to hyperbolic equilibria are of partic- 
ular interest since their presence results in structural instability while the equilibria 
themselves are structurally stable. 


Lemma 6.1 A homoclinic orbit to a hyperbolic equilibrium of (6.1) is structurally 
unstable. 
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This lemma means that we can perturb a system with an orbit M9 that is homoclinic 
to xo such that the phase portrait in a neighborhood of Ip U xo becomes topologically 
nonequivalent to the original one. As we shall see, the homoclinic orbit simply 
disappears for generic C! perturbations of the system. This is a bifurcation of the 
phase portrait. 

To prove the lemma, we need a small portion of transversality theory. 


Definition 6.3 Two smooth manifolds M, N C R” intersect transversally if there 
exist n linearly independent vectors that are tangent to at least one of these manifolds 
at any intersection point. 


For example, a surface and a curve intersecting with a nonzero angle at some point 
in R? are transversal. The main property of transversal intersection is that it persists 
under small C! perturbations of the manifolds. In other words, if manifolds M and 
N intersect transversally, so will all sufficiently C'!-close manifolds. Conversely, 
if the manifolds intersect nontransversally, generic perturbations make them either 
nonintersecting or transversally intersecting. 

Since, in this chapter, we deal exclusively with the saddle (or saddle-focus) hyper- 
bolic equilibria, the sets W" and W® are smooth (immersed) invariant manifolds.! 
Any sufficiently C!-close system has a nearby saddle point, and its invariant mani- 
folds W“* are C!-close to the corresponding original ones in a neighborhood of the 
saddle. 


Proof of Lemma 6.1: 

Suppose that system (6.1) has a hyperbolic equilibrium x9 with n, eigen- 
values having positive real parts and n_ eigenvalues having negative real parts, 
n4 > 0, ny +n_ =n. Assume that the corresponding stable and unstable mani- 
folds W“ (a9) and W* (aq) intersect along a homoclinic orbit. To prove the lemma, we 
shall show that the intersection cannot be transversal. Indeed, at any point x of this 
orbit, the vector f(x) is tangent to both manifolds W“(xo) and W*(axo). Therefore, 
we can find no more thann, + n_ — 1 = n — 1 independent tangent vectors to these 
manifolds since dim W“ = n,, dim W* = n_. Moreover, any generic perturbation 
of (6.1) splits the manifolds in that remaining direction and they do not intersect 
anymore near Ip. 

Let us characterize the behavior of the stable and unstable manifolds near homo- 
clinic bifurcations in two- and three-dimensional systems in more detail. 

Case n = 2. Consider a planar system having a homoclinic orbit to a saddle xo, as 
shown in the central part of Fig. 6.4. Introduce a one-dimensional local cross-section 
= to the stable manifold W*(ao) near the saddle, as shown in the figure. Select a 
coordinate € along & such that the point of the intersection with the stable manifold 
corresponds to € = 0. This construction can be carried out for all sufficiently close 
systems. For such systems, however, the unstable manifold W“ generically does not 
return to the saddle. Figure 6.4 illustrates the two possibilities: The manifolds split 
either “down” or “up.” Denote by €" the €-value of the intersection of W" with X. 


' Meanwhile, the manifolds W“(29) and W* (ao) intersect transversally at xo. 
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B<0 


Fig. 6.4 Split function in the planar case (n = 2) 


Definition 6.4 The scalar @ = €" is called a split function. 


Actually, the split function is a functional defined on the original and perturbed 
systems. It becomes a smooth function of parameters for a parameter-dependent 
system. The equation 


B=0 


is a bifurcation condition for the homoclinic bifurcation in R?. Thus, the homoclinic 
bifurcation in this case has codimension one. 


Remark: 

There is a constructive proof of Lemma 6.1 in the planar case due to Andronov. 
A one-parameter perturbation destroying the homoclinic (heteroclinic) orbit can be 
constructed explicitly. For example, if a system 


x, = f(x, £2), 
; 6.2 
L = fr(®1, £2), Oe) 
has a homoclinic orbit to a saddle, then the system 
Ly = fi(@1, 22) — afy (21, £2), (6.3) 
£2 = afi (@1, £2) + fo(r1, £2), 


has no nearby homoclinic orbits to this saddle for any sufficiently small |a| 4 0. 
System (6.3) is obtained from (6.2) by a rotation of the vector field. The proof is left 
as an exercise for the reader. > 

Case n = 3. It is also possible to define a split function in this case. Consider 
a system in R? with a homoclinic orbit 9 to a saddle xp. Assume that dim WY = 
1 (otherwise, reverse the time direction), and introduce a two-dimensional cross- 
section & with coordinates (€, 7) as in Fig. 6.5. Suppose that € = 0 corresponds to 
the intersection of © with the stable manifold W* of xo. As before, this can be done 
for all sufficiently close systems. Let the point (€“, 7") correspond to the intersection 
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B<0 


Fig. 6.5 Split function in the case n = 3 


of W" with &. Then, a split function can be defined as in the planar case before: 
GB = &". Its zero 


p=0 
gives a condition for the homoclinic bifurcation in R?. 


Remarks: 

(1) The preceding cases are examples of nontransversal intersections of the invari- 
ant manifolds W" and W*. One can construct a three-dimensional system with a 
structurally stable heteroclinic orbit connecting two saddles: This orbit must be a 
transversal intersection of the corresponding two-dimensional stable and unstable 
manifolds. 

(2) There are particular classes of dynamical systems (such as Hamiltonian) for 
which the presence of a nontransversal homoclinic orbit is generic. > 


Thus, we have found that under certain conditions the presence of a homo/ 
heteroclinic orbit Ip to a saddle/saddles implies a bifurcation. Our goal in the next sec- 
tions will be to describe the phase portrait bifurcations near such an orbit under small C! 
perturbations of the system. “Near” means in a sufficiently small neighborhood Up of 
To U xg orl U 21) U (2). This task is more complex than for bifurcations of equilib- 
ria since itis not easy to construct a continuous-time system that would be atopological 
normal form for the bifurcation. In some cases ahead, all one-parameter systems sat- 
isfying some generic conditions are topologically equivalent in a neighborhood of the 
corresponding homoclinic bifurcation. In these cases, we will characterize the rele- 
vant universal bifurcation diagram by drawing key orbits of the corresponding phase 
portraits. This will completely describe the diagram up to topological equivalence. 

Unfortunately, there are more involved cases in which such an equivalence is 
absent. In these cases, no universal bifurcation diagrams can be presented. Never- 
theless, topologically nonequivalent bifurcation diagrams reveal some features in 
common, and we will give schematic phase portraits describing the bifurcation for 
such cases as well. 

The nontransversal heteroclinic case is somehow trivial since the disappearance of 
the connecting orbit is the only essential event in Up (see Fig. 6.6 and Example 2.10 in 
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Fig. 6.6 Heteroclinic bifurcation on the plane 


Chap. 2). Therefore, in this chapter, we will focus on the homoclinic orbit bifurcations 
and return to nonhyperbolic homoclinic orbits and their associated bifurcations in 
Chap. 7. 


6.2 Andronov-Leontovich Theorem 


In the planar case, the homoclinic bifurcation is completely characterized by the 
following theorem. 


Theorem 6.1 (Andronov & Leontovich (1939)) Consider a two-dimensional sys- 
tem 


t= f(z,a), ceR, aeR', (6.4) 


with smooth f, having at a = 0a saddle equilibrium point xo = 0 with eigenvalues 
1 (0) < 0 < A2(0) and a homoclinic orbit 19. Assume that the following genericity 
conditions hold: 

(H.1) 79 = Ai (0) + A2(0) 4 0; 

(H.2) (’(0) 4 0, where (a) is the previously defined split function. 
Then, for all sufficiently small |a|, there exists aneighborhood Up of V9 U xo in which 
a unique limit cycle Lg bifurcates from 9. Moreover, the cycle is stable and exists 
for B > 0 ifoo <0, and is unstable and exists for 3 < 0 if ao > 0. 


The following definition is quite useful. 
Definition 6.5 The real number o = ; + 2 is called the saddle quantity. 


Figures 6.7 and 6.8 illustrate the above theorem. If a = 0, the system has an orbit 
homoclinic to the origin. A saddle equilibrium point exists near the origin for all 
sufficiently small |a| 4 0, while the homoclinic orbit disappears, splitting “up” or 
“down.” According to condition (H.2), the split function G = (@(a) can be considered 
as a new parameter. 

Ifthe saddle quantity satisfiesa9 < 0,thehomoclinicorbitat@ = Oisstablefromthe 
inside, and the theorem gives the existence of a unique and stable limit cycle Lg C Uo 
for 3 > 0. For @ < 0, there are no periodic orbits in Uo. If the saddle quantity satisfies 
do > 0,the homoclinic orbit at 3 = Ois unstable from the inside, and the theorem gives 
the existence of a unique but unstable limit cycle Lg C Up for 3 < 0. For G > 0, there 
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Fig. 6.7 Homoclinic bifurcation on the plane (a9 < 0) 
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Fig. 6.8 Homoclinic bifurcation on the plane (a9 > 0) 


are no periodic orbits in Uo. Thus, the sign of a9 determines the direction of bifurca- 
tion and the stability of the appearing limit cycle. As usual, the term “direction” has a 
conventional meaning and is related to our definition of the split function. 

As |3| — 0, the cycle passes closer and closer to the saddle and becomes increas- 
ingly “angled” (see Fig. 6.9(a)). Its period 73 tends to infinity as 3 approaches zero 
since a phase point moving along the cycle spends more and more time near the 
equilibrium (see Fig. 6.9(b)). The corresponding time series (x(t), x2(t)) demon- 
strates “peaks” of finite length interspersed by very long “near-equilibrium” intervals. 


Proof of Theorem 6.1: 

The main idea of the proof is to introduce two local cross-sections near the saddle, 
= and IT, which are transversal to the stable and the unstable manifolds, respectively 
(see Fig. 6.10). 

Then it is possible to define a Poincaré map P ona half-section &*, 


P:d0t >, 


as a composition of a near-to-saddle map A : X+ — TH andamap Q: II > © near 
the global part of the homoclinic orbit: 
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Fig. 6.9 A cycle near the homoclinic bifurcation and its period as function of 3 


Fig. 6.10 Poincaré map for homoclinic bifurcation on the plane 


P=QoA. 


Finally, we have to take into account the usual correspondence between limit cycles 
of (6.4) and fixed points of P. The proof proceeds through several steps. 

Step I (Introduction of eigenbasis coordinates). Without loss of generality, assume 

that the origin is a saddle equilibrium of (6.4) for all sufficiently small |a|. We 

consider 3 as a new parameter but do not indicate the parameter dependence for a 

while in order to simplify notation. 

There is an invertible linear coordinate transformation that allows us to write (6.4) 

in the form : : ' 

Ly = AX + Gi (X1, £2), 

L2 = A2X2 + go(@1, 22), eo) 
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Fig. 6.11 Local stable and unstable manifolds in x-coordinates 


where x, denote the new coordinates and g;,. are smooth O(||a||7)-functions, 7 = 
(x1, 22), llal|? = 2} + 23. 

Step 2 (Local linearization of the invariant manifolds). According to the Local Stable 
Manifold Theorem (see Chap. 3), the stable and unstable invariant manifolds W* and 
W" of the saddle exist and have the local representations 


W*: x = S(x1), S(O) = S’(0) = 0; 
W": 2, = U(a2), UO) = U'(0) = 0, 


with smooth S, U (see Fig. 6.11). 
Introduce new variables y = (y1, y2) near the saddle 


YI 
y2 
This coordinate change is smooth and invertible in some neighborhood of the origin.” 
We can assume that this neighborhood contains the unit square Q = {y: —1 < y12 < 


1}, which is a matter of an additional linear scaling of system (6.5). Thus, system 
(6.5) in the new coordinates takes in Q the form 


Zz) — U (22), 
vt. — S(x1). 


C =Aiy + yi, yr), (6.6) 


Y2 = Ary2 + yoho(y1, y2), 


? To be more precise, we have to consider a global invertible smooth change of the coordinates 
that coincides with the specified one in a neighborhood of the saddle and is the identity outside 
some other neighborhood of the saddle. The same should be noticed concerning the map ® to be 
constructed later. 
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Fig. 6.12 Locally linearized 
stable and unstable 
manifolds in y-coordinates 
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where hy, = O([lyll). 

Notice that (6.6) is a nonlinear smooth system with a saddle at the origin whose 
invariant manifolds are linear and coincide with the coordinate axes in Q (see Fig. 
6.12). 

Step 3 (Local C!-linearization of the system). Now introduce new coordinates (€, 77) 
in Q in which system (6.6) becomes linear 


E= dE, 


More precisely, we show that the flow corresponding to (6.6) is C!-equivalent in Q 
to the flow generated by the linear system (6.7). To construct the conjugating map 


E= p(y, y2); 
n= WY. Yr), 


we use the following geometric construction. Take a point y = (y1, y2) € and the 
orbit passing through this point (see Fig. 6.13(a)). Let 7 and 72 be the absolute values 
of the positive and negative times required for such an orbit to reach the boundary of 
Q in system (6.6). It can be checked (Exercise 7(a)) that the pair (7;, 72) is uniquely 
defined for y 4 0 within each quadrant of 2.° Now find a point (€, 7) in the same 
quadrant of Q with the same “exit” times 7; and 72 for the corresponding orbit of 
(6.7) (see Fig. 6.13(b)). 


3 For points on the coordinate axes we allow one of 71,2 to be equal to +00. 
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Fig. 6.13 Construction of C!-equivalence 


Letus take € = 7 = Ofory = 0. Thus,amap ® : (y1, yo) > (€, 7) is constructed. 
It clearly maps orbits of the nonlinear system (6.6) into orbits of the linear system 
(6.7), preserving time parametrization. Map ® : Q — Qis a homeomorphism trans- 
forming each component of the boundary of © into itself; it is identical along the 
axes. To define a useful coordinate change, it must be at least continuously differ- 
entiable in Q. Indeed, the map ® is a C! map. Actually, it is smooth away from the 
origin but has only first-order continuous partial derivatives at y = 0 (the relevant 
calculations are left to the reader as Exercise 7(b)). 
Step 4 (Analysis of the composition). Using the new coordinates (€, 77), we can com- 
pute the near-to-saddle map analytically. We can assume that the cross-section ¥ 
has the representation € = 1, —1 < 7 < 1. Then, 7 can be used as a coordinate on it, 
and X* is defined by € = 1,0 < 7 < 1. The map acts from =* into a cross-section 
I, which is defined by 7 = 1, —1 < € < 1, andhas € as a coordinate (see Fig. 6.14). 
Integrating the linear system (6.7), we obtain 


A: aa, 


Notice that the resulting map is nonlinear regardless of the linearity of system (6.7). 
We assumed € = 0 for 7 = 0 by continuity. 


The global map expressed in € and 7) is continuously differentiable and invertible 
and has the general form 


O:n=B+ab+ O(&), 
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Fig. 6.14 Poincaré map in 
locally linearizing 
coordinates 


Fig. 6.15 Fixed points of 
the Poincaré map: (a) 
09 < 0; (b) 09 > 0 


(a) (b) 


where /3 is the split function and a > 0 since the orbits cannot intersect. Actually, 
Ai2 = A1,2(8), a = a(), but as we shall see below only values at 3 = O are relevant. 
Fixed points with small |7| of the Poincaré map 


x 
Pine Ban ® +. 


can be easily analyzed for small |3| (see Fig. 6.15). Therefore, we have the existence 
of a positive fixed point (limit cycle) for 6 > 0 if a9 < 0 and for @ < Oif oo > 0. 
Stability and uniqueness of the cycle also simply follow from the analysis of the 
map. 


Remark: 

Until now we have considered only the so-called “small” homoclinic orbits in this 
section. There is another type of homoclinic orbits, namely, “big” homoclinic orbits 
corresponding to the different return direction. 

All the results obtained are valid for them as well (see Fig. 6.16, where a bifurcation 
diagram for the case oo < 0 is presented). > 
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Fig. 6.16 Bifurcation of a “big” saddle homoclinic orbit 


Fig. 6.17 The homoclinic y 
orbit of (6.8) ata = 0 


A(«x,y) =0 


Example 6.1 (Explicit homoclinic bifurcation) 
Consider the following system due to Sandstede (1997a): 
&=-—x+2yt+ x, 
. (6.8) 
[2 (2—a)x —y — 3a? + day, 


where a is a parameter. 


The origin (7, y) = (0, 0) is a saddle for all sufficiently small |a|. At a = 0, this 
saddle has eigenvalues 
Ap=1, AX» = -3, 


with 09 = —2 < 0. Moreover, at this parameter value, there exists a homoclinic orbit 
to the origin (see Fig. 6.17). 
Indeed, the Cartesian leaf, 


H(z, y) =2°(1—2) —y’ =0, 


consists of orbits of (6.8) for ~ = 0. One of these orbits is homoclinic to the saddle 
0 = (0, 0). To verify this fact, we have to prove that the vector field defined by (6.8) 


242 6 Bifurcations of Orbits Homoclinic and Heteroclinic to Hyperbolic Equilibria 


a<0 a=0 a>0 


Fig. 6.18 Homoclinic bifurcation in (6.8): A stable limit cycle exists for small a > 0 


with a = 0 ‘ 
V(x, y) = (—2-+2y ta 20— yas? su). 


is tangent to the curve H(z, y) = 0 at all nonequilibrium points. Equivalently, it is 
sufficient to check that v is orthogonal along the curve to the normal vector to the 
curve. A normal vector is given by the gradient of the function H 


(VH)(a, y) = (2a — 32°, —2y). 
Then, a direct calculation shows that 
(v, VH) =0 


along the curve H = 0 (check!). 

Thus, system (6.8) has an algebraic homoclinic orbit at a = 0 with oo < 0. One 
can prove that the transversality condition 3’ 4 0 also holds at a = 0 (see Exer- 
cise 13). Therefore, Theorem 6.1 is applicable, and a unique and stable limit cycle 
bifurcates from the homoclinic orbit under small variation of a (see Fig. 6.18). © 


Example 6.2 (Homoclinic bifurcation in a slow-fast system) 
Consider the system 


y=el[-1+(1 —4a)a + 4zy], (6.9) 


ee l+e2-—y—27 -2', 
where a is a “control” parameter and 0 < ¢ < 1. We shall show that the system 
undergoes a homoclinic bifurcation at some value of a close to zero. More pre- 
cisely, there is a continuous function ajo = ag(e) defined for sufficiently small 
€ >0, ag(0) =0 such that the system has a homoclinic orbit to a saddle at 
a = ao(€). Moreover, the genericity conditions of the Andronov-Leontovich theo- 
rem are satisfied, and a unique and stable limit cycle bifurcates from the homoclinic 
orbit under the variation of a for a < ao. 
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Fig. 6.19 Zero-isoclines of y 
(6.9) and the corresponding 
singular homoclinic orbit 


The nontrivial zero-isoclines of (6.9) are graphs of the functions 
&=0: y=(e#+)0 —-2’) 
and 


l-2z 
4a 


y=O: y= +a; 


their shape at a = 0 is presented in Fig. 6.19. 


If ~ = 0, the system has a saddle equilibrium point Ep : (x, y) = C1, 0) for all 
€ > 0. It can easily be checked that near the saddle Eo the stable invariant manifold 
W*(E) approaches the x-axis while the unstable manifold W“(£ 9) tends to the 
zero-isocline £ = 0, as € — 0. The global behavior of the upper branch W;' of the 
unstable manifold as ¢ — 0 is also clear. It approaches a singular orbit composed 
of two slow motions along the isocline « = 0 (EjA and BC) and two fast jumps in 
the horizontal direction (AB and C Eg; the latter happens along the x-axis) (see Fig. 
6.19). This singular orbit returns to Eo, thus forming a singular homoclinic orbit. 

This construction can be carried out for all sufficiently small a 4 0 (see Fig. 
6.20). The equilibrium point will shift away from the z-axis and will have the y- 
coordinate equal to a. Despite this, a singular orbit to which W;' tends as e > 0 
still arrives at a neighborhood of the saddle along the x-axis. Therefore, there is a 
singular split function 39(a) measured along a vertical cross-section near the saddle 
which equals a: (o(a@) = a. Obviously, 4)(0) > 0. Meanwhile, the singular orbit 
tends to a singular limit cycle if a < 0. 

Thus, we have a generic singular homoclinic bifurcation at ~ = 0 in the singular 
limit ¢ = 0. This implies the existence of a generic homoclinic bifurcation at a = 
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Fig. 6.20 Singular homoclinic bifurcation in (6.9) 


ao(€) for sufficiently small ¢ > 0. One can show this using nonstandard analysis. 
To prove it in a standard way, one has to check that the split function G(a, €) can be 
represented for all sufficiently small ¢ > 0 as 


Bla, €) = Bo(a) + pla, €), 


where (a, €) (considered as a function of a for small |a|) vanishes uniformly with 
its first derivative as ¢ > 0. Then, elementary arguments* show the existence of a 
unique continuous function ag(¢), ao(0) = 0, such that 


Blao(e), €) = 0 


for all sufficiently small ¢ > 0. Actually, ao(e) is smooth for ¢ > 0. Therefore, the 
system has a homoclinic orbit at a = ag(€) for all sufficiently small ¢. The corre- 
sponding saddle quantity o is negative and G,(ao(E), €) 4 0, thus Theorem 6.1 is 
applicable to (6.9). 


More remarks on Theorem 6.1: 
(1) Condition (H.2) of Theorem 6.1 is equivalent to the transversality of the 
intersection of certain invariant manifolds of the extended system 


&= f(@,a), 
v=0. (6.10) 
Let xo(q) denote a one-parameter family of the saddles in (6.4) for small |a|. This 
family defines an invariant set of (6.10)—a curve of equilibria. This curve has two- 
dimensional unstable and stable manifolds, WW" and W*, whose slices a = const 
coincide with the corresponding one-dimensional unstable and stable manifolds W" 
and W® of the saddle xo(q) in (6.4) (see Fig. 6.21). 


4 The only difficulty that should be overcome is that (a, €) is not differentiable with respect to € 
at ¢ = 0 (see Exercise 8). 


6.2 Andronov-Leontovich Theorem 245 


ws sae 


Fig. 6.21 Transversal intersection of invariant manifolds W" and W* 


Condition (H.2) (meaning that W“ and W* split with nonzero velocity as a crosses 
qa = 0) translates exactly to the transversality of the intersection of W" and W* along 
Io at a = 0 in the three-dimensional state space of (6.10). In Sect. 6.4.1, we will 
show that the transversality is equivalent to the Melnikov condition 


= ‘(df | Of, Of, Of, 
[olf ant an) *] (ge Han) eee 


where all expressions involving f = (f1, f2) are evaluated at a = 0 along a solution 
x(t) of (6.4) corresponding to the homoclinic orbit I. 

(2) One can construct a topological normal form for the homoclinic bifurcation 
on the plane. Consider the (€, 7)-plane and introduce two domains: 
the unit square 


Qo = {m= lel <1, In < 


and the rectangle 
Q = {E,n): 1S <2, In| < 1} 


(see Fig. 6.22). 

Define a two-dimensional manifold Q by glueing Qo and &, along the vertical 
segment {€ = 1, |7| < 1} and identifying the upper boundary of Qo with the right 
boundary of &; (i.e., glueing points (€, 1) and (2, €) for |€| < 1). The resulting 
manifold is homeomorphic to a simple band. 
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Fig. 6.22 Topological rc > 
normal form for homoclinic 
bifurcation 


Consider a system of ODEs in & that is defined by 


E=d\U(aé, 
{5 = d2(a)0, a 
in Qo and by ; 
€=—-l, 


in Q;, where A,.5 and ( are smooth functions of a parameter a. The behavior of thus 
defined piecewise-smooth system in (2 is similar to that of (6.4) near the homoclinic 
orbit (cf. Figs. 6.14 and 6.22). If 4; < 0 < Az, the constructed system has a saddle 
at the origin. At 3 = 0, this saddle has a homoclinic orbit To composed of two 
segments of the coordinate axes: {£ = 0, 0 < 7 < 1} and {7 = 0, 0 < € < 2}. For 
small 3 4 0, this homoclinic orbit breaks down, with the parameter / playing the role 
of the split function. Provided the saddle quantity 09 = A; (0) + A2(0) 4 0, a unique 
limit cycle bifurcates from 9. This can be seen from the Poincaré map defined by 
the systems (6.11) and (6.12) in the cross-section {£ = 1, 0< 7 < 1} 


r 
nr B+ ®. 
Actually, the following theorem holds. 


Theorem 6.2 Under the assumptions of Theorem 6.1, the system (6.4) is locally 
topologically equivalent near the homoclinic orbit V9 for nearby parameter values 
to the system defined by (6.11) and (6.12) in Q near To for small |G). Moreover, 
all such systems with og < 0 (a9 > 0) are locally topologically equivalent near the 
respective homoclinic orbits for nearby parameter values. 


The last statement of the theorem follows from the fact that, for a9 < 0, the 
constructed system in Q is locally topologically equivalent near [9 for small || to 
this system with constant A; = —2, Az = 1, while, for ap > 0, it is equivalent to 
that with A; = —1,A. =2. 
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6.3 Homoclinic Bifurcations in Three-Dimensional 
Systems: Shil’nikov Theorems 


A three-dimensional state space gives rise to a wider variety of homoclinic bifurca- 
tions, some of which involve an infinite number of periodic orbits. As is known from 
Chap. 3, the two simplest types of hyperbolic equilibria in R? allowing for homoclinic 
orbits are saddles and saddle-foci. We assume from now on that these points have a 
one-dimensional unstable manifold W" and a two-dimensional stable manifold W* 
(otherwise, reverse the time direction). In the saddle case, we assume that the eigen- 
values of the equilibrium are simple and satisfy the inequalities Ay > 0 > Az > A3. 
Then, as we have seen in Chap. 2, all the orbits on W* approach the equilibrium 
along a one-dimensional eigenspace of the Jacobian matrix corresponding to Az 
except two orbits approaching the saddle along an eigenspace corresponding to 3 
(see Fig. 2.6(a)). 


Definition 6.6 The eigenvalues with negative real part that are closest to the imag- 
inary axis are called leading (or principal) eigenvalues, while the corresponding 
eigenspace is called a leading (or principal) eigenspace. 


Thus, almost all orbits on W* approach a generic saddle along the one-dimensional 
leading eigenspace. In the saddle-focus case, there are two leading eigenvalues A2 = 
A3, and the leading eigenspace is two-dimensional (see Fig. 2.6(b)). 


Definition 6.7 A saddle quantity o of a saddle (saddle-focus) is the sum of the 
positive eigenvalue and the real part of a leading eigenvalue. 


Therefore, 0 = , + A2 for a saddle, and 0 = A; + Re 2.3 for a saddle-focus. 

The table below briefly presents some general results Shil’ nikov obtained concern- 
ing the number and stability of limit cycles generated via homoclinic bifurcations in 
IR3. The column entries specify the type of the equilibrium having a homoclinic orbit, 
while the row entries give the possible sign of the corresponding saddle quantity. 


Saddle Saddle-focus | 
a0 < 0 one stable cycle one stable cycle 
ao > 0 one saddle cycle oo saddle cycles | 


The following theorems give more precise information. 
Theorem 6.3 (Saddle, a79< 0) Consider a three-dimensional system 
t= f(z,a), ce R’, aeR', (6.13) 
with smooth f, having at a = 0.a saddle equilibrium point x9 = 0 with real eigenval- 


ues 1 (0) > 0 > A2(O) = A3(0) and ahomoclinic orbit V9. Assume that the following 
genericity conditions hold: 
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B<0 B=0 B>0 


Fig. 6.23, Saddle homoclinic bifurcation with 09 < 0 


(H.1) oo = Ai (0) + A2(0) < 0; 

(H.2) Az(0) # A3(0); 

(H.3) 9 returns to x along the leading eigenspace; 

(H.4) 3’(0) 4 0, where (aq) is the split function defined earlier. 


Then, the system (6.13) has a unique and stable limit cycle Lg in a neigborhood Uo 
of To U x0 for all sufficiently small 3 > 0. Moreover, all such systems are locally 
topologically equivalent near V9 U x for small |a|. 


The theorem is illustrated in Fig. 6.23. The unstable manifold W"(a9) tends to 
the cycle Lg. The period of the cycle tends to infinity as 3 approaches zero. The 
(nontrivial) multipliers of the cycle are inside the unit circle: |{11,2| < 1. There are no 
periodic orbits of (6.13) in Up for all sufficiently small G < 0. Thus, the bifurcation 
is completely analogous to that in the planar case. The proof of the theorem will be 
sketched later (see also Exercise 10). 


Theorem 6.4 (Saddle-focus, o9< 0) Suppose that a three-dimensional system 
é=f(t,a), ceR’, aeR', (6.14) 


with a smooth f has at « = 0.a saddle-focus equilibrium point x9 = 0 with eigenval- 
ues ,(0) > 0 > Re A2,3(0) and a homoclinic orbit 9. Assume that the following 
genericity conditions hold: 


(H.1) o9 = A1(0) + Re A2,3(0) < 0; 
(H.2) A2(0) # A3(0); 
(H.3) 3’(0) 4 0, where 3(q) is the split function. 
Then, system (6.14) has a unique and stable limit cycle Ly in a neighborhood Up of 
To U 29 for all sufficiently small 3 > 0. 


The theorem is illustrated in Fig. 6.24. There are no periodic orbits of (6.14) in Uo 
for all sufficiently small @ < 0. The unstable manifold W“ (a9) tends to the cycle L,. 
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B<0 B=0 B>0 


Fig. 6.24 Saddle-focus homoclinic bifurcation with a9 < 0 


The cycle period tends to infinity as @ approaches zero. The (nontrivial) multipliers 
of the cycle are complex, 42 = 41, and lie inside the unit circle: |4,2| < 1. 

The analogy with the planar case, however, terminates here. We cannot say that 
the bifurcation diagrams of all systems (6.9) satisfying (H.1)—(H.3) are topologically 
equivalent. As a rule, they are nonequivalent since the real number 


Xi (0) 


=, Relea(O) 


(6.15) 
is a topological invariant for systems with a homoclinic orbit to a saddle-focus. The 
nature of this invariant will be clearer later. Thus, although there is a unique limit 


cycle for 3 > 0 in all such systems, the exact topology of their phase portraits can 
differ. Fortunately, this is not very important in most applications. 


Before treating the saddle case with a9 > 0, we have to look at the topology 
of the invariant manifold W*(2o) near 9 more closely. Suppose we have a three- 
dimensional system with a saddle equilibrium point zo having simple eigenvalues 
and a homoclinic orbit returning along the leading eigenspace to this saddle. Let 
us fix a small neighborhood Up of 9 M xo. The homoclinic orbit 9 belongs to the 
stable manifold W* (a9) entirely. 

Therefore, the manifold W* (ao) can be extended “back in time” along 9 within 
the fixed neighborhood. At each point y'x € To, a tangent plane to this manifold 
is well defined. For t > +00, this plane is spanned by the stable eigenvectors v2 
and v3. Generically, it approaches the plane spanned by the unstable eigenvector v, 
and the nonleading eigenvector v3, as t — —oo. In this case, we say that the strong 
inclination property holds’. Thus, when the strong inclination property holds, the 
manifold W* (a) intersects itself near the saddle along the two exceptional orbits on 
W*(xo) that approach the saddle along the nonleading eigenspace (see Fig. 6.25). 
Therefore, the part of W* (xo) in Up to which belongs the homoclinic orbit Ip is then 
a two-dimensional nonsmooth submanifold W. As is well known from elementary 


5 The importance of this property was discovered by L.P. Shil’nikov. It is discussed in Exercise 9. 
See also Chap. 10, where we describe how to verify this property numerically. 


250 6 Bifurcations of Orbits Homoclinic and Heteroclinic to Hyperbolic Equilibria 


(a) (b) 


Fig. 6.25 (a) Simple and (b) twisted stable manifolds near a homoclinic orbit to a saddle 


topology, such a manifold is topologically equivalent to either a simple or a twisted 
band. The latter is known as the Mobius band. 


Definition 6.8 If W is topologically equivalent to a simple band, the homoclinic 
orbit M9 is called simple (or nontwisted). If W is topologically equivalent to a Mobius 
band, the homoclinic orbit is called twisted. 


We are now ready to formulate the relevant theorem. 


Theorem 6.5 (Saddle, a9> 0) Consider a three-dimensional system 
t= f(z,a), ceR, aeR', (6.16) 


with smooth f, having at a = 0a saddle equilibrium point xy = 0 with real eigenval- 
ues ,(0) > 0 > A2(O) = A3(0) and ahomoclinic orbit V9. Assume that the following 
genericity conditions hold: 

(H.1) a9 = Ai (0) + A2(0) > 0; 

(H.2) A2(0) # A3(0); 

(H.3) V9 returns to x9 along the leading eigenspace; 

(H.4) the strong inclination property holds, so that V9 is simple or twisted; 

(H.5) 3’(0) 4 0, where 3(q) is the split function. 


Then, for all sufficiently small |a|, there exists a neighborhood Up of V9 N xo in which 
a unique saddle limit cycle Lg bifurcates from V9. The cycle exists for B < 0 if To 
is nontwisted, and for 3 > 0 if To is twisted. Moreover, all such systems (6.16) with 
simple (twisted) To are locally topologically equivalent in a neighborhood Up of 
To M x0 for sufficiently small |a\. 


The bifurcation diagrams for both cases are presented in Figs. 6.26 and 6.27, 
respectively. In both (simple and twisted) cases, a unique saddle limit cycle Lg 
bifurcates from the homoclinic orbit. Its period tends to infinity as 3 approaches 
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Fig. 6.26 Simple saddle homoclinic bifurcation with oo > 0 


Fig. 6.27 Twisted saddle homoclinic bifurcation with a9 > 0 


zero. Remarkably, the direction of the bifurcation is determined by the topology 
of W. 
If the homoclinic orbit is simple, there is a saddle cycle Ly for G < 0. Its multipliers 
are positive: j4) > 1 > {2 > 0. The stable and unstable manifolds W*"(La) of the 
cycle are (locally) simple bands. 

If the homoclinic orbit is twisted, there is a saddle cycle Lg for 3 > 0. Its multipli- 
ers are negative: 1) < —1 < [2 < 0. The stable and unstable manifolds W*"(L,) 
of the cycle are (locally) Mobius bands. 


Sketch of the proof of Theorems 6.3 and 6.5: 

We outline the proof of the theorems in the saddle cases. There are coordinates 
in R? in which the manifolds W*(29) and W“(29) are linear in some neighborhood 
of xo. Suppose system (6.13) (or (6.16)) is already written in these coordinates, and 
moreover, locally: W*(ao) C {x71 = O}, W"(x0) C {x2 = x3 = O}. Let the x-axis be 
the leading eigenspace and the x3-axis be the nonleading eigenspace. Introduce a 
rectangular two-dimensional cross-section & C {x2 = €2} and an auxiliary rectan- 
gular cross-section IT C {x; = €;}, where €;,2 are small enough. Assume that Io 
intersects both local cross-sections (see Fig. 6.28). As in the planar case, define a 
Poincaré map P : X*+ — Y along the orbits of (6.13), mapping the upper part ©* 
of & corresponding to x; > 0 into X. Represent P as a composition 
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Fig. 6.28 Construction of the Poincaré map in the saddle case 


P=QoA, 


where A : &*+ — II is a near-to-saddle map, and Q : II > & is a map along the 
global part of 9. The construction can be carried out for all sufficiently small |G]. 

The local map A is “essentially”® defined by the linear part of (6.13) near the saddle. 
Itcanbe seen that the image of &* under theactionofmap A, AX, looks likea “horn” 
with a cusp on the 7; -axis (on lp, in other words). Actually, the cross-sections & and 
Tl should be chosen in sucha way that AX* C I. The global map Q maps this “horn” 
back into the plane {22 = €2}. If [9 is simple, P X* intersects nontrivially with &* 
at 3 = 0; otherwise, the intersection with X~ = ¥ \ Xt is nontrivial (see Fig. 6.28). 
Note that the transversality of the “horn” to the intersection of W* (x9) with & follows 
from the orientability or nonorientability of the manifold W. 

According to the sign of the saddle quantity oo and the twisting of the homoclinic 
orbit, there are several cases of relative position of PX* with respect to X= (Figs. 
6.29 and 6.30). A close look at these figures, actually, completes the proof. If a9 < 0 
(Theorem 6.3, Fig. 6.29), the map P is a contraction in X*+ for 3 > 0, and thus 
has a unique and stable fixed point in PX* corresponding to a stable limit cycle. If 


6 Unfortunately, there are obstacles to C k linearization with k > | in this case. For example, C = 
linearization is impossible if Ay = A, + A3 (see Appendix B). 
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Fig. 6.29 The relative position of PX* with respect to D in the case ao < 0 
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Fig. 6.30 The relative position of PX* with respect to D in the case ap > 0 


do > 0 (Theorem 6.5, Fig. 6.30), the map P contracts along the 73-axis and expands 
along the “horn.” Therefore, it has a saddle fixed point in PX+ for 3 < 0 or 6 > 0, 
depending on the twisting of the homoclinic orbit. 


Remark: 
Because the map P always acts as a contraction along the x3-axis, the fixed-point 


analysis reduces (see Exercise 10) to the analysis of a one-dimensional map having 
the form 


rj B+ Az, , 


At 
2 
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that is similar to that in the Andronov-Leontovich theorem but A can be either posi- 
tive (simple homoclinic orbit) or negative (twisted homoclinic orbit). 

Actually, this analogy can be extended further since, in this case, there is a two- 
dimensional attracting invariant “center manifold” near the homoclinic orbit (see 
Sect. 6.4). > 


The last case is the most difficult. 


Theorem 6.6 (Saddle-focus, o9> 0) Suppose that a three-dimensional system 
t= f(z,a), ceR, aeR', (6.17) 


with a smooth f, has at a = 0 a saddle-focus equilibrium point x9 = 0 with eigen- 
values A\(0) > 0 > Re A2.3(0) and a homoclinic orbit Vo. Assume that the following 
genericity conditions hold: 


(H.1) 79 = A1(0) + Re Az,3(0) > 0; 
(H.2) A2(0) F A3(0). 


Then, system (6.17) has an infinite number of saddle limit cycles in a neighborhood 
Uo of To U 20 for all sufficiently small ||. 


Sketch of the proof of Theorems 6.4 and 6.6: 

To outline the proof, select a coordinate system in which W*(29) is (locally) the 
plane x; = 0, while W“(2p) is (also locally) the line x. = x3 = 0 (see Fig. 6.31). 

Introduce two-dimensional cross-sections & and IT, and represent the Poincaré 

map P : + — ¥ asacomposition P = Q o A of two maps: a near-to-saddle A : 
xt — Tanda global Q : Tl > ©, as in the proof of Theorems 6.3 and 6.5.’ 
The image A Xt of X* on IT is no longer a horn but a “solid spiral” (sometimes called 
a Shil’nikov snake). The global map Q maps the “snake” to the plane containing ©. 
Assume, first, that 6 = 0 and consider the intersection of the “snake” image (i.e., 
PX*) with the local cross-section ©. The origin of the “snake” is at the intersection 
of Io with &. The intersection of & with W°(xo) splits the “snake” into an infinite 
number of upper and lower “half-spirals.” The preimages %; of the upper “half- 
spirals” PX;, i = 1, 2,..., are horizontal strips in &* (see Fig. 6.32). 

If the saddle quantity a > 0, the intersection ©; PX; is nonempty and con- 
sists of two components for i > 29, where ig is some positive number (79 = 2 in Fig. 
6.32(a)). Each of these intersections forms a Smale horseshoe (see Chap. 1). It can 
be checked that the necessary expansion conditions are satisfied. Thus, each horse- 
shoe gives an infinite number of saddle fixed points. These fixed points correspond 
to saddle limit cycles of (6.17). If a9 < 0, there is some 27) > O such that for 2 > 2 
the intersection ©; M PX; is empty (#9 = 2 in Fig. 6.32(b)). Thus, there are no fixed 
points of P in X* close to Tp. 


7 Actually, in the case of the saddle-focus, there is a C! change of coordinates that locally lin- 
earizes the system (see Appendix B). It allows one to compute A analytically. 
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Fig. 6.31 Construction of the Poincaré map in the saddle-focus case 


If 3 4 0, the point corresponding to Ip is displaced from the horizontal line in &. 
Therefore, if o) > 0, there remains only a finite number of Smale horseshoes. They 
still give an infinite number of saddle limit cycles in (6.17) for all sufficiently small 
|G|. In the case oo < 0, the map P is a contraction in &* for G > O and thus has a 
unique attracting fixed point corresponding to a stable limit cycle of (6.14). There 
are no periodic orbits if 3 < 0. 


Remarks: 

(1) As in the saddle-focus case with a9 < 0, it cannot be said that the bifurcation 
diagrams of all systems (6.17) satisfying (H.1)—(H.2) are topologically equivalent. 
The reason is the same: the topological invariance of 1 given by (6.15). Actually, 
the complete topological structure of the phase portrait near the homoclinic orbit is 
not known, although some substantial information is available due to Shil’ nikov. Let 
Q(v) be the set of all nonequivalent bi-infinite sequences 


WwW = {...,W_2, W_], Wo, W1, W2,...}, 


where w; are nonnegative integers such that 
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Fig. 6.32 Poincaré map structure in the saddle-focus cases: (a) 09 > 0; (b) a9 < 0 


Wit, < Vj 


for alli = 0, +1, +2,..., and for some real number v > 0. Then, at G = 0 there is 
a subset of orbits of (6.17) located in a neighborhood Uo of M9 U x9 for all t € R', 
whose elements are in one-to-one correspondence with QV), where v does not 
exceed the topological invariant 4. The value w; can be viewed as the number of 
“small” rotations made by the orbit near the saddle after the ith “global” turn. 

(2) As @ approaches zero taking positive or negative values, an infinite number 
of bifurcations results. Some of these bifurcations are related to a “basic” limit 
cycle, which makes one global turn along the homoclinic orbit. It can be shown that 
this cycle undergoes an infinite number of fold bifurcations as || tends to zero. To 
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Fig. 6.33 Period of the cycle near a saddle-focus homoclinic bifurcation: (a) 79 < 0; (b) 09 > 0 


understand the phenomenon, it is useful to compare the dependence on (3 of the period 
Tg of the cycle in the saddle-focus cases with a9 < 0 and oo > 0. The relevant graphs 
are presented in Fig. 6.33. In the a9 < 0 case, the dependence is monotone, while 
if oo > O, it becomes “wiggly.” The presence of wiggles means that the basic cycle 
disappears and appears via fold bifurcations infinitely many times. Notice that for any 
sufficiently small ||, there is only a finite number of these “basic” cycles (they differ 
in the number of “small” rotations near the saddle-focus; the higher the period, the 
more rotations the cycle has). Moreover, the cycle also exhibits an infinite number of 
period-doubling bifurcations. The fold and period-doubling bifurcations are marked 
by ¢ and f, respectively, in the figure. Each of the generated double-period cycles 
makes two global turns before closure. These cycles themselves bifurcate while 
approaching the homoclinic orbit, making the picture more involved. Introduce the 
divergence of (6.17) at the saddle-focus 


Oj = (div f) (xo, 0) = 1 + d2 + A3 = 1 +2Re d2,3- 


If 0; < 0, the basic cycle near the bifurcation can be stable (actually, there are only 
short intervals of within which it is stable). If 7; > 0, there are intervals where the 
basic cycle is totally unstable (repelling). Similar intervals exist for the secondary 
cycles generated by period doublinds. Thus, the saddle cycles mentioned in the 
theorem and coded at 3 = 0 by periodic sequences of (2(v) are not the only cycles 
in Uo. 

(3) Other bifurcations near the homoclinic orbit are due to secondary homo- 
clinic orbits. Under the conditions of Theorem 6.6, there is an infinite sequence of 
B; > 0, @; — 0, for which the system has double homoclinic orbits with different 
(increasing) number of rotations near the saddle-focus (see Fig. 6.34). Other sub- 
sidiary homoclinic orbits are also present, like the triple making three global turns 
before final return. 
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(a) (b) (c) 


Fig. 6.34 Basic (a) and double (b, c) homoclinic orbits 


(4) Recall that in this section we assumed n_ = dim W* = 2andn, = dim W" = 
1. To apply the results in the opposite case (i.e.,n_ = 1, n+ = 2), we have to reverse 
the direction of time. This boils down to these substitutions: A; +> —Aj;, 0; > —9j, 
and “stable” +> “repelling.” > 


Example 6.3 (Complex impulses in the Fitz Hugh-Nagumo model) The follow- 
ing system of partial differential equations is the Fitz Hugh-Nagumo caricature of the 
Hodgkin-Huxley equations modeling the nerve impulse propagation along an axon 
(FitzHugh (1961), Nagumo et al. (1962)): 


Ou Ou 

at _ Aaa fa(u) Vv, 
Ov 

Bor, ep 

ot 2 


where u = u(x, t) represents the membrane potential; v = u(x, t) is a phenomeno- 
logical “recovery” variable; f,(u) = u(u—a)(u— 1), 1>a>0, b>0, —co < 
xz<-+too,t>0. 


Traveling waves are solutions to these equations of the form 
u(a, t) = U(€), v(a,t) = VE), €=ax+ ct," 


where c is an a priori unknown wave propagation speed. The functions U(€) and 
V(€) define profiles of the waves. They satisfy the system of ordinary differential 
equations 

U=W, 


ee Ys (6.18) 
V= 0, 
6 
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Fig. 6.35 Bifurcation curves of the wave system (6.18): bj = 0.01; bz = 0.005; b3 = 0.0025 


where the dot means differentiation with respect to “time” €. System (6.18) is called 
a wave system. It depends on three positive parameters (a, b, c). Any bounded orbit 
of (6.18) corresponds to a traveling wave solution of the FitzHugh-Nagumo system 
at parameter values (a, b) propagating with velocity c. 


For all c > 0, the wave system has a unique equilibrium 0 = (0, 0, 0) with one 
positive eigenvalue \; and two eigenvalues 2,3 with negative real parts (see Exercise 
2 in Chap. 2). The equilibrium can be either a saddle or a saddle-focus with a one- 
dimensional unstable and a two-dimensional stable invariant manifold, W“’*(0). The 
transition between saddle and saddle-focus cases is caused by the presence of a double 
negative eigenvalue; for fixed b > 0 this happens on the curve 


Dy = {(a, 0) : (4b — a”) + 2ac? (9b — 2a”) + 27b* = 0}. 


Several boundaries D, in the (a, c)-plane for different values of b are depicted in 
Fig. 6.35 as dashed lines. The saddle-focus region is located below each boundary 
and disappears as b > 0. 

A branch W;'(0) of the unstable manifold leaving the origin into the positive octant 
can return back to the equilibrium, forming a homoclinic orbit 9 at some parameter 
values Hastings 1976. These parameter values can be found only numerically with the 
help of the methods described in Chap. 10. Figure 6.35 presents several homoclinic 
bifurcation curves ie in the (a, c)-plane computed by Kuznetsov & Panfilov (1981) 
for different but fixed values of b. Looking at Fig. 6.35, we can conclude that for all 
b > 0, the bifurcation curve PY passes through the saddle-focus region delimited 
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Dy 


a 


Fig. 6.36 Parametric curves D, and Pi ” for b = 0.0025 


wR 
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Fig. 6.37 Impulses with (a) monotone and (b) oscillating “tails” 


by Dy (see Fig. 6.36, where the curves D, and Pp corresponding to b = 0.0025 
are superimposed). Actually, for b > 0.1, the homoclinic bifurcation curve belongs 
entirely to the saddle-focus region. Any homoclinic orbit defines a traveling impulse. 
The shape of the impulse depends very much on the type of the corresponding 
equilibrium: It has a monotone “tail” in the saddle case and an oscillating “tail” in 
the saddle-focus case (see Fig. 6.37). 
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Fig. 6.38 A double impulse 


The saddle quantity a9 is always positive for c > 0 (see Exercise 11). Therefore, 
the phase portraits of (6.18) near the homoclinic curve Pp are described by The- 
orems 6.5 and 6.6. In particular, near the homoclinic bifurcation curve Pi ) in the 
saddle-focus region, system (6.18) has an infinite number of saddle cycles. These 
cycles correspond to periodic wave trains in the FitzHugh-Nagumo model Feroe 
1981. Secondary homoclinic orbits existing in (6.18) near the primary homoclinic 
bifurcation correspond to double traveling impulses (see Fig. 6.38) Evans et al. 1982. 
It can be shown using results by Belyakov (1980) (see Kuznetsov & Panfilov (1981)) 


that secondary homoclinic bifurcation curves ag in (6.18) originate at points A; 2, 


where Pp intersects Dy (see Fig. 6.36 for a sketch). © 


6.4 Homoclinic Bifurcations in n-Dimensional Systems 


It has been proved (see references in Appendix B) that there exists a parameter- 
dependent invariant center manifold near homoclinic bifurcations. This allows one to 
reduce the study of generic bifurcations of orbits homoclinic to hyperbolic equilibria 
in n-dimensional systems with n > 3 to that in two-, three-, or four-dimensional sys- 
tems. In this section, we discuss which homoclinic orbits are generic in n-dimensional 
case and formulate the Homoclinic Center Manifold Theorem for such orbits. Then 
we derive from this theorem some results concerning generic homoclinic bifurcations 
in n-dimensional systems, first obtained by L.P. Shil’nikov without a center-manifold 
reduction. 


6.4.1 Regular Homoclinic Orbits: Melnikov Integral 


Consider a system 
&£= f(t,a), v= (11, %,...,%) € R", aeR', (6.19) 


where f is C° smooth and n > 3. Suppose, that (6.19) has a hyperbolic equilibrium 
xo at a = 0, and the Jacobian matrix Ag = f, (xo, 0) has n, eigenvalues with positive 
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real parts 
0< ReA; < RerAr <---< Red 


ny 


and n_ eigenvalues with negative real parts 
Re Mn S Re Mn_-1 S'S Re Mi< 0. 


For all sufficiently small |a|, the equilibrium persists and has unstable and stable 
local invariant manifolds W“ and W* that can be globally extended, dim W“* = 
Ne, N+ +n_ =n. Assume that (6.19) has at a = 0 an orbit 9 homoclinic to x9 and 
denote by x°(t) a solution of (6.19) corresponding to Tp. 

As we have seen in Sect. 6.1, the intersection of W*(x%o) and W" (zo) along To 
cannot be transversal since the vector £°(to) = f (x°(to), 0) is tangent to both man- 
ifolds at any point x°(ty) € Mo. However, in the generic case, £9(to) is the only such 
vector 


T10(t9) W" (&0) A Tro (iq) W* (0) = span{é?(to)}. 
Thus, generically 
codim(T;0(¢,) W* (xo) + T(t) W*(xo)) = 1. 


A generic perturbation splits the manifolds W* (ao) and W“ (xo) by an O(q@)-distance 
in the remaining direction for a 4 0. Such homoclinic orbits are called regular. 
As in Sect. 6.2, introduce the extended system 


| B= (Go); (6.20) 


a=0, 


with the phase variables (x, a)’ € R”"+!. Let x(a) denote a one-parameter family 
of the saddles in (6.19) for small |a|, 29(0) = xo. This family defines an invariant set 
of (6.20) — a curve of equilibria. This curve has the unstable and stable manifolds, 
W" and W*, whose slices a = const coincide with the corresponding unstable and 
stable manifolds W“ and W* of the saddle xo(q). It is clear that the regularity of the 
homoclinic orbit translates exactly into the transversality of the intersection of W" 
and W* along Ip at a = 0 in the (n + 1)-dimensional phase space of (6.20) 


j 1 
T(2(to),0) W" + Tia0),0)W*> = R™. 


Figure 6.21 in Sect. 6.2 illustrates the case n = 2. 
The transversality of the intersection of VV“ and W* can be expressed analytically. 
Namely, consider the linearization of (6.20) around x(t) ata =0 


| te = fr(@(), Ou + fa(x(t), Ou, (621) 
j= 0. 
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If (uo, 40) is a vector tangent to either W" or W*, then the solution vector (u(t), ~()) 
of this system with the initial data (uo, uo) is always tangent to the corresponding 
invariant manifold. The vector function 


Co) _ ro) 

p(t) 0 

is a bounded solution to (6.21) that is tangent to both invariant manifolds W" and 
W+ along the curve of their intersection.* We can multiply this solution by a scalar 
to get another bounded solution to (6.21). The transversality of the intersection of 
W* and W* along Ip at a = 0 means that (49(t), 0) is the unique to within a scalar 
multiple bounded solution to the extended system (6.21). Taking into account that 


the equation for ju in (6.21) is trivial, we can conclude that «°(¢) is the unique up to 
a scalar multiple solution to the variational equation around I 


i= A(t)u, we R”, (6.22) 


where A(t) = f,(x°(t), 0). This implies that the adjoint variational equation around 
To: 
b=—A'(t)v, vER", (6.23) 


has the unique to within a scalar multiple bounded solution v(t) = 7(t). Indeed, the 
equations (6.22) and (6.23) have the same number of linearly independent bounded 
solutions. Actually, the vectors ¢(t) and 7(t) are orthogonal for each t € R!. Using 
(6.22) and (6.23), we get 


d : 
ah S) = Mh) +n) = —(ATn, ¢) + (n, AC) = —(n, AC) + (n, A) = 0, 


ie., (n(t), C(t)) = C. The constant C is zero since both 7(¢) and C(t) tend to zero 
exponentially fast as t  -too: 


(nt), (®) =0, teR’. 


Meanwhile, similar arguments show that 77(¢) is orthogonal to any vector tangent to 
either W° (xo) or W“ (ao). Moreover, the transversality is equivalent to the condition 


+00 
M,(0) -| (n(t), fa(a?(t),0)) dt # 0. (6.24) 


(oe) 


If the intersection of WV“ and WV* is nontransversal, there exists another bounded 
solution (Co(t), fo) to (6.21) with wo 4 0. Taking the scalar product of (6.21) with 
7 and integrating over time, we get 


8 Actually, this solution tends to zero exponentially fast as t > -too since £9(t) = f(a), 0). 
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+00 +00 . 
Ho f (n@), fa (2°), 0)) dt = | (7(t), Colt) — AM)Go(t)) dt 
+00 
= (nt), Co))IES -[ (it) + AT Hn (t), Gol) dt = 0. 


The integral in (6.24) is called the Melnikov integral. This condition allows us to 
verify the regularity of the manifold splitting in n-dimensional systems with n > 2. 
Moreover, one can introduce a scalar split function M (a) that measures the displace- 
ment of the invariant manifolds W*(x%9) and W“ (29) near the point x©°(0) € To in 
the direction defined by the vector 77(0) and has the property 


M(a) = M,(0)a + O(a’), 


where M,,(0) is given by (6.24). 
In the two-dimensional case the Melnikov integral M,(0) can be computed more 
explicitly. Write (6.19) in coordinates: 


. = fi(z,a), 


Ly = fo(a, a). 
The solution ¢(t) to the variational equation (6.22) has the form 


C(t) = #°(t) = & (x(t), . 


f2(x°(t), 0) 
Since 7(t) L C(t), we have 


= 0 0 
n(t) = v(t) ( tin a) 


for some scalar function y(t). It is easy to verify that this function satisfies the 
equation 
Plt) = -Gdiv Ja, Ne, 


pa Bit Oe 
div f = (3 + 5) 


where 


is the divergence of the vector field f. Assuming y(0) = 1, we obtain 


y(t) = 7 Jy div f)(a°(r),0) dr 


and 
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ae ‘(Oft . Of Ofr Of; 
M,(0) = iz exp | [ (3 + =) ar| (AZ _ not) dt, (6.25) 


where all expressions with f = (1, f2) are evaluated along the homoclinic solution 
x(-) ata =0. 


Remark: 
Suppose that (6.4) is a Hamiltonian system at a = 0, and a is a small parameter 
in front of the perturbation term, i.e. 


t= J(VA)(“)+ag(a), rE R?, aeR', 


01 OH OH 
= ’ VH = Au. Aa ’ 
—-10 Ox, Ox 
and H = H (2) is the Hamiltonian function. Then the Melnikov integral (6.25) can be 
simplifyed further. In such a case, div f = 0 and the homoclinic orbit Ip belongs to a 
level curve {x : H(x) = H(ao)}. Assume that its interior is a domain Q = {H(x) < 


H(xo)}. Then, applying Green’s theorem reduces the Melnikov integral along Ip to 
the domain integral 


where 


M,(0) = [cv g)(x) dx\dz2. > 


6.4.2 Homoclinic Center Manifolds 


To formulate the Homoclinic Center Manifold Theorem, it is useful to distinguish 
the eigenvalues that are closest to the imaginary axis (see Fig. 6.39). 


Definition 6.9 The eigenvalues with positive (negative) real part that are closest to 
the imaginary axis are called the unstable (stable) leading eigenvalues, while the 
corresponding eigenspaces are called the unstable (stable) leading eigenspaces. 


Definition 6.10 The stable and unstable leading eigenvalues together are called cen- 
tral eigenvalues, while the corresponding eigenspace is called the central eigenspace. 


Almost all orbits on W"“(W*) tend to the equilibrium as t > —oo (t > +00) 
along the corresponding leading eigenspace that we denote by T“(T*). Exceptional 
orbits form a nonleading manifold W“"(W**) tangent to the eigenspace T“"(T**) 
corresponding to the nonleading eigenvalues. The central eigenspace T° is the direct 
sum of the stable and unstable leading eigenspaces: T° = T“ © T°. Denote by Ao the 
minimal Re A; corresponding to the nonleading unstable eigenvalues and by jug the 
maximal Re ju; corresponding to the nonleading stable eigenvalues (see Fig. 6.39). 
By the construction 
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Fig. 6.39 Splitting of the eigenvalues 


bo < Rep, <0 < Re r; < Xo, 


where , is a leading unstable eigenvalue and j1; is a leading stable eigenvalue. 
Provided both nonleading eigenspaces are nonempty, introduce two real numbers 


g = Ho g" _ Xo 
Re Hy : Re »} . 


These numbers characterize the relative gaps between the corresponding nonleading 
and leading eigenvalues and satisfy g*" > 1. If one of the nonleading eigenspaces 
is empty, set formally g*° = —oo or g“ = +00. 

Now notice that the variational equation (6.22) is a nonautonomous linear system 
with matrix A(t) that approaches asymptotically a constant matrix, namely 


lim A(t) = Ao. 


t> 00 


Therefore, for t — -too, solutions of (6.21) behave like solutions of the autonomous 
linear system 
v= Aov 


and we can introduce four linear subspaces of R”: 


UU _ : i : © i 

E™' (to) = {v0 : ee lve) || a | 
. _ v(t) 8s 

E* (to) = { : Rae || u(t) || =e | : 
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E“ (to) tim © ere@rm 
=U: : ; 
° °* 15-00 Ju 
. : v(t) : 2 
E“(to) = tuo: lim —~— €T°@T® 
(to) {0 ae oO € ® 5 


where u(t) = ®(v0, to, t) is the solution to (6.21) with the initial data v = vo at 
t = to, and © stands for the direct sum of the linear subspaces. Finally, define 


E°(to) = E™ (to) N E“ (to). 


Now we can formulate, without proof, the following theorem. 


Theorem 6.7 (Homoclinic Center Manifold) Suppose that (6.19) has ata = Oa 
hyperbolic equilibrium x9 = 0 with a homoclinic orbit 
To ={aeR": c=2°), te R'}. 


Assume that the following conditions hold: 


(H.1) «°(0) € E°(0); 
(H.2) E““(0) @ E°(0) @ E**(0) = R". 


Then, for all sufficiently small |a|, (6.19) has an invariant manifold M, defined in 
a small neighborhood Uo of V9 U xo and having the following properties: 


(i) 2° (to) € Mo and the tangent space T x(t) Mo = E°(to), for all to € R'; 

(ii) any solution to (6.19) that stays inside Up for allt € R' belongs to Ma; 

(iii) each M,, is C* smooth, where k > 1 is the maximal integer number satisfying 
both 


g >k and g’>k. 


Definition 6.11 The manifold M, is called the homoclinic center manifold. 


Remarks: 

(1) The conditions (H.1) and (H.2) guarantee that similar conditions hold for 
all to 4 0. The first condition implies that the homoclinic orbit [9 approaches the 
equilibrium zo along the leading eigenspaces for both t + ++oo and t + —oo. The 
second condition means that the invariant manifolds W* (a9) and W" (xo) intersect at 
a = 0 along the homoclinic orbit p in the “least possible” nontransversal manner. 

(2) The manifold Mo is exponentially attracting along the E**-directions and 
exponentially repelling along the E“-directions. The same property holds for M, 
for small |a| 4 0 with E**"" replaced by close subspaces. 

(3) The homoclinic center manifold has only finite smoothness C* that increases 
with the relative gaps g*"". The restriction of (6.19) to the invariant manifold M, 
is a C*-system of ODEs, provided proper coordinates on M, are choosen. This 
restricted system has an orbit homoclinic to xp at a = 0. 
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(a) (b) 


Fig. 6.40 Homoclinic center manifold Mo in R3 


(4) Actually, under the assumptions of Theorem 6.7, the homoclinic center man- 
ifold belongs to the class C’ with some 0 < 6 < 0, i.e., can locally be represented 
as the graph of a function whose derivatives of order k are Hélder-continuous with 
index 3. 


The theorem is illustrated for R? in Fig. 6.40. Only the critical homoclinic center 
manifold Mo at a = 0 is presented. It is assumed that all eigenvalues of xo are real 
and simple: 2 < (41 < 0 < Ay. The central eigenspace T° of the saddle x is two- 
dimensional and is spanned by the (leading) unstable eigenvector vj (Agv; = A; 1) 
and the leading stable eigenvector w; (Agw; = Ww ). The manifold Mo is two- 
dimensional, contains Ip, and is tangent to T° at xo. Itis exponentially attracting in the 
E**-direction. The manifold can be either orientable (Fig. 6.40(a)) or nonorientable 
(Fig. 6.40(b)). In this case, condition (H.2) is equivalent to the strong inclination 
property (see Sect. 6.3), so the orientability of 49 determines whether the closure 
W of W" near V9 is orientable or nonorientable (cf. Fig. 6.25). 


6.4.3. Generic Homoclinic Bifurcations in R" 


Generically, the leading eigenspaces T**“ are either one- or two-dimensional. In the 
first case, an eigenspace corresponds to a simple real eigenvalue, while in the second 
case, it corresponds to a simple pair of complex-conjugate eigenvalues. Reversing the 
time direction if necessary, we have only three typical configurations of the leading 
eigenvalues: 
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Fig. 6.41 Leading eigenvalues in generic Shil’nikov cases 


(a) (saddle) The leading eigenvalues are real and simple: yu, <0 < », (Fig. 
6.41(a)); 

(b) (saddle-focus) The stable leading eigenvalues are complex and simple: 4; = 
ji, while the unstable leading eigenvalue \, is real and simple (Fig. 6.41(b)); 

(c) (focus-focus) The leading eigenvalues are complex and simple: A; = da, by = 
Lo (Fig. 6.41(c)). 


Definition 6.12 The saddle quantity o of a hyperbolic equilibrium is the sum of the 
real parts of its leading eigenvalues. 


Therefore 
a0 =Re, +Re p41, 


where , is a leading unstable eigenvalue and j1; is a leading stable eigenvalue. 
Assume that the following nondegeneracy condition holds at a = 0: 


(H.0) a9 4 0 and the leading eigenspaces T* are either one- or two-dimensio- 
nal. 


The following theorems are direct consequences of Theorem 6.7 and the results 
obtained in Sects. 6.2-6.4. 


Theorem 6.8 (Saddle) For any generic one-parameter system having a saddle 
equilibrium point x with a homoclinic orbit V9 at w = O, there exists aneighborhood 
Uo of [9 U 20 in which a unique limit cycle Lq bifurcates from To as a passes 
through zero. Moreover, dim W*(L,) = n_ +1 if a9 < 0, and dim W*(L,) = n_ 
if oo > 0. 


In the saddle case, the homoclinic center manifold M,, is two-dimensional and 
is a simple (orientable) or a twisted (nonorientable or Mobius) band. At a = 0, the 
restricted system has a homoclinic orbit. The proof of Theorem 6.1 (see Sect. 6.2) 
can be carried out with only a slight modification. Namely, the coefficient a() of 
the global map Q can now be either positive (orientable case) or negative (Mobius 
case). In this case, conditions (H.1) and (H.2) imply that the W“* intersects itself 


270 6 Bifurcations of Orbits Homoclinic and Heteroclinic to Hyperbolic Equilibria 


near the saddle along the corresponding nonleading manifold W**:"". In the three- 
dimensional case, this condition means that the homoclinic orbit Ip is either simple or 
twisted (as defined in Sect. 6.3). Thus, we have an alternative way to prove Theorems 
6.3 and 6.5. 


Theorem 6.9 (Saddle-focus) For any generic one-parameter system having a 
saddle-focus equilibrium point xo with a homoclinic orbit To at a = 0, there exists 
a neighborhood Uo of V9 U xo such that one of the following alternatives hold: 


(a) ifoo < 0, aunique limit cycle L., bifurcates from V9 in Up as a passes through 
zero, dim W*(L,) = n_ + 1; 

(b) if ao > 0, the system has an infinite number of saddle limit cycles in Uo for 
all sufficiently small |a|. 


In this case, the homoclinic center manifold M, is three-dimensional. At a = 0, 
the restricted system has a homoclinic orbit to the saddle-focus, so we can repeat 
the proof of Theorem 6.4 (in case (a)) and that of Theorem 6.6 (in case (b)) on this 
manifold. 


Theorem 6.10 (Focus-focus) For any generic one-parameter system having a 
focus-focus equilibrium point x9 with a homoclinic orbit To at a = 0, there exists 
a neighborhood Up of V9 U Xo in which the system has an infinite number of saddle 
limit cycles in Uo for all sufficiently small |a|. 


Here, the homoclinic center manifold M, is four-dimensional and carries a homo- 
clinic orbit to the focus-focus at a = 0. Thus, the proof of Theorem 6.11 from 
Appendix A is valid. 

The genericity conditions mentioned in the theorems are the nondegeneracy condi- 
tions (H.0), (H.1), and (H.2) listed above, as well as the transversality condition: 


(H.3) the homoclinic orbit V9 is regular, i.e., the intersection of the tangent spaces 
T,0(¢) W® and T,,0( W" at each point x(t) € V9 is one-dimensional and W* and W“ 
split by an O(a) distance as « moves away from zero. 


Recall that (H.3) can be reformulated using the Melnikov integral as 


+00 
/ in(t), fa(e°(t), 0)) dt # 0, 


(oe) 


where 7)(¢) is the unique to within a scalar multiple bounded solution to the adjoint 
variational equation around Tp 


u=—A' (tu, we R”. 
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6.5 Exercises 


(1) Construct a one-parameter family of two-dimensional Hamiltonian systems 


& = Hy, 
y = —H;, 


where H = H(z, y, a) is a (polynomial) Hamilton function, having a homoclinic orbit. (Hint: 
Orbits of the system belong to level curves of the Hamiltonian: H(x, y, a) = const.) 


(2) (Homocline orbit in a non-Hamiltonian system) Show that the system 


cT=Y, 
y= a +a+2y, 


has a saddle at the origin with a “big” homoclinic orbit. (Hint: Use the symmetry of the system 
under a reflection and time reversal: x +> —x, t +> —t.) Is this orbit nondegenerate? 


(3) Prove Lemma 6.1 in the planar case using rotation of the vector field. (Hint: See Andronov et al. 


(1973).) 


(4) (Heteroclinic bifurcation) Prove that the system 


&£=at+2zy, 
y=ita?—y, 


undergoes a heteroclinic bifurcation at a = 0. 


(5) (Asymptote of the period) Find an asymptotic form of the cycle period T (3) near the homo- 
clinic bifurcation on the plane. Is this result valid for the n-dimensional case? (Hint: Use the fact 
that a point on the cycle spends the most time near the saddle.) 


(6) (Multiplier of the cycle near homoclinic bifurcation) Show that the (nontrivial) multiplier of 
the cycle bifurcating from a homoclinic orbit in a planar system approaches zero as G > 0. Can 
this result be generalized to higher dimensions? 


(7) (C!-linearization near the saddle on the plane) 

(a) Draw isochrones, T;,2 = const, of constant “exit” times from the unit square Q for the linear 
system (6.7). Check that these lines are transversal. How will the figure change in the nonlinear 
case? Prove that the map ®(y) constructed in the proof of Theorem 6.1 is a homeomorphism. 

(b) Prove that the map ®(y) has only first-order continuous partial derivatives at y = 0. (Hint: 
®,,(0) = Jy, see Deng (1989).) 


(8) (Dependence of orbits upon a singular parameter) Consider the slow-fast system 


baa —y, 
y=, 


where € is small but positive. Take an orbit of the system starting at 


x0 -(1+¢6), 
yo = 1. 
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Let y; = yi (€) be the ordinate of the point of intersection between the orbit and the vertical line 
e=1. 

(a) Show that the derivative of y:(€) with respect to « tends to —oo as ¢ > 0. (Hint: 
A (€) = —T(€), where T is the “flight” time from the initial point (9, yo) to the point (1, y;).) 

(b) Check that the result will not change if we take x9 = —(1 + y(€)) with any smooth positive 
function y(e) > 0 fore > 0. 

(c) Explain the relationship between the above results and nondifferentiability of the split function 
in the slow-fast planar system used as the example in Sect. 2. 

(d) Prove that, actually, yi (€) ~ 7/3. (Hint: See Mishchenko & Rozov (1980).) 


(9) (Strong inclination property) Consider a system that is linear, 


@) = A121, 
L2 = A222, 
3 = A323, 


where A; > 0 > A2 > As, inside the unit cube Q = {(71, x2, 73): —1 < x; < 1, 1 = 1,2, 3}. Let 
iy! denote its evolution operator (flow). 

(a) Take a line lo within the plane x; = 1 passing through the x-axis and show that its image 
under the flow (i.e., I(t) = y'l with t < 0) is also a line in some plane 2 = const passing through 
the same axis. 

(b) Show that the limit 


lim yl 
t—-—0o 


is the same for all initial lines except the line Jp = {x1 = 1} N {a3 = O}. What is the limit? 

(c) Assume that the system outside the cube Q possesses an orbit that is homoclinic to the origin. 
Using part (b), show that generically the stable manifold W* (0) intersects itself along the nonlead- 
ing eigenspace 7; = x2 = 0. Reformulate the genericity condition as the condition of transversal 
intersection of W*(0) with some other invariant manifold near the saddle. 

(d) Sketch the shape of the stable manifold in the degenerate case. Guess which phase portraits can 
appear under perturbations of this degenerate system. (Hint: See Yanagida (1987), Deng (1993a).) 


(10) (Proofs of Theorems 6.3—6.6 revisited) 

(a) Compute the near-to-saddle map A in the saddle and saddle-focus cases in R* assuming 
that the system is linear inside the unit cube Q = {(x1, 42,473): -1 < a < 1, i= 1, 2, 3} and the 
equilibrium point is located at the origin. 

(b) Write a general form of the linear part of the global map Q : (x2, x3) > (a1, 73) using the 
split function as a parameter. How does the formula reflect the twisting of the orbit that is homoclinic 
to the saddle? 

(c) Compose a composition of the maps defined in parts (a) and (b) of the exercise and write the 
system of equations for its fixed points in the saddle and saddle-focus cases. Analyze the solutions 
of this system by reducing it to a scalar equation for the x -coordinate of the fixed points. 


(11) Show that the saddle quantity oo of the equilibrium in the wave system for the FitzHugh- 
Nagumo model is positive. (Hint: 0, = Ay + Ax + A3 = c > 0.) 


(12) (Singular homoclinic in R?) 
(a) Check that the following slow-fast system (cf. Deng (1994)) 


&=(2+)+C0-2z)[@-1)—y], 
y= (1-2z)[@—-1)+y], 
ef = (1—-2*)[z+1—m(4+1)] —-ez, 
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has a homoclinic orbit to the equilibrium (1, 0, —1) in the singular limit ¢ = 0, provided m = 1. 
(Hint: First, formally set ¢ = 0 and analyze the equations on the slow manifolds defined by z = +1. 
Then plot the shape of the surface z = 0 for small but positive ¢.) 

(b) Could you prove that there is a continuous function m = m(e), m(O) = 1, defined for e > 0, 
such that for the corresponding parameter value the system has a saddle-focus with a homoclinic 
orbit for small ¢ > 0? What is the sign of the saddle quantity? How many periodic orbits one expects 
near the bifurcation? 

(c) If part (b) of the exercise is difficult for you, try to find the homoclinic orbit numerically using 
the boundary-value method described in Chap. 10 and the singular homoclinic orbit from part (a) 
as the initial guess. 


(13) (Melnikov integral) Prove that the Melnikov integral (6.25) is nonzero for the homoclinic 
orbit I in the system (6.8) from Example 6.1. (Hint: Find t+ = t+ (a) along the upper and lower 
halfs of M9 by integrating the first equation of (6.8). Then transform the integral (6.25) into the sum 
of two integrals over x € [0, 1].) 


6.6 Appendix A: Focus-Focus Homoclinic Bifurcation in 
Four-dimensional Systems 


In this appendix, we study dynamics of four-dimensional systems near an orbit homoclinic to a 
hyperbolic equilibrium with two complex pairs of eigenvalues (focus-focus). This case is similar to 
the saddle-focus homoclinic case. 
Consider a system 

&=f(z,a), ceER*, aeR', (A.1) 


where f is a smooth function. Assume that at a = 0 the system has a hyperbolic equilibrium xp = 0 
with two pairs of complex eigenvalues, namely 


A1,2(0) = p1(0) + iwi (0), A3,4(0) = p2(0) + iw2(0), 
where 
pi(0) <0 < p2(0), w1,2(0) > 0, 
(see Fig. 6.42). Generically, the saddle quantity is nonzero 


(H.1) 09 = p10) + p2(0) #0. 
Actually, only the case 


a9 = pi(0) + p2(0) < 0 


will be treated, because we can reverse time otherwise. 

Since A = Ois not an eigenvalue of the Jacobian matrix f; (20, 0), the Implicit Function Theorem 
guarantees the persistence of a close hyperbolic equilibrium with two pairs of complex eigenvalues 
for all sufficiently small |a|. Assuming that the origin of coordinates is already shifted to this 
equlibrium, we can write (A.1) in the form 


z= A(a)x+ F(a, a), (A.2) 


where F = O((|a||) and the matrix A(q) has the eigenvalues 


A1,2(@) = pi(a) Eiwi(a), A3,4(@) = p2(a) + iw2(Q), 
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Fig. 6.42 Eigenvalues of a 
focus-focus Aq 


with p;(0), w;(0) satisfying the imposed conditions. 

The focus-focus equilibrium has the two-dimensional stable and unstable manifolds W**" that can 
be globally extended. Suppose that at a = 0 the manifolds W" and W* intersect along a homoclinic 
orbit 9. We assume that the intersection of the tangent spaces to the stable and unstable manifolds 
is one-dimensional at any point x € T9:° 


(H.2) dim (7; W" 0 T,;W*) = 1. 


This condition holds generically for systems with a homoclinic orbit to a hyperbolic equilibrium. 
The following theorem by Shil’nikov is valid. 


Theorem 6.11 For any system (A.2), having a focus-focus equilibrium point xo with a homoclinic 
orbit To at a =0 and satisfying the nondegeneracy conditions (H.1) and (H.2), there exists a 
neighborhood Uo of To U x0 in which the system has an infinite number of saddle limit cycles in 
Uo for all sufficiently small |a\. 


Sketch of the proof: 

First consider the case a = 0. Write the system (A.2) in its real eigenbasis. This can be done 
by applying to (A.2) a nonsingular linear transformation putting A in its real Jordan form. In the 
eigenbasis, the system at a = 0 will take the form 


L] = pix, — wx. + Gi (a), 
£2 = wit, + pyx2 + G2(a), 
L3 = p2X3 — w274 + G3(z), 
X4 = wW2r3 + prx4 + Gaz), 


(A.3) 


where old notations for the phase variable are preserved and G = O(|l2'||”). Now introduce new 
coordinates y that locally linearize the system (A.3). Due to a theorem by Belitskii (see Appendix 
B) there exists a nonlinear transformation 


y=r+g(2), 


where g is a C! function (g,(0) = 0), that locally conjugates the flow corresponding to (A.3) with 
the flow generated by the linear system 


Yi = pPiyl — 142, 
y2 = Wily + Ply2, (A.4) 
Y3 = P2Y3 — W2Y4, 
ya = w2y3 + p2ya. 


° This intersection is spanned by the phase velocity vector f(x, 0) for « € T9. 
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In the coordinates y € R*, the unstable manifold W" is locally represented by y; = y2 = 0, while 
the stable manifold W* is given by y3 = y4 = 0. Suppose that the linearization (A.4) is valid in the 
unit 4-cube {|y;| < 1, ¢ = 1, 2,3, 4} which can always be achieved by a linear scaling. 

Write (A.4) in the polar coordinates 


m1 = piri, 

my = ets (A.5) 
T2 = p272, 

A> = W2, 


by substituting 
YY. =71C0SA,, yo =71sinO, y3 = 72 c0sO2, yg = 12 sin by. 
Introduce two three-dimensional cross-sections for (A.5): 


X= {(r1, 01,72, 92): r2 = J, 
Tl = {(r1, 1, 72, 02) :71 = 1}, 


and two submanifolds within these cross-sections, namely: 


Xo = {((r1, 1,72, 92) :r1 <1, 2 = YC, 
No = {(r1, 1, 72, 2) 271 = 1, 72 < CTI. 


Xo and Ig are three-dimensional solid tori that can be vizualized as in Fig. 6.43, identifying the 
left and the right faces. The stable manifold W* intersects Xo along the center circle r; = 0, while 
the unstable manifold W™ intersects IIo along the center circle rz = 0. Without loss of generality, 
assume that the homoclinic orbit 9 crosses Uo at the point with 6; = 0, while its intersection with 
TI occurs at 62 = 0. 

As usual, define a Poincaré map P : & — »® along the orbits of the system and represent this 
map as a composition P = Qo A of two maps: a near-to-saddle map A : © — I and a map 
Q: TI — & near the global part of the homoclinic orbit 9. Now introduce a three-dimensional 
solid cylinder S C Xo 


S={(r1, 91, 72,02): m1 <1, r2 =1, -6 < 2 < 5} 


with some 6 > 0 fixed (see Fig. 6.43), and trace its image under the Poincaré map P. 
The map A : & — I] can be computed explicitly using (A.5). Namely 


~ i) = ~= ral = 
Ti * i) 
\ 
i To 
6, wesfeseseeoes Sreneenanefe 
/ Wo 
Oy = +6 
Xo IIo 


Fig. 6.43 Cross-sections Xo and To 
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To we 


Fig. 6.44 The image AS in Io 


Fig. 6.45 The section of AS 
by the plane 0; = 0 


1 
rl wt 1 
1 1+ ony 
AS we Pe ; (A.6) 
1 rn” 
2 6) + 2 In + 
2p 
since the flight time from © to IT is equal to 
1 1 
T=—In—. 
P1 rl 


According to (A.6), the image AS C Ip is a solid “toroidal scroll” sketched in Fig. 6.44. The 
section of the image by the plane #2 = 0 is presented in Fig. 6.45. 

The C! map Q : II - ¥ places the scroll back into the cross-section ¥ by rotating and deform- 
ing it, such that the image Q(AS) cuts through the cylinder S (see Fig. 6.46). The center circle 
rg = 0 of To is transformed by Q into a curve intersecting the center circle rj = 0 of Uo ata 
nonzero angle due to the condition (H.2). 

The geometry of the constructed Poincaré map P implies the presence of three-dimensional 
analogs of Smale’s horseshoe. Indeed, let us partition S into a series of solid annuli: S = UP? 9 Sx, 
where 
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Fig. 6.46 The image P(S) and the preimage S in & 


Fig. 6.47 The image P(S;) 
and the preimage S;, in a= | 


P(Sk) 


2n(k + Ip 2akp2 
ee = 


Sk = 4(71, 1,72, 02) 2 € <rsce YY ,m=1, || < 57. 


Provided k is sufficiently large, S, is mapped by P into a “one-turn scroll” P(S;,) that intersects S;, 
by two disjoint domains (see Fig. 6.47). This is a key feature of Smale’s example. Thus, at a = 0, 
the system (A.1) has an infinite number of Smale’s horseshoes, each of them implying the existence 
of a Cantor invariant set containing an infinite number of saddle limit cycles. 

If |a| is small but nonzero, the above construction can still be carried out. However, generically, 
the manifolds W* and W" split by O(a) distance, so the image of the center circle of Ip does 
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not intersect that of Xo. Thus, only a finite number of the three-dimensional horseshoes remain. 
Nevertheless, they still give an infinite number of cycles near I. 


6.7 Appendix B: Bibliographical Notes 


The homoclinic orbit bifurcation in planar dynamical systems was analyzed by Andronov & 
Leontovich (1939) (an exposition with much detail can be found in Andronov et al. (1973)). C 7 
linearization was not known to Andronoy; therefore, he had to give delicate estimates for the near-to- 
saddle map (see Wiggins (1988) for such estimates in the n-dimensional case). C*-linearization near 
a hyperbolic equilibrium is studied by Sternberg (1957) and Belitskii (1973, 1979), as well as by 
many other authors. A theorem by Belitskii provides the C!-equivalence of the flow correspond- 
ing to a system in R” to the flow generated by its linear part near a hyperbolic equilibrium with 
eigenvalues A;, Az, ..., Ap, such that 


Re \; # Re dj +Re Az 


for all combinations of 7, 7, k = 1, 2,...,n. Anelementary proof of C 1 linearization near a hyper- 
bolic saddle on the plane, which is reproduced in the proof of Theorem 6.1, is due to Deng (1989). 

Integrals over homoclinic orbits characterizing splitting of invariant manifolds first appeared in 
the paper by Melnikov (1963) devoted to periodic perturbations of planar autonomous systems. If 
the unperturbed system has a homoclinic orbit to a saddle equilibrium, the perturbed system (con- 
sidered as an autonomous system in R? x S!) will have a saddle limit cycle with two-dimensional 
stable and unstable invariant manifolds. These manifolds could intersect along orbits homoclinic 
to the cycle, giving rise to the Poincaré homoclinic structure and associated chaotic dynamics (see 
Chap. 2). In a fixed cross-section t = to, the points corresponding to a homoclinic orbit can be 
located near the unperturbed homoclinic loop as zeros of the so-called Melnikov function (see 
details in Sanders (1982), Guckenheimer & Holmes (1983), Wiggins (1990)). The generalization 
of Melnikov’s technique to n-dimensional situations using the variational and adjoint variational 
equations is due to Palmer (1984) (see also Lin (1990)). In the papers by Beyn (1990a, b) the equiv- 
alence of the transversality of the intersection of the stable and unstable manifolds in the extended 
system (6.20) to the nonvanishing of the Melnikov integral (6.24) is proved. 

Bifurcations of phase portraits near orbits homoclinic to a hyperbolic equilibrium in n-di- 
mensional autonomous systems were first studied by Shil’ nikov (1963) and Neimark & Shil’nikov 
(1965) under simplifying assumptions. The general theory has been developed by Shil’ nikov (1968, 
1970) (there are also two preceding papers by him in which three- and four-dimensional cases were 
analyzed: Shil’ nikov (1965, 1967a)). The main tool of his analysis is a representation of the near-to- 
saddle map as the solution to a boundary-value problem (the so-called parametric representation); 
see Deng (1989) for the modern treatment of this technique. This parametrization allowed Shil’nikov 
to prove one-to-one correspondence between the saddle cycles and periodic sequences of symbols. A 
particular feature that makes Shil’nikov’s main papers difficult to read is the absence of figures. For 
example, the notion of “orientation” or “twisting” never appeared in his original papers explicitly 
(it is hidden in the signs of some indirectly defined determinants). A geometrical treatment of the 
saddle-focus case in R? can be found in Guckenheimer & Holmes (1983) and Tresser (1984). In the 
latter paper, the C!-linearization near the saddle-focus is used. Wiggins (1988, 1990) gives many 
details concerning homoclinic bifurcations in R* and R*. Appendix A follows his geometrical 
approach to the focus-focus homoclinic bifurcation. 

Arnol’d et al. (1994) provides an excellent survey of codimension | homoclinic bifurcations. It 
includes a proof of topological invariance of 1p, as well as the construction of topological normal 
forms for the saddle homoclinic bifurcation. Detailed proofs of many results mentioned in this 
survey are given by Ilyashenko & Li (1999). In this text, however, redundant genericity conditions 
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are often assumed to assure the local C-linearization of the system near the equilibrium for any 
finite k, whereas k = 1 would be sufficient. 

The bifurcations of limit cycles near an orbit homoclinic to the saddle-focus were studied by 
Gaspard (1983), Gaspard et al. (1984), and Glendinning & Sparrow (1984). The existence of the 
subsidiary homoclinic orbits is proved by Evans et al. (1982) and Gonchenko et al. (1997). Actu- 
ally, basic results concerning these bifurcations follow from the analysis of a codim 2 bifurcation 
performed by Belyakov (1980), who studied the homoclinic bifurcation in R? near the saddle to 
saddle-focus transition (see also Belyakov (1974, 1984) for the analysis of other codim 2 saddle- 
focus cases). Codim 2 homoclinic bifurcations in R? have attracted much interest (see, e. g., Nozdra- 
chova (1982), Yanagida (1987), Glendinning (1988), Chow, Deng & Fiedler (1990), Kisaka et al. 
(1993a,b), Hirschberg & Knobloch (1993), Deng (1993a), Homburg et al. (1994), Bykov (1977, 
1980, 1993, 1999), Shashkov (1992), and Deng & Sakamoto (1995)). The saddle to saddle-focus 
transition in R* with three simple leading eigenvalues is recently studied by Kalia et al. (2019). 
Many results on codim 2 homoclinic and heteroclinic bifurcations are presented by Shilnikov et al. 
(2001, Chap. 13) and in a survey by Sandstede & Homburg (2010). 

Explicit examples of two- and three-dimensional systems having algebraic homoclinic orbits of 
codim | and 2 have been presented by Sandstede (1997a). Belyakov homoclinic bifurcations play 
an important role in population dynamics, see Kuznetsov et al. (2001). 

Homoclinic bifurcations in n-dimensional cases with n > 4 were treated in the original papers 
by Shil’nikov and by Ovsyannikov & Shil’nikov (1987) (see also Deng (1993b)). The existence 
of center manifolds near homoclinic bifurcations in n-dimensional systems has been established 
independently by Turaev (1991), Sandstede (1993, 2000), and Homburg (1993, 1996). Complete 
proofs can be found in (Shilnikov et al. 1998, Chap. 6). 

There is an alternative method to prove the bifurcation of a periodic orbit from the homoclinic 
orbit: A function space approach based on the Lyapunov-Schmidt method, see Lin (1990). 

Homoclinic bifurcations in planar slow-fast systems were treated by Diener (1983) in the frame- 
work of nonstandard analysis. An elementary treatment of the planar case is given by Kuznetsov 
et al. (1995) with application to population dynamics. Some higher-dimensional cases have been 
considered by Szmolyan (1991). Many examples of three-dimensional slow-fast systems that exhibit 
homoclinic bifurcations are constructed by Deng (1994, 1995). 
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Other One-Parameter Bifurcations in 
Continuous-Time Dynamical Systems 


The list of possible bifurcations in multidimensional systems is not exhausted by 
those studied in the previous chapters. Actually, even the complete list of all generic 
one-parameter bifurcations is unknown. In this chapter we study several unrelated 
bifurcations that occur in one-parameter continuous-time dynamical systems 


z= f(z,a), céR", aeR', (7.1) 


where f is a smooth function of (x, a). We start by considering global bifurcations 
of orbits that are homoclinic to nonhyperbolic equilibria. As we shall see, under 
certain conditions they imply the appearance of complex dynamics. We also briefly 
touch some other bifurcations generating “strange” behavior, including homoclinic 
tangency and the “blue-sky” catastrophe. Then we discuss bifurcations occurring on 
invariant tori. These bifurcations are responsible for such phenomena as frequency 
and phase locking. Finally, we give a brief introduction to the theory of bifurcations 
in symmetric systems, which are those systems that are invariant with respect to the 
representation of a certain symmetry group. After giving some general results on 
bifurcations in such systems, we restrict our attention to bifurcations of equilibria 
and cycles in the presence of the simplest symmetry group Z2, composed of only 
two elements. 


7.1 Codim 1 Bifurcations of Homoclinic Orbits to 
Nonhyperbolic Equilibria 


Let 2° = 0 be a nonhyperbolic equilibrium of system (7.1) at a = 0; the Jacobian 
matrix A = f, evaluated at (2°, 0) has eigenvalues with zero real part. As in the 
hyperbolic case, we introduce two invariant sets: 
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W*(x°) = {a: y'a > 2°, t > +00}, W" (2°) = {a : ya > 2°, t > —oo}, 


where ¢’ is the flow associated with (7.1); recall that W* (x°) is called the stable set of 
x°, while W"(°) is called the unstable set of x°. If these sets are both nonempty, they 
could intersect; in other words, there may exist homoclinic orbits approaching x° in 
both time directions. Since the presence of a nonhyperbolic equilibrium is already 
a degeneracy, the codimension of such a singularity is greater than or equal to one. 
As we can easily see, if the equilibrium has a pair of complex-conjugate eigenvalues 
on the imaginary axis, we need more than one parameter to tune in order to get 
a homoclinic orbit to this equilibrium. Consider, for example, a system depending 
on several parameters in R*, having an equilibrium x° with one positive eigenvalue 
3 > 0 and a pair of complex-conjugate eigenvalues that can cross the imaginary 
axis. To obtain a Shil’nikov-Hopf bifurcation, we have to spend one parameter to 
satisfy the Hopf bifurcation condition \;.2 = +twpo, and another parameter to place 
the unstable one-dimensional manifold W"(x°) of the equilibrium on its stable set 
W*(x°) (in fact, the center manifold W°(«x°)). Thus, the Shil’ nikov-Hopf bifurcation 
has codim 2. Therefore, since we are interested here in codim | bifurcations, let us 
instead consider the case when a simple zero eigenvalue is the only eigenvalue of the 
Jacobian matrix on the imaginary axis. We will start with the two-dimensional case. 


7.1.1 Saddle-Node Homoclinic Bifurcation on the Plane 


Suppose that for a = 0, system (7.1) with n = 2 has the equilibrium 2° = 0 with 
a simple zero eigenvalue \; = 0. According to the Center Manifold Theorem (see 
Chap. 5), for a = 0 there is a one-dimensional manifold W6 (2°) tangent to the 
eigenvector of A corresponding to A; = 0. This manifold is locally attracting or 
repelling, depending on the sign of the second eigenvalue \2 4 0. The restriction of 
(7.1) to W5 at a = 0 has the form 


€ = be + O(&), (7.2) 


where, generically, b 4 0. Under this nondegeneracy condition, the system is locally 
topologically equivalent at a = 0 near the origin to the normal form 


{° = be, 
&2 = 0&2, 


where o = sign Ap (see Fig. 7.1, where the two cases with a > 0 are shown). These 
equilibria are called saddle-nodes. Notice that in Fig. 7.1(a) the stable set W*(2°) 
is the left half-plane £; < 0, while the unstable set W"(x°) is the right half-axis 
{€ => 0, & = 0}. In Fig. 7.1(b) the unstable set W"(x°) is given by {€; > 0}, and 
the stable set W*(x°) by {€; < 0, & = 0}. There are infinitely many center manifolds 
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Fig. 7.1 Planar saddle-nodes: (a) A2 < 0; (b) A2 > 0 


passing through the saddle-node (see Sect. 5.1.1 in Chap. 5); a part of each center 
manifold W,; belongs to the stable set of the saddle-node, while the other part belongs 
to the unstable set of the equilibrium. 

If the restriction of (7.1) to its parameter-dependent center manifold W* written 
in a proper coordinate €, 


€ = B(a) + Baye? + O(€?), (7.3) 


depends generically on the parameter, a fold bifurcation occurs: The saddle-node 
equilibrium either disappears or bifurcates into a saddle x! and a node x”. 

Consider the case b > 0, A < 0, and assume that there is an orbit 9 homoclinic 
to the saddle-node x”. Clearly, there may be at most one homoclinic orbit to such an 
equilibrium, and this orbit must locally coincide with the one-dimensional unstable 
set W“(x°). Thus, there is only one way the homoclinic orbit can leave the saddle- 
node. However, it can return back to the saddle-node along any of the infinitely many 
orbits composing the stable set W*(x°). This “freedom” implies that the presence of 
a homoclinic orbit to the saddle-node is not an extra bifurcation condition imposed 
on the system, and therefore the codimension of the singularity is still one, which is 
that of the fold bifurcation. Any of the orbits tending to the saddle-node, apart from 
the two exceptional orbits that bound the stable set (the vertical axis in Fig. 7.1 (a) 
or (b)), can be considered as a part of the center manifold W°(x°). Thus, generically, 
the closure of the homoclinic orbit is smooth and coincides with one of the center 
manifolds near the saddle-node. 

If the parameter is varied such that the equilibrium disappears (3 > 0), a stable 
limit cycle Lg is born near the former smooth homoclinic orbit To. This fact is 
almost obvious if we consider a cross-section transversal to the center manifold. The 
Poincaré map defined on this section for 3 > 0 is a contraction due to Az < 0. Let 
us summarize the discussion by formulating the following theorem. 


Theorem 7.1 (Andronov & Leontovich (1939)) Suppose the system 


z= f(r,a), z € R*, acER', 
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Lg 


B<0 B=0 B>0 


Fig. 7.2. Saddle-node homoclinic bifurcation 


with smooth f, has at a = 0 the equilibrium x° = Owith ; = 0, A> < 0, and there 
exists an orbit V9 that is homoclinic to this equilibrium. 

Assume that the following genericity conditions are satisfied: 

(SNH. 1) the system exhibits a generic fold bifurcation at a = 0 so that its restric- 
tion to the center manifold can be transformed to the form 


€ = B(a) + b(aye? + O(€?), 


where b(0) > 0 and 3'(0) 4 0; 
(SNH.2) the homoclinic orbit 9 departs from and returns to the saddle-node 
along one of its center manifolds, meaning that the closure of V9 is smooth. 
Then there is a neighborhood Up of Yo U x° in which the system has a bifurcation 
diagram topologically equivalent to the one presented in Fig. 7.2. 


Remarks: 

(1) Example 2.10 from Chap. 2 provides an explicit planar system undergoing a 
generic saddle-node homoclinic bifurcation. It also happens in Bazykin’s predator- 
prey system, which will be considered in Chap. 8 (Example 8.3). 

(2) The saddle-node homoclinic bifurcation is a global bifurcation in which a local 
bifurcation is also involved. Looking at only a small neighborhood of the saddle-node 
equilibrium, we miss the appearance of the cycle. 

(3) If we approach the saddle-node homoclinic bifurcation from parameter values 
for which the cycle is present (3 > 0 in our consideration), the cycle period Tg tends 
to infinity (see Exercise (1) to this chapter). A phase point moving along the cycle 
spends more and more time near the place where the saddle-node will appear: It 
“feels” the approaching fold bifurcation. 

(4) The case A > 0 brings nothing new. The only difference from the considered 
one is that the appearing cycle is unstable. Actually, this case can be reduced to that 
in Theorem 7.1 by reversing time. > 
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7.1.2 Saddle-Node and Saddle-Saddle Homoclinic 
Bifurcations in R? 


Now consider a system (7.1) in R* having at a = 0 the equilibrium x° = 0 with a 
simple zero eigenvalue and no other eigenvalues on the imaginary axis. There are 
more possibilities for such equilibria to allow for different kinds of homoclinic orbit. 


Saddle-Nodes and Saddle-Saddles 
As in the planar case, at a = 0 there is a one-dimensional manifold Wf (x°) tangent 


to the eigenvector of A corresponding to the zero eigenvalue. The restriction of (7.1) 
to Wo, at a = 0, in this case has the same form (7.2), 


€= b+ 0(&), 


where, generically, b ~ 0. Under this condition, the system is locally topologically 
equivalent at a = 0 near the origin to the system 


bi be, 
& = 018, (7.4) 
& = 0283, 


where (01, 02) are the signs of the real parts of the nonzero eigenvalues. 
Thus, we have three obvious possibilities (see Fig. 7.3): (a) two nonzero eigen- 


values are located in the left half-plane, 0; = 02 = —1; (b) two nonzero eigenvalues 
are located in the right half-plane, 7; = a2 = 1; (c) one of the nonzero eigenvalues 
is to the right of the imaginary axis, while the other is to the left, 0; = 1, 0. = —1. 


Suppose that b > 0; otherwise, reverse time. 
In case (a), system (7.4) reads 


(a) (b) (c) 


Fig. 7.3. Three types of equilibria with A; = 0 
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i= b€, 
& = —-&, (7.5) 
&; = —&, 


and has the phase portrait presented in Fig. 7.4. 

The stable set W*(x°) is the half-space {€; < 0}, within which the majority of the 
orbits tend to the equilibrium tangent to the €,-axis. The unstable set W"(°) is the 
half-axis {€; > 0, & = & =O}. 

In case (b), system (7.4) has the form 


é1 | bé?, 
&= &, (7.6) 
& = &. 


Its phase portrait is presented in Fig. 7.5. 
The stable set is now one-dimensional, while the unstable set is three-dimensional. 
As in the planar case, the equilibrium for either (a) or (b) is called a saddle-node. 


Fig. 7.4 Saddle-node 
equilibrium with two stable 
eigenvalues 


A283 


Fig. 7.5 Saddle-node 
equilibrium with two 
unstable eigenvalues 
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Note that the nonzero eigenvalues can constitute a complex-conjugate pair. In such 
a case, orbits of the original system within the corresponding half-space tend to the 
equilibrium by spiraling. 

In case (c), the system (7.4) turns out to be 


é1 = be, 
&= &, (7.7) 
& = —&. 


Its phase portrait is presented in Fig. 7.6. 

It can be constructed by taking into account that all the coordinate planes €, = 
0, k = 1, 2,3, are invariant with respect to (7.7). Notice that both the stable and the 
unstable sets are two-dimensional half-planes approaching each other transversally: 


Wi ={€:€ <0, = 0}, W" = {€:€ = 0,& = 0}. 


In this case, the equilibrium ° is called a saddle-saddle. 
Since the restriction of (7.1) to the center manifold has the form 


E = B(a) + bade? + O(€), 


a generic fold bifurcation takes place if b(0) 4 0 and (’(0) 4 0, leading either to 
the disappearance of the equilibrium (for b(0)@ > 0) or to the appearance of two 
hyperbolic ones (for b(0)G < 0). In the case of a saddle-node, one of the bifurcating 
equilibria is saddle, while the other is (stable or unstable) three-dimensional node. On 


Fig. 7.6 Saddle-saddle 
equilibrium 
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the contrary, in the saddle-saddle case, both appearing equilibria are (topologically 
different) saddles. 


Saddle-Node Homoclinic Orbit 


If there is an orbit 9 homoclinic to a saddle-node, then, generically, a unique limit 
cycle appears when the equilibria disappear. The bifurcation is similar to the planar 
one. The stability of the cycle is determined by the sign of 01,2. More precisely, the 
following theorem holds. 


Theorem 7.2 (Shil’nikov (1966)) Suppose the system 
é=f(z,a), «eR, a€R', 


with smooth f, has at a = 0 the equilibrium x = 0 with X, = 0, Re A23 < 0 (or 
Re \2,3 > 0), and there exists an orbit 9 that is homoclinic to this equilibrium. 
Assume that the following genericity conditions are satisfied: 
(SNH. 1) the system exhibits a generic fold bifurcation at a = 0 so that its restric- 
tion to the center manifold can be transformed to the form 


E = B(a) + bade? + O(€), 


where b(0) 4 0 and 3'(0) 4 0; 
(SNH.2) the homoclinic orbit V departs from and returns to x° along one of its 
center manifolds, meaning that the closure of V9 is smooth. 


Then there is a neighborhood Up of To U x° in which the system has a unique 
stable (or repelling) limit cycle Lg for small |G| corresponding to the disappearance 
of the equilibria, and no limit cycles for small |3\| when two hyperbolic equilibria 
exist. 


The theorem is illustrated in Fig. 7.7, 

where a > 0 and the two stable eigenvalues 2,3 are complex. In this case, the 
multipliers of the appearing cycle Lg are also complex. The period of the cycle 
Tz > w,as fh > 0. 


Saddle-Saddle with One Homoclinic Orbit 


If there is a saddle-saddle equilibrium x° with a single homoclinic orbit T, then, 
generically, a unique limit cycle appears when the equilibria disappear. The cycle is 
saddle since the Poincaré map defined on a transversal cross-section to any center 
manifold is contracting in the direction of the stable eigenvector of the saddle-saddle 
and expanding in the direction of its unstable eigenvector. We also have to require 
that the stable set W*(x°) intersects the unstable set W"(x°) along the homoclinic 


7.1 Codim | Bifurcations of Homoclinic Orbits to Nonhyperbolic Equilibria 289 


B<0 B=0 B>O0 


Fig. 7.7 Saddle-node homoclinic bifurcation in R? 


orbit 9 transversally. These heuristic arguments can be formalized by the following 
theorem. 


Theorem 7.3 (Shil’nikov (1966)) Suppose the system 
= f(z,a), «eR, aeR', 


with smooth f, has at a =0 the equilibrium x = 0 with A; = 0, A2 > 0, A3 < 0, 
and there exists a single orbit 'y homoclinic to this equilibrium. 

Assume that the following genericity conditions are satisfied: 

(SNH.1) the system exhibits a generic fold bifurcation at a = 0, such that its 
restriction to the center manifold can be transformed to the form 


E = B(a) + bade? + O(€), 


where b(0) 4 0 and 3'(0) 4 0; 

(SNH.2) the homoclinic orbit V9 departs from and returns to x° along one of its 
center manifolds, meaning that the closure of V9 is smooth. 

(SNH.3) the stable set W*(x°) transversally intersects the unstable set W" (x°) 
along the homoclinic orbit To. 


Then there is aneighborhood Uy of V9 U x° in which the system has a unique sad- 
dle limit cycle Lg for small |3| corresponding to the disappearance of the equilibria, 
and no limit cycles for small |3\ when two saddle equilibria exist. 


The theorem is illustrated in Fig. 7.8. Actually, all systems exhibiting the bifur- 
cation described by this and the previous theorem are topologically equivalent in Uo 
for small ||. 


Remark: 

The topology of the stable and the unstable invariant manifolds of the appearing 
cycle Lg is determined by the global behavior of the stable and the unstable set of 
the saddle-saddle around 9 at a = 0. The transversality of the intersection W“ (x°) 
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Fig. 7.8 Saddle-saddle 
bifurcation with one 
homoclinic orbit 


B<0 


B>O 


with W*(x°) implies that the closure of each of these sets in a tubular neighborhood 
Up of I is either a nontwisted or twisted two-dimensional band. In Fig. 7.8, the 
manifold W“(x°) is shown as orientable at 3 = 0. If these manifolds are nontwisted 
(orientable), then the appearing limit cycle has positive multipliers: 0 < uw; < 1 < 
Lz. On the contrary, if the manifolds are twisted (nonorientable), then the cycle 
multipliers are both negative: t4; < —1 < [2 < 0. In the former case, the stable and 
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the unstable invariant manifolds of the cycle are also nontwisted, while in the latter 
case, they are both twisted. > 


Saddle-Saddle with More than One Homoclinic Orbit 


Since the stable and the unstable sets of a saddle-saddle are two-dimensional, they 
can intersect along more than one homoclinic orbit. Such an intersection leads to 
a bifurcation that has no analog in the planar systems: It gives rise to an infinite 
number of saddle limit cycles when the equilibria disappear. Let us formulate the 
corresponding theorem due to Shil’nikov in the case where there are two homoclinic 
orbits, I; and 2, present at a = 0. 


Theorem 7.4 (Shil’nikov (1969)) Suppose the system 
t= f(z,a), ceR, aeR', 


with smooth f, has at a = 0 the equilibrium x = 0 with A; = 0, A2 > 0, Az < 0, 
and there exist two orbits, !, and 12, homoclinic to this equilibrium. 

Assume that the following genericity conditions are satisfied: 

(SNH.1) the system exhibits a generic fold bifurcation at a = 0, such that its 
restriction to the center manifold can be transformed to the form 


€ = B(a) + bay’ + O(€), 


where b(0) 4 0 and {3'(0) 4 0; 

(SNH.2) both homoclinic orbits V |,. depart from and return to x° along its center 
manifolds, meaning that the closure of each 1,2 is smooth; 

(SNH.3) the stable set W*(x°) intersects the unstable set W"(«°) transversally 
along two homoclinic orbits T | >. 

Then, there is a neighborhood Up of 1 UT2 U x° in which an infinite number of 
saddle limit cycles exists for small positive or negative (3, depending on the parameter 
direction corresponding to the disappearance of the equilibria. 

Moreover, there is a one-to-one correspondence between the orbits located 
entirely inside Uo for such values of 3, and all nonequivalent sequences {w;}}°° ,, 
of two symbols, w; € {1, 2}. 


Outline of the proof: 
Introduce coordinates (€), €2, €3) in such a way that, for a = 0, the saddle-saddle 
is located at the origin and its unstable set W" (0) is given, within the unit cube 


{€: |&| < 1,4 = 1,2, 3}, 
by {€, => 0, &; = 0}; the stable set W*(«°) is defined in the same cube by {£, < 


0, €2 = 0} (see Fig. 7.9 and compare it with the phase portrait of (7.7)). Consider 
two faces of the cube: 
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Fig. 7.9 A saddle-saddle with two homoclinic orbits 


TM, = {€: €) =—1, |€23] < 1}, Mo = {€: &: = 1, |&23/ < 1. 


Let A,, B, be the points where the orbits I",, 2 intersect with the plane IT, as they 
enter the unit cube while returning to the saddle-saddle. Similarly, denote by Az, Bz 
the intersection points of I";, 2 with the plane IT, as these orbits leave the cube. 
Take a small value of |@| with its sign corresponding to the disappearance of the 
equilibrium. Then, the Poincaré map along orbits of the system defined on IT,, 


Pg: Tl, > Th, 


can be represented as the composition of a “local” map Ag : II; — I], along orbits 
passing through the cube, and a “global” map Q, : Tz > Ty: 


P23 — Q,30 Ag. 


Notice that A, is undefined for 3 = 0, as well as when there are hyperbolic equilibria 
inside the cube. 

By solving the linearized system inside the cube, one can show that the square 
I], is contracted by the map Ag in the €3-direction and expanded in the £-direction. 
Thus, the intersection of its image AgIT, with the square II would be a horizontal 
strip & = Agl], NI, (see Fig. 7.10(b)), which gets thinner and thinner as 6 > 0 
(explain why). 

The strip & contains the points Az and B2. Since for 3 = 0 the map Qz sends the 
point A> into the point A, and the point B» into the point B,, 
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Fig. 7.10 Cross-section near a saddle-saddle 


Q3(A2) = At, Qg(B2) = Bi, 


there would be some neighborhoods of Az, Bz in Tz, that Q3 maps into neighbor- 
hoods of A; and B, in ITj, respectively, for |G| > 0. Therefore, the image Q3() 
will intersect the square IT; in two strips, X&; and Xi, 4; U Ls = Ogu NT, (see 
Fig. 7.10(a)), containing A; and B,, respectively. Due to the transversality assump- 
tion, 41> intersect the vertical axis at a nonzero angle near the points A, and By, 
respectively. 

Thus, the intersection of the image of I]; under the Poincaré map Pg = Qg 0 Ag 
with IT, has the standard features of the Smale horseshoe (see Chap. 1). For example, 
applying the construction once more, we first obtain two strips inside &, and then two 
narrow strips inside each &1 >, and so forth (see Fig. 7.10). Inverting the procedure, 
we get vertical strips with a Cantor structure. The presence of the Smale horseshoe 
implies the possibility to code orbits near '; U 2 by sequences of two symbols, say 
{1, 2}. Equivalent sequences code the same orbit. 


In the present context, this coding has a clear geometrical interpretation. Indeed, 
let - be an orbit located in a neighborhood Up of the homoclinic orbits T°; > for all 
t € (—oo, +00). Then it passes outside the cube near either I’, or 2. The elements 
of the corresponding sequence w = {..., W_2, W_1, Wo, W1, W2,...} specify whether 
the orbit 7 makes its 7th passage near I"; or 2; in the former case, w; = 1, while in 
the latter, w; = 2. For example, the sequence 


{oveg ly Ly 14,1223} 


corresponds to a unique saddle cycle orbiting around I";. The sequence 
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Fig. 7.11 A cycle 
corresponding to the 
sequence {...,1,2,1,2,...} 


{Sicagi dj lees 25 2ycs} 
describes a saddle cycle located near 7, while the periodic sequence 
{aie p dp Dy ll 2, 1,250} 


corresponds to a cycle making its first trip near I";, its second near I2, and so on (see 
Fig. 7.11). 

The case when there are more than two homoclinic orbits, [,, [2,..., Uy, say, 
to the saddle-saddle at the critical parameter value can be treated similarly. In such 
a case, orbits located entirely inside a neighborhood of [; U2 U---UT'y U x are 
coded by sequences of N symbols, for example, w; € {1,2,..., N}. 

We finish the consideration of nonhyperbolic homoclinic bifurcations by pointing 
out that the results presented in this section for three-dimensional systems can be 
generalized into arbitrary finite dimensions of the phase space (see the appropriate 
references in the bibliographical notes). 


7.2 Bifurcations of Orbits Homoclinic to Limit Cycles 


Several other codim | bifurcations in generic one-parameter systems have been 
analyzed theoretically. Let us briefly discuss some of them without pretending to 
give a complete picture. 


7.2.1 Nontransversal Homoclinic Orbit to a Hyperbolic Cycle 


Consider a three-dimensional system (7.1) with a hyperbolic limit cycle La. Its 
stable and unstable two-dimensional invariant manifolds, W*(L,) and W“(L,,), can 
intersect along homoclinic orbits, tending to L, as t too. Generically, such an 
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a<0 a=0 a>0 


Fig. 7.12 Homoclinic tangency 


intersection is transversal. As we have seen in Chap. 2, it implies the presence of 
an infinite number of saddle limit cycles near the homoclinic orbits. However, at a 
certain parameter value, say a = 0, the manifolds can become tangent to each other 
and then no longer intersect (see Fig. 7.12, where a cross-section to the homoclinic 
structure is sketched). 

At a = 0 there is a homoclinic orbit [9 to Lo along which the manifolds W*(Lo) 
and W“(Lo) generically have a quadratic tangency. As we shall demonstrate below, 
passing the critical parameter value is accompanied by an infinite number of period- 
doubling and fold bifurcations of limit cycles located near Tp. 

First, we establish a relationship between properly defined return maps near the 
homoclinic tangency and the Hénon map (1.4) introduced in Example 1.9 of Chap. 1. 
Denote by P,, the Poincaré map defined on a “global” two-dimensional cross-section 
to L, in the considered three-dimensional system (7.1). The intersection of ZL, with 
the cross-section is a saddle fixed point O of P,. Let the multipliers of O be denoted 
by ¥ and J so that 

0<|A|<1<|)I. 


For simplicity, we shall consider only the case when X and ¥ are both positive and 
their product satisfies 
AY <1. 


Since both multipliers depend smoothly on a, it is sufficient to check the above 
inequalities at a = 0. As in Fig. 7.12, the stable and unstable manifolds of L, will 
intersect the cross-section along the stable and unstable manifolds of the saddle fixed 
point O. An orbit of (7.1) homoclinic to L, will be represented by a discrete orbit of 
P., homoclinic to O. The stable and unstable manifolds of the fixed point O intersect 
transversally or touch each other tangentially along the homoclinic orbits. 

We are interested in orbits located entirely in a small neighborhood of the critical 
homoclinic orbit 9. This neighborhood consists of a small neighborhood Dp of O 
and a finite number of small neighborhoods of points on the homoclinic orbit outside 
Dp (see Fig. 7.13). 
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Fig. 7.13. A neighborhood 
of the critical homoclinic (OS 


orbit in the cross-section 


The return map is constructed as the composition of two maps: “local,” defined 
in Do, and “global,” defined along a part of the homoclinic orbit located outside Do. 

Let us fix for a while a = 0 and consider two points of the critical homoclinic 
orbit Ig in Dg: M* on the stable manifold of O and M~ on the unstable manifold of 
O. There is an integer number no such that M* = P,°(M7). Next we can choose 
two small neighborhoods in Do: I1* (of point M*) and I~ (of point M— ). Consider 
the forward images of II* under Po (see Fig. 7.14(a)). 

For all sufficiently large k, the difference II~ \ PF (II*) consists of two disjoint 
components. Denote PF(II*) NII” by oh. One can also iterate II~ under Py ‘to 
obtain domains ov = P,*(-) It (see Fig. 7.14(b)), which are the preimages 
ole 16.a, = P§(o?). Clearly, only orbits starting in or may end up in II” after k 
iterates of Po and then return to we after no iterates of Py. Therefore, the return map, 
whose fixed points are the (k + n)-periodic cycles of Py, has to be defined in a. 
This construction can be carried out for all a with sufficiently small |a|. 

Introduce a special coordinate system (wu, v) in the cross-section so that 


O=(0,0), M~ =(0,v-), M* =(u*,0), 
and the local stable and unstable manifolds of O coincide in Do with the horizontal 
and vertical coordinate axes, respectively, for all sufficiently small |a|. Let (uo, vo) € 
TI* and (wu, v,) € T~. In these coordinates, the “local” map 


Pret 1- 


(defined on oy) is close to the linearization of the kth iterate of P,, namely 


— yk 
AF: { = A" uo, (7.8) 


oa — ak 
io Ul = Y Vo. 
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Fig. 7.14 Domains of definition for the “local” map 


Since the homoclinic tangency is quadratic, the “global” map P” : TI7 > TIt 
must be close to the map 

uo => Ut + au, + b(v; = V-), 

oe 7.9 

g VU = u+ cul + d(v, = v-), ( ) 


where ju, a, b,c, d, U*, and V~ depend smoothly on a, (0) = 0, and U*(0) = 
ut, V~(0) =v. The “split function” ~. = 1(@) measures the v-distance between 
the stable and the unstable manifolds near M+. Assuming j1’(0) 4 0, we can use 
as a new parameter and consider 4, y, a, b, c, d, U*, and V~ as smooth functions 
of p. Moreover, d 4 0 due to the quadratic nature of the tangency, and bc < 0 since 
the Poincaré map P, is an orientation-preserving diffeomorphism. 

The composition Q, o A* of the maps defined by (7.8) and (7.9), which approx- 


imates the return map P”°t* on of, can, therefore, be written as 


to = Ut +adug + b(y* v9 -—V-), (7.10) 
Bo = wt cu + d(y*up — V-)?. , 
Introduce 
gE = uo — Ut, 
n= yu —V-. 
The map (7.10) written in the (€, 7)-coordinates will take the form 
f= adUt + ad*€ + bn, (7.11) 
A= —Vo t+ yt cay)'Ut + cA) *E + dy*r?. j 
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Finally, introduce new coordinates by 


d k 

X= —€- aur), 
dy, 

re — ar + bn). 


This brings (7.11) into the form 


x y 
(7) 7 ( + be(Ay)FX — y) +00"), (7.12) 


where 
My, = —dy* (uw — y*V- + OV") + OX"). (7.13) 


The same result can be obtained without truncating the “local” and “global” maps 
(see references in the appendix to this chapter). 

Recalling that |A| < 1 and |Ay| < 1, one can conclude that the return map near 
the critical homoclinic orbit is well-approximated by the Hénon map with Jacobian 
—bce|Ay\" + 0 as k > oo. When yp varies (together with «) in a small but fixed 
interval around pp = 0, M;, takes arbitrary big real values, provided that & is big 
enough. Thus, the Hénon map approximates the return maps defined on infinitely 
many domains op C I1* of the cross-section near the critical homoclinic orbit Io. 
Since the Hénon map exhibits the fold and flip bifurcations (see Example 4.1 in 
Chap. 4), infinite sequences of such bifurcations can be expected for the original 
map. Indeed, for (7.12) fold and flip bifurcations happen at 


1 a) 
MO = -7 + 00%, My? = 7 +00), 


respectively (consider the limit G — O in Example 4.1). Relation (7.13) implies the 
existence of two infinite sequences of bifurcation parameter values, 


1 
(t) -ky- 2k —2k 
= eee , 
Me = 7 40) yh Om) 
(f) —ky- 3 —2k —2k 
eo V — ; 
by a oF 7 do)? +07) 


accumulating on 1 = Oask — oo. Note that all these bifurcations occur when jz > 0, 
i.e., when the invariant manifolds of L,, have no intersection (see case a > 0 in Fig. 
7.12). 
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7.2.2 Homoclinic Orbits to a Nonhyperbolic Limit Cycle 


Suppose a three-dimensional system (7.1) has at a = 0 a nonhyperbolic limit cycle 
No with a simple multiplier j4; = 1, while the second multiplier satisfies |j12| < 1. 
Under generic perturbations, this cycle will either disappear or split into two hyper- 
bolic cycles, N“) and N® (the fold bifurcation for cycles, see Sect. 5.3 in Chap. 
5). However, the locally unstable manifold W“(No) of the cycle can “return” to the 
cycle No at the critical parameter value a = 0 forming a set composed of homoclinic 
orbits which approach No as t — too. There are two cases, depending on whether 
the closure of W“(No) is a manifold or not. 

(1) Torus case. If W“(No) forms a torus, two subcases are still possible (see Fig. 
7.15, where a global Poincaré section to No is used, so the torus appears as two 
concentric curves). Depending on whether the torus is smooth (Fig. 7.15(a)) or not 
(Fig. 7.15(b)), the disappearance of the cycle No under parameter variation leads 
either to the creation of a smooth invariant torus or a “strange” attracting invariant set 
that contains an infinite number of saddle and stable limit cycles. For systems in more 
than three dimensions, there may exist several tori (or Klein bottles) at the critical 
parameter value, leading to more diverse and complicated bifurcation pictures. 

(2) “Blue-sky” case. A bifurcation known as a “blue-sky” catastrophe appears 
in the case when W“(No) is not a manifold. More precisely, at a = 0 the unstable 
set W"(No) of the cycle No can become a tube that returns to No developing a 
“French horn” (Fig. 7.16). In a local cross-section to the cycle No, the spiraling end 
of this horn appears as an infinite sequence of “circles” accumulating at the point 
corresponding to No. 

When the cycle No splits into two hyperbolic cycles, no other periodic orbits exist 
near the horn. On the other side of the bifurcation, when the cycle No disappears, 
there emerges a unique and stable hyperbolic limit cycle L, that makes one global 


V /“(No) 


(a) 


Fig. 7.15 Homoclinic structure of a saddle-node cycle depicted via a global Poincaré map: (a) 
smooth and (b) nonsmooth cases 
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W**(No) 


Fig. 7.16 The invariant “French horn” near a “blue-sky” bifurcation 


turn and several local turns following the horn. As a approaches a = 0, the cycle Ly 
makes more and more turns near the would-be critical cycle No. At the bifurcation 
parameter value, L, becomes an orbit homoclinic to No, and its length and period 
become infinite. Thus, the stable limit cycle L,, disappears as its length J, and period 
T, tend to infinity, while it remains bounded and located at a finite distance from all 
equilibrium points. This bifurcation is called the “blue-sky” catastrophe of L.. In 
other words, the cycle L, is “broken” at the critical parameter value by another cycle 
No that appears in a “transverse” direction to L,, and then splits into two hyperbolic 
cycles. 


Example 7.1 (“Blue-sky” bifurcation model) 
Consider the following system due to Gavrilov & Shilnikov (2000): 


é=a[2+p-—ba?+y))+2+y? +2y, 
y= —-S-YtD(?+y +2y) — 404 py, (7.14) 
zg=2(yt+)4+27-«, 


where ju, € are positive parameters and b = 10 is fixed. 
If uw = ¢ = 0, the circle 
Co={(2,y,2:0=0, 2+ (y+)? =]} 


is an invariant curve of (7.14). It consists of two equilibria: Eg = (0,0, 0) and 
E, = (0, —2, 0), and two connecting orbits: from Ep to E; and from E, to Eo. The 
equilibrium Ep has one zero eigenvalue A; = 0 and two purely imaginary eigen- 
values Az,3 = +iwo with wo = 2, while the equilibrium F, has one zero eigenvalue 
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Fig. 7.17 “Blue-sky” 
bifurcation in (7.14): (a) 

Le = 0.4; (b) ps = 0.3; and (c) 
fe = 0.25 


A; = 0 and two real eigenvalues 2,3 < 0 (check!). Thus, both equilibria are non- 
hyperbolic and should bifurcate when the parameters change. One can prove that 
there is a curve 6 in the (1, €)-plane along which the system (7.14) has a limit cycle 
No with a simple unit multiplier. This cycle shrinks to the equilibrium Eo when we 
approach the origin of the parameter plane along 6. Crossing the curve 6 near the 
origin results in a generic fold bifurcation of this cycle: Two small hyperbolic cycles 
(one stable and one saddle) collide, forming the cycle No at the critical parameter 
values, and disappear. Moreover, for parameter values corresponding to the curve 
B, the equilibrium £, does not exist and the two-dimensional unstable set W"(No) 
returns to No near Co forming a “Fernch horn” configuration as in Fig. 7.16. There- 
fore, there is another limit cycle in (7.14) that stays near the circle Co and undergoes 
the “blue-sky” bifurcation if we cross B sufficiently close to (41, €) = (0, 0). Fig. 
7.17 shows phase orbits of (7.14) corresponding to ¢ = 0.02 at three different values 
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of ju. For pp = 0.4, there is a stable limit cycle L,, that makes a number of transversal 
turns near the origin. The blue-sky bifurcation happens at jz ~ 0.3. For 4 = 0.25, an 
orbit starting near the (invisible) saddle cycle NV Ne approaches the stable cycle NV, 
and stays there forever. 

For systems with more than three phase variables, the “blue-sky” bifurcation may 
generate an infinite number of saddle limit cycles which belong to a Smale- Williams 
solenoid attractor. When the parameter approaches its critical value, the attractor 
does not bifurcate but the period and length of any cycle in it tend to infinity. 


7.3 Bifurcations on Invariant Tori 


Continuous-time dynamical systems with phase-space dimension n > 2 can have 
invariant tori. As we have seen in Chaps. 4 and 5, an invariant two-dimensional torus 
T? appears through a generic Neimark-Sacker bifurcation. For example, a stable 
cycle in R? can lose stability when a pair of complex-conjugate multipliers crosses 
the unit circle. Then, provided there are no strong resonances and the cubic normal 
form coefficient has the proper sign, a smooth,! stable, invariant torus bifurcates from 
the cycle. In this section, we discuss changes of the orbit structure on an invariant 
two-torus under variation of the parameters of the system. 


7.3.1 Reduction to a Poincaré Map 


Let T? be a smooth, invariant two-torus of (7.1) at a = 0. For simplicity, we can 
think of a three-dimensional system. Introduce a cross-section X, codim X = 1, to 
the torus (see Fig. 7.18). 

The intersection T7 is a closed curve S, topologically (or even finite- 
smoothly) equivalent to the unit circle S'. Let us consider only the case when any 
orbit starting at a point x € S returns to S. Then, a Poincaré map 


P:S-S 


is defined. Alternatively, we can consider a Poincaré map defined by (7.1) on the 
cross-section &. The closed curve S is obviously an invariant curve of this map; its 
restriction to S is the map P introduced above. The map P and its inverse are both 
differentiable. The standard relationship between fixed points of P and limit cycles 
of (7.1) exists. All such cycles belong to the torus. 

Assume that the invariant torus T? persists under small parameter variations, 
meaning that there is a close invariant torus of (7.1) for all a with sufficiently small 


' Finitely differentiable. 
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Fig. 7.18 Poincaré map on 
the torus 


|a|. Then, the above constriction can be carried out for all nearby a, resulting in a 
Poincaré map P, : S — S, smoothly depending on the parameter. 


Remark: 

It can be proved (see the bibliographical notes) that a stable invariant torus T? 
persists as a manifold under small parameter variations if it is normally hyperbolic, 
i.e., the convergence of nearby orbits to T? is stronger than orbit convergence on the 
torus, provided proper measures of convergence are introduced. } 

The problem now is to classify possible orbit structures of P, : S — S and to 
analyze their metamorphoses under variation of the parameter. To proceed, let us 
introduce canonical coordinates on T. Namely, parametrize the torus by two angular 
coordinates =, y (mod 277). Using these coordinates, we can map the torus onto the 
square, 


U = {(H, 9) :0<%, 9 < 27}, 


with opposite sides identified (see Fig. 7.19). 


Fig. 7.19 An orbit 7 on the 
torus 


21 


fo 
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0 b Qn 0 


(a) (b) 


Fig. 7.20 Cycles on the torus: (a) p = 2, g= 1; (b)p=1, q=2 


Assume that the intersection S = T? 1M ¥ is given by w = 0. Consider an orbit 
7 on T? starting at a point (0, ~) on S. By our assumption, 7 returns to S at some 
point (27, P(yo)) = (0, P(vo)), where P : S! - S! is a smooth function.” Since 
orbits on the torus do not intersect, 


P'(y) > 0, 


so the map P preserves the orientation of S. 


7.3.2 Rotation Number and Orbit Structure 


A fixed point yp of the map P, P(y) = Yo, corresponds to a cycle on T? making 
one revolution along the parallel and some p revolutions along the meridian before 
closure (see Fig. 7.20(a)). 

A cycle of period q, 


{yo, P(¥Yo), P? (0), ---, P"(Yo) = Yo}, 


corresponds to a cycle on T? that makes q revolutions along the parallel and some p 
revolutions along the meridian (Fig. 7.20(b)). Such acycle is called a (p, q)-cycle. The 
local theory of fixed points and periodic orbits of P on S is the same as that for scalar 
maps. In particular, a fixed point yo is stable (unstable) if P’(~o) < 1 (P’(yo) > 1). 
Points with P’(y~o) € 1 are called hyperbolic. As usual, these notions can be extended 
to q-periodic orbits by considering P’, the gth iterate of P. Clearly, if a stable (p, q)- 
cycle exists, an unstable (p, q)-cycle must also exist since stable and unstable fixed 
points of P’ have to alternate (see Fig. 7.21). 
The difference a(y) = P(y) — is called the angular function. 


? We use the same notation for both the map of the curve S and the function it defines on the unit 
circle S!. 
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Fig. 7.21 Stable and unstable (1, 2)-cycles on the torus 


Definition 7.1 The rotation number of P : § > S is defined by 


_— 1 am t+aPy))+---+a(P*'@) 
p= lim ; 
27 k->0o k 


One can prove that the limit in the definition exists and is independent of the point 
y € S. Thus, pis well defined. It characterizes the average angle by which P “rotates” 
S. For a rigid rotation through angle 27v, 


P(y) = y+ 27 (mod 27), (7.15) 


we have p = v. The role of the rotation number is clarified by the following two 
statements, which we give without proof. 


Lemma 7.1 The rotation number of the map P : S — S is rational, p = a if and 


only if P has a (p, q)-periodic orbit. 


Note that Lemma 7.1 does not state that the periodic orbit is unique. 


Lemma 7.2 (Denjoy (1932)) If the map P : S — S is at least twice differentiable 
and its rotation number is irrational, then P is topologically equivalent to rigid 
rotation through the angle 27 p. 


Under the conditions of the lemma, any orbit of P on S is dense, as is true for the 
rigid rotation (7.15) with irrational v. There are examples of C! diffeomorphisms 
that do not satisfy Denjoy’s lemma. However, if the right-hand side f of (7.1) is 
sufficiently smooth and its invariant torus T? is also smooth enough, P must satisfy 
Denjoy’s differentiability condition. 
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7.3.3 Structural Stability and Bifurcations 


Let us now address the problem of structural stability of systems on tori. We can use 
Chap. 2’s definitions of the distance between dynamical systems and their structural 
stability simply by making the substitution T? for U. This problem is equivalent 
to that for discrete-time dynamical systems on the circle S$. The following theorem 
provides the complete characterization of structurally stable systems on S. 


Theorem 7.5 A smooth dynamical system P : S — S is structurally stable if and 
only if its rotation number is rational and all periodic orbits are hyperbolic. 


If the rotation number is irrational, we can always introduce an arbitrary small 
perturbation, resulting in a topologically nonequivalent system. Actually, such a 
perturbation will generate long-period cycles instead of dense orbits, resulting in a 
rational rotation number. The phase portrait of a structurally stable system on T? is 
therefore rather simple: There is an even number of hyperbolic limit cycles of (p, q) 
type; all other orbits tend to one of these cycles in the correct time direction. The gth 
iterate of the Poincaré map reveals an even number of fixed points of P’ on S having 
alternating stability. 

Consider a one-parameter map P, : S — S corresponding to system (7.1) with 
an invariant torus. Let a = a° provide a structurally stable system. By Theorem 7.5 
there is an open interval (a° — c, a° + €) with e > 0 within which the system has 
topologically equivalent phase portraits. What are the boundaries of this interval? 
Or, in other words, how does the rotation number change? 

First of all, let us point out that bifurcations can take place even if the rotation 
number is constant. Indeed, the system may have an even number of hyperbolic 
(p, q)-cycles on the torus. While these cycles collide and disappear pairwise under 
parameter variation, the rotation number remains constant (p = P), provided that 
there remain at least two such cycles on the torus. However, when the last two cycles 
(a stable and an unstable one) collide and disappear, the rotation number becomes 
irrational until another “structurally stable window” opens. Inside the windows, the 
asymptotic behavior of the system is periodic, while it is quasi-periodic outside. In 
the former case, there are at least two limit cycles (possibly with a very high period) 
on T?, while in the latter case, the torus is filled by dense nonperiodic orbits. 

The bifurcation from quasiperiodic behavior to periodic oscillations is called a 
phase locking. In periodically forced systems this phenomenon appears as a frequency 
locking. Suppose, for simplicity, that we have a two-dimensional, periodically forced 
system of ODEs that depends on a parameter. Assume that the associated period- 
return (Poincaré) map has an attracting closed invariant curve. If the rotation number 
of the map restricted to this curve is rational, the system exhibits periodic oscillations 
with a period that is an integer multiple of the forcing period. The frequency of the 
oscillations is “locked” at the external forcing frequency. 


Remark: 
Theorem 7.5 establishes a delicate relationship between “genericity” and struc- 
tural stability. Consider a map P, : S — S, depending on a single parameter. The 
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set of parameter values for which P, is structurally stable is open and dense. How- 
ever, the measure of this set might be small compared with that of the parameter set 
corresponding to irrational rotation numbers. Thus, a map chosen “randomly” from 
this family would have an irrational rotation number with a high probability. > 


7.3.4 Phase Locking Near a Neimark-Sacker Bifurcation: 
Arnold Tongues 


We can apply the developed theory to an invariant torus (curve) appearing via a 
Neimark-Sacker bifurcation. Consider a two-dimensional discrete-time system near 
such a bifurcation. This system can be viewed as generated by the Poincaré map 
(restricted to a center manifold, if necessary) associated with a limit cycle of a 
continuous-time system (7.1). This map can be transformed, for nearby parameter 
values, by means of smooth, invertible, and smoothly parameter-dependent transfor- 
mations to the form 


ze Aztquzlzl+ Oz), zeC!, (7.16) 


where A and c; are smooth complex-valued functions of a (see Chap. 4). Consider, 
for a while, Re and Im X as two independent parameters. On the plane of these 
parameters, the unit circle |A| = 1 corresponds to the Neimark-Sacker bifurcation 
locus (see Fig. 7.22). 

Assume that the bifurcation occurs away from strong resonances and is supercrit- 
ical. Then, a stable closed invariant curve exists for nearby parameter values outside 
the circle. Parameter regions in the (Re 4, Im \)-plane corresponding to rational 
rotation numbers approach the circle |A| = 1 at all rational points, 


Fig. 7.22 Arnold tongues Im A 
near the Neimark-Sacker 
bifurcation 


|AJ=1 


0 1 Re A 
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A=? go 
q 


as narrow tongues.° These regions are called Arnold tongues. Recall that our system 
(7.1) depends on a single parameter a. Therefore, it defines a curve in the \-plane 
traced by A(q@). Near the circle |A| = 1, this curve crosses an infinite number of 
Arnold tongues corresponding to various rational rotation numbers. Therefore, near 
a generic Neimark-Sacker bifurcation, an infinite number of long-periodic cycles are 
born and die as the parameter varies. Far from the Neimark-Sacker bifurcation curve, 
the tongues can intersect. At such parameter values, the invariant torus does not exist* 
and two independent fold bifurcations merely happen with unrelated remote cycles. 


Example 7.2 (Arnold tongue in the delayed logistic map) 


Consider the recurrence equation 
Ley = rep — we-1) +, (7.17) 


where x;, is the density of a population at year k, r is the growth rate, and ¢ is the 
migration rate. For ¢ = 0, this model was studied in Chap. 4 (see Example 4.2). 
As in Chap. 4, introduce y, = x,_; and rewrite (7.17) as a planar dynamical 


system 
(F)+ tas aaa (7.18) 


The analysis in Chap. 4 revealed a supercritical Neimark-Sacker bifurcation of (7.18) 
at r = 2 fore = 0. There is acurve h"!) in the (r, €)-plane passing through the point 
(r, €) = (2, 0) on which the fixed point of (7.18), 


l+e 

0 0 

i a = > 
. 2 


undergoes a Neimark-Sacker bifurcation. The curve h“) is given by the expression 


AY = |(neir= —}: 


Iterating the map (7.18) with « = 0 for r slightly greater than 2 (e.g., at r = 2.1 or 
r = 2.15) yields a closed invariant curve apparently filled by quasiperiodic orbits. 
An example of such a curve was shown in Fig. 4.12 in Chap. 4. However, taking 
r = 2.177 results in a stable cycle of period seven. 

Thus, these parameter values belong to a phase-locking window. There is also 
an unstable (saddle) cycle of period seven, which is hard to detect by numerical 


3 Their width w at a distance d from the circle satisfies w ~ d“@~”/2, as d > 0. 
4 Otherwise, orbits on such a torus define two different rotation numbers, which is impossible. 
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Fig. 7.23 Bifurcation 1 : 

diagram of period-seven 

cycles 
0.8; J 
0.67 4 

x 
0.4+ | 
0.27 J 
2.17 2.21 


simulations. These two cycles are located on the closed invariant curve. Actually, the 
curve is composed of the unstable manifold of the saddle cycle. 

The seventh-iterate map (7.18), therefore, has seven stable fixed points and the 
same number of unstable fixed points. While we increase or decrease the parameter 
r, keeping ¢ = 0, the stable and unstable fixed points collide and disappear at fold 
bifurcations. Plotting the coordinates of all the fixed points against r reveals the 
peculiar closed curve shown in Fig. 7.23.° All seven stable fixed points collide with 
their respective saddle points simultaneously at the fold points r;.. since, actually, 
there are only two period-seven cycles of the opposite stability, that collide at these 
parameter values r;,. Note that each stable fixed point of the seventh-iterate map 
collides with one immediately neighboring unstable fixed point at the fold bifurcation 
at r = r; and the other one at r = ro. Thus, each stable fixed point can be thought to 
migrate between its two neighboring unstable fixed points as r varies from r; to r2. 

The continuation of the boundary points of the phase-locking interval gives two 
fold bifurcation curves, a and i, for cycles of period seven (see Fig. 7.24). 

They form a typical Arnold tongue, approaching a point on the Neimark-Sacker 
curve h) where the multipliers of the original fixed point have the representation 


5 In Chap. 10 we present a continuation technique by means of which the fixed-point curve in Fig. 
7.23 is computed. 
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0.1 


—0.05 


2.4 


Fig. 7.24 1:7 Arnold tongue in (7.17) 


- 20 
ju2=e*™, 6 = > 


in accordance with the theory. Note that the point (r, ¢) = (2, 0) is the origin of 
another Arnold tongue, corresponding to cycles of period six (cf. Example 4.2). This 
1:6 tongue is not shown in Fig. 7.24. 

It is worthwhile mentioning that the stable period-seven cycle exhibits a period 
doubling if € increases and passes a certain critical value, while r is fixed. The critical 
parameter values form a curve f”, also presented in Fig. 7.24. Above (and near) 
this curve, a stable cycle of period 14 is present, while the closed invariant curve no 
longer exists. This is one of the possible ways in which an invariant curve can loose 
its smoothness and disappear. © 


7.4 Bifurcations in Symmetric Systems 


In this section we touch on an important topic: bifurcations in systems with sym- 
metry. First we summarize some general results on symmetric systems, including a 
symmetric version of the Center Manifold Theorem. Then, we analyze bifurcations 
of equilibria and limit cycles in the presence of the simplest discrete symmetry. 
Symmetric systems appear naturally in many applications. Often the symmetry 
reflects certain spatial invariance of the dynamical system or its finite-dimensional 
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approximation. Normal forms for many bifurcations also have certain symmetries. 
As we shall see, some bifurcations can have a smaller codimension in the class 
of systems with a specified symmetry, and the corresponding bifurcations usually 
have some unique features. In contrast, some bifurcations become impossible in the 
presence of certain symmetries. 


7.4.1 General Properties of Symmetric Systems 


Suppose we have a (compact) group G that can be represented in R” by matrices 


{Ty}: 


T.=T[,, T, 


ng = Lo 7, 


ga? 


for any 91,2 € G. Here e € G is the group unit (eg = ge = q), while I, is then x n 
unit matrix. 


Definition 7.2. A continuous-time system 
t= f(a), ceR’, (7.19) 
is called invariant with respect to the representation {T,} of the group G (or, simply, 
G-equivariant) if 
Ty f(x) = f(Tgx) (7.20) 
forall g € Gandall x € R". 


Example 7.3. The famous Lorenz system 


&=-oxr+oy, 
y=rxe—y— xz, (7.21) 
z= —bz4+ xy, 


is invariant with respect to the transformation 


x —2x 
T:;y]rd-y 
z z 


A matrix R corresponding to this transformation (R? = J), together with the unit 
matrix J, forms a three-dimensional representation of the group Zz (see Sect. 7.4.2). 


0 


Equation (7.20) implies that the linear transformation 


y=T,z, g€G, 
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does not change system (7.19). Indeed, 
y= T,4 = T, f(x) = f(T,x) = fy). 


Therefore, if x(t) is a solution to (7.19), then y(t) = T, x(t) is also a solution. For 
example, if (xo(t), yo(t), 2o(t)), where zo ¥ 0, is ahomoclinic solution to the origin 
in the Lorenz system (7.21), then there is another homoclinic orbit to the same 
equilibrium, given by (—2o(t), —yo(t), zo (t)). 


Definition 7.3 The fixed-point subspace X° C R” is the set 
X° = {2 ER": T,x = 2, for all g € G}. 


The set X° is a linear subspace of R". This subspace is an invariant set of (7.19), 
because x € X° implies « € X%. Indeed, 


Ty& = Tyf (a) = f(Tpn) = f(a) = 4 


for all g € G. For system (7.21), we have only one symmetry transformation T, so 
the fixed-point subspace is the z-axis, X° = {(z, y, z) : 2 = y = 0}. This axis is 
obviously invariant under the flow associated with the system. 

Let us explain the modifications that symmetry brings to the Center Manifold 
Theorem. Suppose we have a smooth G-equivariant system (7.19). Let x° be an 
equilibrium point that belongs to the fixed-point subspace X°, and assume the Jaco- 
bian matrix A = f, evaluated at x° has ng eigenvalues (counting multiplicity) on 
the imaginary axis. Let X° denote the corresponding critical eigenspace of A. The 
following lemma is a direct consequence of the identity T,A = ATj, for all g € G, 
that can be obtained by differentiating (7.20) with respect to x at x = x°. 


Lemma 7.3. X° is G-invariant; in other words, if v € X°, then T,v € X° for all 
g €G. 


Therefore, it is possible to consider the restriction {Ty} of {Tj} on X°. If we fix 
some coordinates € = (£1, &,...,&€n)) on X°, Let will be given by certain ng x no 
matrices. 


Theorem 7.6 (Ruelle (1973)) Any center manifold W° of the equilibrium x° € X° 
of (7.19) is locally G-invariant. 
Moreover, there are local coordinates € € R™ on W° in which the restriction of 
(7.19) to W°, ; 
E=46, eR”, (7.22) 


is invariant with respect to the restriction of {T,} to X°, 


Tew(é) = W(Tee). 
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Attraction properties of W° are determined, in the usual way, by the eigenvalues 
of A with Re \ # 0. If (7.19) depends on parameters, one can construct a parameter- 
dependent center manifold W* by appending the equation a = 0 to the system, as in 
Chap. 5. The restricted system (7.22) depends on a and is invariant with respect to 
T, at each fixed a. Similar results are valid for G-equavaliant discrete-time systems. 


7.4.2 Z2-Equivariant Systems 


The simplest possible nontrivial group G consists of two distinct elements {e, r} such 


that 


rae, re=er=r, e =e. 


This group is usually denoted by Zo. Let {J,,, R} be a linear representation of Z in 
R”, where /,, is the n x n unit matrix and the n x n matrix R satisfies 


R? = In. 


The matrix R defines the symmetry transformation: x +> Rz.° It is easy to verify 
(Exercise 3) that the space IR” can be decomposed into a direct sum 


R°=xt@x, 
where Rx = x forx € X*,and Rx = —xforx € X~. Therefore, R is the identity on 
X* and a central reflection on X~. According to Definition 7.4, X* is the fixed-point 
subspace associated with G. Let n* = dim X*, n* > 0, n7 > 1. Clearly, there is a 


basis in IR” in which the matrix R has the form 


ie 0 
R= (6 aa) 


where J, is the m x m unit matrix. From now on, we can assume that such a basis 
is fixed, and we can thus consider a smooth parameter-dependent system 


z= f(z,a), c€R", aeR', (7.23) 


that satisfies 
Rf (x, a) = f(Ra, a), 


for all (2, a) € R” x R', where R is the matrix defined above. The fixed-point sub- 
space X* is an invariant set of (7.23). 


© Sometimes, we will also use the symbol R to denote this transformation. In such cases, J, will 
mean the identity map. 
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There is a simple classification of equilibria and periodic solutions of the Z- 
invariant system (7.23). 


Definition 7.4 An equilibrium x° of (7.23) is called fixed if Rx® = x°. 


Thus, the symmetry transformation maps a fixed equilibrium into itself. If an 
equilibrium is not fixed, Rx® = x! 4 x°, then z! is also an equilibrium of (7.23) 
(check!) and Ra! = x°. 


Definition 7.5 Two equilibria x° and x! of (7.23) are called R-conjugate if x! = 
Ra. 


Similar terminology can be introduced for periodic solutions. 


Definition 7.6 A periodic solution x(t) of (7.23) is called fixed if Rx s(t) = x» (t) 
forallt € R'. 


Obviously, the closed orbit corresponding to a fixed periodic solution belongs to 
X* and is invariant under the symmetry transformation R (see Fig. 7.25(a)). 

It can exist if nt > 2. However, there is another type of periodic solution that 
defines a closed orbit that is R-invariant but not fixed. 


Definition 7.7 A periodic solution x(t) of (7.23) with (minimal) period T, is called 


symmetric if 
Ts 
Rz,(t) = @5 (« + =) 


Thus, a symmetric periodic solution is transformed into itself by applying R 
and shifting the time by half of the period. The orbit corresponding to a symmetric 
solution cannot intersect X* and requires n~ > 2 to exist. Its projection to X~ is 
symmetric with respect to the central reflection (see Fig. 7.25(b)). Notice that the Xt - 
components of the symmetric periodic solution oscillate with the double frequency. 

We call a limit cycle L of (7.23) fixed (symmetric) if the corresponding periodic 
solution is fixed (symmetric), and we denote them by F- and S-cycle, respectively. 


forallt € R'. 


xt 


Vv 
(a) (b) 


Fig. 7.25 Invariant cycles: (a) F-cycle; (b) S-cycle 
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Both F- and S-cycles are R-invariant as curves in R": R(L) = L. We leave the proof 
of the following lemma as an exercise to the reader. 


Lemma 7.4 Any R-invariant cycle of (7.23) is either an F- or an S-cycle. 


Of course, there may exist noninvariant limit cycles, R(L) 4 L. If x(t) is a 
periodic solution corresponding to such a cycle, then 2!(t) = Rx°(t) is another 
periodic solution of (7.23). 


Definition 7.8 Two noninvariant limit cycles are called R-conjugate if two of their 
corresponding periodic solutions satisfy x'(t) = Rx°(t) for allt € R'. 


7.4.3 Codim I Bifurcations of Equilibria in Z2-Equivariant 
Systems 


Our aim now is to analyze generic bifurcations of equilibria in Z2-equivariant sys- 
tems. Clearly, the bifurcations of R-conjugate equilibria happen in the same way 
as in generic systems, being merely “doubled” by the symmetry transformation R. 
For example, two pairs of R-conjugate equilibria of opposite stability can collide 
and disappear via the fold bifurcation. Thus, one can expect new phenomena only if 
the bifurcating equilibrium is of the fixed type. Let us analyze the following simple 
example. 


Example 7.4 (Symmetric pitchfork bifurcation) 
Consider the scalar system 


t=ar—7, ceR!, aeR'. (7.24) 


The system is obviously Z7-equivariant. Indeed, in this case, Rx = —x (reflection) 
andn*t =0,n~ = 1. Ata = 0, system (7.24) has the fixed equilibrium x° = 0 with 
eigenvalue zero. The bifurcation diagram of (7.24) is simple (see Fig. 7.26). 

There is always a trivial equilibrium x° = 0, which is linearly stable for a < 0 
and unstable for a > 0. It is fixed according to Definition7.5. There are also two 
stable nontrivial equilibria, x'7(a) = +./a, existing for a > 0 and R-conjugate, 
Ra!(a) = 27(a). 

Any Zp-equivariant system 


&= az — 2° + O(a) 
is locally topologically equivalent near the origin to (7.24). Indeed, such a system 
has the form 


&=ar—2> + r(27), (7.25) 


with some _(x*) = O(2*) since any odd function vanishing at x = 0 can be repre- 
sented as xy(x), where (x) is even and, thus, p(7) = (27). It is clear that x = 0 
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Fig. 7.26 Symmetric 
pitchfork bifurcation 


is always an equilibrium of (7.25). The nontrivial equilibria satisfy the equation 
a— x’ +(x’) = 0, 


which can easily be analyzed near (x, a) = (0, 0) by means of the Implicit Function 
Theorem. This proves that the number and stability of the equilibria in (7.24) and 
(7.25) are the same for corresponding small parameter values with small |a|. The 
homeomorphism h, : R! — R' that identifies the phase portraits of the systems can 
be constructed to satisfy 

ha(—2) = —ha (a), 


for all (x, a). In other words, the homeomorphism can be defined by an odd function 
of x. 
This example has a fundamental meaning, due to the following theorem. 


Theorem 7.7 (Bifurcations at a zero eigenvalue) Suppose that a Z2-equivariant 
system 
&= f(z,a), c€R", ae R', 


with smooth f, Rf (x, a) = f(Raz, a), R? = 1, has ata=0 the fixed equilibrium 
x° = 0 with simple zero eigenvalue , = 0, and let v € R" be the corresponding 
eigenvector. 

Then the system has a one-dimensional R-invariant center manifold Ws, and one 
of the following alternatives generically takes place: 


(i) (fold) [fu € Xt, then WE C X* forall sufficiently small |a|, and the restriction 
of the system to W¢ is locally topologically equivalent near the origin to the normal 
form 


fapee 
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(ii) (pitchfork) If v € X~, then W2O X* = x° for all sufficiently small |a|, and 
the restriction of the system to W¢ is locally topologically equivalent near the origin 
to the normal form 


= pE+&. 


In case (i), the standard fold bifurcation happens within the invariant subspace 
X*, giving rise to two fixed-type equilibria. The genericity conditions for this case 
are those formulated in Chap. 3 for the nonsymmetric fold. 

In case (ii), the pitchfork bifurcation studied in Example 7.3 happens, resulting in 
the appearance of two R-conjugate equilibria, while the fixed equilibrium changes 
its stability. The genericity conditions include nonvanishing of the cubic term of the 
restriction of the system to the center manifold at a = 0. We leave the reader to work 
out the details. 

The presence of Z2-symmetry in a system having a purely imaginary pair of 
eigenvalues brings nothing new to nonsymmetric Hopf bifurcation theory. Namely, 
one can prove the following. 


Theorem 7.8 (Bifurcation at purely imaginary eigenvalues) Suppose 
that a Z2-equivariant system 


z= f(z,a), c€R", aE R', 


with smooth f, Rf (a, a) = f(Rx, a), R® = In, has at a = 0 the fixed equilibrium 
x° = 0 with a simple pair of imaginary eigenvalues \\,7 = +iwy, wo > 0. 

Then, generically, the system has a two-dimensional R-invariant center manifold 
W<, and the restriction of the system to W¢ is locally topologically equivalent near 
the origin to the normal form: 


f Bal Fei a, god ol 
(2)= (0) (6)+4+8(8). 
This normal form is the standard normal form for a generic Hopf bifurcation. It 
describes the appearance (or disappearance) of a unique limit cycle having amplitude 
./B. There is a subtle difference, depending on whether the critical eigenspace X° 
belongs to X* or X~. If X° C X*, then WS C X* and the standard Hopf bifurcation 
happens within the invariant subspace X*. The bifurcating cycle is of type F. In 


contrast, if X° C X~, then WEN X + = 7° and the system restricted to the center 
manifold is Z2-invariant with respect to the transformation 


*(e)=-(@): 


The bifurcating small-amplitude limit cycle is of type S. 
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7.4.4 Codim 1 Bifurcations of Cycles in Z2-Equivariant 
Systems 


As was the case for equilibria, bifurcations of noninvariant limit cycles happen in 
the same manner as those in generic systems. Bifurcations of F- and S-cycles are 
very different and have to be treated separately. 


Codim 1 Bifurcations of F-Cycles 


Consider a fixed limit cycle Lr of (7.23), and select a codim 1 hyperplane & that 
is transversal to the cycle and R-invariant, R(X) = X. Let P, be the Poincaré map 
defined on © near its intersection with Ly (see Fig. 7.27). 


Lemma 7.5 The Poincaré map P.: % — & is G-equivariant, 
Ry o Py = Py o Ry, 
where Ry is the restriction of the map R to X. 


Proof: 

Let an orbit y of (7.23) start at a point u € & and return to a point v € & close 
tou: v = P,(u). The R-conjugate orbit 7 = R(7) starts at the point u = Ry(u) and 
returns to © at the point v = Ry(v). Since v = P,(u), we have 


Ry(Pa(u)) = Pa(Rx(u)) 


for all u € & such that both sides of the equation are defined. 
Therefore, the analysis of bifurcations of F-cycles is reduced to that of fixed 
points in a discrete-time dynamical system (map) having Z.-symmetry. Introduce 


Fig. 7.27 Poincaré map for XxX- 
an F-cycle 


xX 


RX 
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local coordinates £ € R"~! on ¥ so that € = 0 corresponds to the cycle L. Let us 
use the same symbol R instead of Ry, and decompose & by 


YD= UTED, 


where € € &* if RE = +€. Consider each codimension one case separately. We give 
the following theorems, which are obvious enough, without proofs. 


Theorem 7.9 (Bifurcations at ;, = 1) Suppose that a Zz-equivariant system 
z= f(z,a), c€R", aE R', 


with smooth f, Rf (x, a) = f(Rz, a), R? = 1,, has ata =Oan F-cycle Lo with 
a simple multiplier 4, = 1, which is the only multiplier with |u| = 1. Let v be the 
corresponding eigenvector of the Jacobian matrix of the Poincaré map Po associated 
with the cycle. 

Then the map P. has a one-dimensional R-invariant center manifold W<, and 
the restriction of P, to this manifold is, generically, locally topologically equivalent 
near the cycle to one of the following normal forms: 

(i) (fold) Ifv € Xt, then 


nee B+n£r; 


(ii) (pitchfork) If v € D~, then 


nr (+87. 


In case (i), WS C X*, and we have the standard fold bifurcation giving rise to 
two F-cycles L,, Ly € X*, with different stability (see Fig. 7.28). 

In case (ii), WS M X+ = 0, and we have the appearance (or disappearance) of 
two R-conjugate limit cycles L;,2, Lz = R(L}), as the original F-cycle changes its 
stability (see Fig. 7.29). 


xt 


Wy 
Y RX a 
B<0 B=0 B>O0 


Fig. 7.28 Fold bifurcation of an F-cycle 
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i 
Lo 
LAE KG 
YRX- 
8 <0 B=0 B>0 


Fig. 7.29 Pitchfork bifurcation of an F-cycle 


Theorem 7.10 (Bifurcation at 4: = —1) Suppose that a Zy-equivariant system 
&= f(z,a), c€R", aeR', 


with smooth f, Rf (x, a) = f(Rx, a), R* = In, has at a = 0 an F-cycle Lo with a 
simple multiplier j1; = —1, which is the only multiplier with |u| = 1. Let v be the 
corresponding eigenvector of the Jacobian matrix of the associated Poincaré map 
Po. 

Then the map P, has a one-dimensional R-invariant center manifold Ws, and 
the restriction of P, to this manifold is, generically, locally topologically equivalent 
near the cycle to the normal form: 


nee -d+8)n+ n. 


Moreover, the double-period limit cycle corresponding to the fixed points of ioe 
has F-type if v € X* and S-type ifu € x. 


Theorem 7.11 (Bifurcation at complex multipliers |; >| = 1) Suppose that a Z2- 
equivariant system 
z= f(z,a), c€R", aE R', 


with smooth f, Rf (x, a) = f(Rz, a), R? = 1,, has ata =Oan F-cycle Lo with 
simple multipliers [14,.. = e*", which are the only multipliers with |u| = 1. 

Then the map P. has a two-dimensional R-invariant center manifold WS on 
which a unique invariant closed curve generically bifurcates from the fixed point 
corresponding to Lo. This curve corresponds to an invariant two-torus T* of the 
system, R(T?) = T°. 


Remark: 
The fold and pitchfork bifurcations are the only possible codim | bifurcations in 
generic, one-parameter, Z-equivariant systems in R*. > 
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Codim 1 Bifurcations of S-Cycles 


As one can see, in this case the cross-section © cannot be selected to be R-invariant. 
Instead, one can choose two secant hyperplanes to the cycle Lo, X; and Uo, such 
that 

R(X) = Xo, 


and the Poincaré map P, can be represented for all sufficiently small |a| as the 
composition of two maps Q“) : 5; > Zz and Q® : Y) > Y, defined near the 
cycle 

Pa = Of 0 OW 


(see Fig. 7.30). 


Lemma 7.6 There is a smooth map Q, : X, —> YX, such that 


P, = Q?. (7.26) 


a 


Proof: 
In the proper coordinates the map Q) coincides with Q“”’. More precisely, due 
to the symmetry of the system, 


0? oR=R0Q” 


a? 


or, equivalently, Q° = Ro Q“) o R~!. Now introduce a map 


Qq = Ro OY 


Fig. 7.30 Poincaré map for an S-cycle 
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transforming %, into itself: First we allow a point to fly along the orbit of the system 
from X; to ¥2 and then apply the inverse symmetry transformation R™! placing it 


back to X,. We have 


P, = RoQY) oR10QY = Ro(ROR"')0 QM 0 R'0Q” = R?0 Q?, 


that gives (7.26) since R*=1. 

Consequently, the analysis of bifurcations of S-cycles is reduced to that for fixed 
points of the map Q, that has no special symmetry. However, equation (7.26) imposes 
strong restrictions on possible bifurcations. 


Proposition 7.1 An S-cycle cannot have the simple multiplier 4 = —1. 


Proof: 
Let A and B be the Jacobian matrices of Pp and Qo evaluated at their common 
fixed point. Then (7.26) implies 
A = B’. 


If js is a simple real eigenvalue of A, then there exists a simple real eigenvalue of 
B. Therefore, ps = \* > 0. 
Thus, only the cases js; = | and pj.2 = e+’ have to be considered. 


Theorem 7.12 (Bifurcation at ;: = 1) Suppose that a Z2-equivariant system 
&= f(z,a), c€R", aeR', 


with smooth f, Rf(x,a) = f(Rx, a), R*? = In, has at a =0 an S-cycle Lo with 
a simple multiplier 4, = 1, which is the only multiplier with |u| = 1. Let v be the 
corresponding eigenvector of the Jacobian matrix A = B? of the associated Poincaré 
map Py = Qi. 

Then the map P, has a one-dimensional R-invariant center manifold Ws, and 
the restriction of P, to this manifold is, generically, locally topologically equivalent 
near the cycle to one of the following normal forms: 

(i) (fold) Jf Bu = v, then 

nr O+ntq; 


(ii) (pitchfork) If Bu = —v, then 


nr 1+ 8)n4 


a 
3 


Outline of the proof: 

In case (i), we have a standard fold bifurcation of Q, (A, = 1). Therefore, on its 
center manifold (which is also a center manifold for P,) the map Q, is generically 
equivalent to 

Err yt Ete. 


The fixed points of this map correspond to S-cycles of the system. Its second iterate 
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E> Qype Fee JELQE IE +e 


is topologically equivalent to the normal form (i). 
In case (ii), we have a standard flip bifurcation for Q, (A; = —1, mM = 1). Onits 
center manifold, the map Q, is equivalent to 


ER 1+ yeé+&. 


The cycle of period two of this map corresponds to a pair of R-conjugate cycles of 
the original system. The second iterate of this map, 


Ere L427 4+ EFA IE +, 


is topologically equivalent to the normal form (ii). 


Theorem 7.13 (Bifurcation at complex multipliers |i; >| = 1) Suppose that a Zy- 
equivariant system 
t= f(t,a), ceER", ae R|, 


with smooth f, Rf (x, a) = f(Rx, a), R* = In, has at «= 0 an S-cycle Lo with 
simple multipliers j, = e*'°, which are the only multipliers with |u| = 1. 

Then the map P,, has a two-dimensional R-invariant center manifold WS on 
which a unique invariant closed curve generically bifurcates from the fixed point 


corresponding to Ly. This curve corresponds to an invariant two-torus T* of the 
system, R(T?) = T°. 


Remark: 
A system in R? that is invariant under the transformation Rx = —x, x € R? cannot 
exhibit the Neimark-Sacker bifurcation of an S-cycle. > 


7.5 Exercises 


(1) (Asymptotics of the cycle period near saddle-node homoclinic bifurcation) Find an asymp- 
totic expression for the period 73 of the cycle as a function of 3, when it approaches the homoclinic 
orbit at a saddle-node bifurcation. (Hint: The leading term of the expansion is given by 


1 dé 
To “N, B+e 


where € is a coordinate on a center manifold W% near the saddle-node.) 


(2) (Arnold’s circle map) Consider the following two-parameter smooth map P,,- : S' > S!, 


Puclp) =ptatesing, 
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where 0 < e < 1, ¥y, a (mod 277). Compute asymptotic expressions for the curves that bound a 
region in the (a, €)-plane corresponding to the map having rotation number p = 5: (Hint: A rota- 
tion number p = 5 implies the presence of cycles of period two, and the boundaries are defined by 
the fold bifurcation of these cycles.) 


(3) (Symmetry decomposition) Let R be a real n x n matrix such that R? = I,. Prove that the 
space R” can be decomposed as R” = Xt @ X~, where Rx = x for x € Xt, and Rx = —= for 
x € X~. (Hint: Any eigenvalue ) of R satisfies \? = 1.) 


(4) (Hopf bifurcation in Z2-equivariant planar systems) Prove that the Hopf bifurcation never 
happens in the planar systems invariant under the transformation 


(Hint: Any real matrix A satisfying AR = RA, where R is defined above, is diagonal.) 


(5) (Pitchfork bifurcation in the Lorenz system) Prove that the equilibrium (2, y, z) = (0, 0, 0) 
of the Lorenz system (7.21) exhibits a nondegenerate pitchfork bifurcation at ro = 1, for any fixed 
positive (o, b). (Hints: 

(a) Verify that at ro = 1 the equilibrium at the origin has a simple zero eigenvalue, and compute 
the corresponding eigenvector v. Check that Rv = —v, where R is the involution that leaves the 
Lorenz system invariant, so that case (ii) of Theorem 7.7 is applicable. 

(b) Compute the second-order approximation to the center manifold W° at ro = 1 and prove 
that it is R-invariant. 

(c) Check that the restriction of the system to the center manifold has no quadratic term. Could 
one expect this a priori? 

(d) Compute the coefficient of the cubic term as a function of (c, b) and verify that it is 
nonzero for positive parameter values.) 


(6) (Normal form for O(2) -symmetric Hopf bifurcation) Consider the following smooth, four- 
dimensional system written as two complex equations: 


| 2 = 21 (84+ iw(B) A(Bz1/7 Tr B(B)lz2P), (7 27) 
2 = (8 + iw(B) + Bla? + AMlz2)), 
where (7 is the bifurcation parameter, w(0) > 0, A(@) and B(3) are complex-valued functions, and 
for a(3) = Re A((), b(8) = Re B(p), 


a(0)b(0)(a*(0) — b7(0)) # 0. 


This is a (truncated) normal form for the Hopf bifurcation with a four-dimensional center manifold 
of O(2)-equivariant systems (see van Gils & Mallet-Paret (1986), Kuznetsov (1984, 1985)). Notice 
that the critical pair of eigenvalues +iw(0) is double. 

(a) Verify that system (7.27) is invariant with respect to the representation of the orthogonal 
group O(2) in C? by the transformations 


R(21, 2) = (2, 21), To(21, 22) = (e821, €- 22) (8 mod 27). (7.28) 
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(b) Write system (7.27) in polar coordinates 2, = pge’?, k = 1,2, and check that equations 
for px, are independent of those for yx. 

(c) Introduce r, = pr k = 1, 2, and derive a quadratic planar system for r;,. Assume a(0) < 0 
and obtain the bifurcation diagrams of the resulting system as 3 varies. (Hint: There are three 
subcases: (i) b(0) < a(0); (ii) b(0) > a(0), a(0) + b(0) < 0; (iii) b(0) > a(O), a(O) + B(O) > 0. In 
all cases, the amplitude system cannot have limit cycles.) 

(d) Interpret the results of part (c) in terms of the four-dimensional system (7.27). Prove that, 
besides the trivial equilibrium at the origin, the system can have a pair of R-conjugate limit cycles, 
and/or a two-dimensional R— and 7Tg-invariant torus foliated by closed orbits. Explain why this 
structurally unstable orbit configuration on the torus persists under parameter variations. Prove that 
when they exist simultaneously, the cycles and the torus have opposite stability. 

(e) Show that any smooth system 


| 2) = Aa)z + files, 21, 22, 22,0), (7.29) 


22 = Aa)zZ2 + fo(Z1, 21, 22, 22, Q), 


which is invariant with respect to the transformations (7.28) and has (0) = iw(0), can be reduced 
to within cubic terms by smooth and smoothly parameter-dependent invertible transformations to 
the form (7.27), where 3 = 3(q). Verify that the resulting transformation preserves the symmetry 
(i.e., is invariant under (7.28)). 

(f) Prove that the limit cycles and the torus survive under adding any O(2)-equivariant higher- 
order terms to the truncated normal form (7.27). 

(g) Assume that (7.27) is a truncated normal form of the equations on a center manifold of 
a reaction-diffusion system on a two-dimensional domain Q, having the spatial symmetry group 
O(2), composed of rotations and a reflection. Convince yourself that the cycles in the system on 
the center manifold correspond to rotating waves in the reaction-diffusion system, while the torus 
describes standing waves in the system. 


7.6 Appendix: Bibliographical Notes 


The saddle-node homoclinic bifurcation was described, among other planar codim | bifurcations, 
by Andronov in the 1940s (see Andronov et al. (1973)). Multidimensional theorems on saddle-node 
and saddle-saddle homoclinic bifurcations are due to Shil’nikov (1963, 1966, 1969). Our presen- 
tation of the saddle-saddle multiple-homoclinic case follows a lecture given by Yu.S. Il’ yashenko 
at Moscow State University in 1987 (for details, see (Ilyashenko & Li, 1999)). Two-parameter 
unfolding of a nontransversal homoclinic orbit to a saddle-saddle equilibrium has been analyzed by 
Champneys, Harterich & Sandstede (1996), who also constructed a polynomial system having two 
orbits homoclinic to a saddle-saddle. Another codim 2 case, when the homoclinic orbit returns to a 
saddle-node along the noncentral direction, was analyzed by Lukyanov (1982) for planar systems 
and by Chow & Lin (1990) and Deng (1990) in general. 

Nontransversal intersections of the invariant manifolds of a saddle cycle were first studied by 
Gavrilov & Shilnikov (1972, 1973) who analyzed how Smale horseshoes are created and destroyed 
near the critical parameter value; see also (Gruzdev & Neimark, 1975). Details of this complicated 
phenomenon were studied by Newhouse et al. (1983) and Palis & Takens (1993). The latter book 
contains a proof that the Poincaré map defined near the nontransversal homoclinic orbit to a saddle 
cycle can be approximated by the Hénon map. The corresponding codim 2 bifurcation, when 
the saddle cycle in neutral, was studied by Gonchenko & Gonchenko (2000). This leads to the 


326 7 Other One-Parameter Bifurcations in Continuous-Time Dynamical Systems 


generalized Hénon map investigated by Gonchenko et al. (2005). The analysis of bifurcations of 
homoclinic orbits to a nonhyperbolic cycle was initiated by Afraimovich & Shil’nikov (1972, 1974, 
1982); see (Ilyashenko & Li, 1999) for a modern treatment of these phenomena. 

The “blue-sky” problem was first formulated by Palis & Pugh (1975). Medvedev (1980) has 
constructed the first explicit example of this bifurcation on the Klein bottle. However, the constructed 
limit cycle exhibited infinitely many fold bifurcations while approaching the “blue-sky” parameter 
value. The “French horn” mechanism of the “blue-sky” bifurcation of a stable cycle is proposed and 
analyzed by Turaev & Shil’nikov (1995) and Gavrilov & Shilnikov (2000) (for details, see Shilnikov 
et al. (2001, Sect. 12.4)). Some authors naively tend to consider any homoclinic bifurcation as a 
“blue-sky” catastrophe. 

Bifurcations of continuous-time systems on tori and the associated bifurcations of maps of a 
circle is a classical topic dating back to Poincaré. A good introduction to the theory of differential 
equations on the torus can be found in Arnol’d (1983), including the proof of Denjoy’s theorem (see 
Denjoy (1932) and also Nitecki (1971)). The persistence of normally hyperbolic invariant manifolds 
(including tori) under perturbations is proved by Fenichel (1971). When the normal hyperbolicity 
is lost, the torus can undergo a quasiperiodic bifurcartion (Broer, 1988; Ciocci et al., 2005; Vitolo 
et al., 2011) and break-up. For an early example showing the complexity in the bifurcation sequence 
leading to the break-up of an invariant torus, see Aronson et al. (1982). Possible break-up scenaria 
are Classified by Arnol’d et al. (1994) and further analyzed by Broer et al. (1998). 

Bifurcation with symmetry is a huge and rapidly developing field. The standard references here 
are the books by Golubitsky & Schaeffer (1985) and by Golubitsky et al. (1988). Their reading, 
however, requires a rather high mathematical sophistication. The Center Manifold Theorem in the 
presence of a compact symmetry group was formulated by Ruelle (1973). Its generalization to the 
noncompact case has been proved by Sandstede et al. (1997). The main results on limit cycles 
and their bifurcations in the presence of discrete symmetries were obtained by Fiedler (1988) and 
Nikolaev (1994). Our presentation of cycle bifurcations in Z2-equivariant systems closely follows 
Nikolaev (1992, 1995) (see also Nikolaev & Shnol (1998a, b)). 
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Two-Parameter Bifurcations of Equilibria in 
Continuous-Time Dynamical Systems 


This chapter is devoted to bifurcations of equilibria in generic two-parameter sys- 
tems of differential equations. First, we make a complete list of such bifurcations. 
Then, we derive a parameter-dependent normal form for each bifurcation in the 
minimal possible phase dimension and specify relevant genericity conditions. Next, 
we truncate higher-order terms and present the bifurcation diagrams of the resulting 
system. The analysis is completed by a discussion of the effect of the higher-order 
terms. In those cases where the higher-order terms do not qualitatively alter the 
bifurcation diagram, the truncated systems provide topological normal forms for the 
relevant bifurcations. The results of this chapter can be applied to n-dimensional 
systems by means of the parameter-dependent version of the Center Manifold The- 
orem and Theorem 5.4 (see Chap. 5). We close this chapter with the derivation of 
the critical normal form coefficients for all codim 2 bifurcations using a combined 
reduction/normalization technique. 

The reader is warned that the parameter and coordinate transformations required 
to put a system into the normal form can lead to lengthy intermediate calculations and 
expressions that can make the theory seem unnecessarily complicated. While many 
such expressions are included here, the reader is advised against trying to follow the 
calculations “by hand.” Instead, we strongly urge you to use one of the symbolic 
manipulation packages, which are well suited for such problems (see Exercise 15 at 
the end of the chapter and the bibliographical notes to Chap. 10). 


8.1 List of Codim 2 Bifurcations of Equilibria 


Consider a two-parameter system 


x= f(x, a), (8.1) 
where x = (21, %2,..., 2) € R", a = (ay, a) € R’, and f is asufficiently smooth 
function of (x, a). 
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8.1.1 Bifurcation Curves 


Suppose that at a = a°, system (8.1) has an equilibrium 2 = x° for which either 
the fold or Hopf bifurcation conditions are satisfied. Then, generically, there is a 
bifurcation curve B in the (a1, a2)-plane along which the system has an equilibrium 
exhibiting the same bifurcation. Let us consider two simple examples. 


Example 8.1 (Fold bifurcation curve in a scalar system) 


Assume that at a = a® = (a?, a9) the system 
&= f(xz,a), «€R', a= (a1, a2) € R’, (8.2) 


has an equilibrium 7 = x° with eigenvalue \ = f, (x°, a°) = 0. Consider the system 
of scalar nonlinear equations 
| iG, a= 6, (8.3) 


fr(@, a) = 0. 


This is a system of two equations in IR? with coordinates (x, a1, a). Generically, 
it defines a smooth one-dimensional manifold (curve)  C R? passing through the 


point (2°, a ad) (see Fig. 8.1). Here “generically” means that the rank of the Jaco- 


bian matrix of (8.3) 
J = ( fay fas ) 
Fae Tey fae , 


is maximal, i.e., equal to 2. For example, if the conditions of Theorem 3.1 (see Chap. 
3) for the fold bifurcation are satisfied with respect to a, at a” 


(A.1) fos, a) F# 0; 


Fig. 8.1 A bifurcation curve x 
I’ and its corresponding 
bifurcation boundary 6 


Il 
I 
0 
(x°, a”) Yor 
O2 
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(A.2) fa, (2°, 0°) £ 0; 


then rank J = 2 at (x°, a°) since 


for fay _ 0) Foi a 
- a frre ) = det (ye fies ) = Faw toy x 0. 


In this case, the Implicit Function Theorem provides the (local) existence of two 
smooth functions: 


x = X(ay), 
a; = A(a), 


satisfying (8.3) and such that 
X(a9) = 2°, A(o’) =a?. 


These functions define the curve I parametrized by a near the point (7°, a°). By 
continuity, the genericity conditions (A.1) and (A.2) will be satisfied at nearby points 
on I’. Therefore, the construction can be repeated to extend the curve farther. 

If fa, = 0 but fy, € 0 at a certain point where /,,, A 0, similar arguments give 
the local existence of I’ parametrized by a,. Even if f;, = 0 at some point, which 
would mean that the nondegeneracy condition (A.1) is violated, system (8.3) can still 


define a curve, provided that 
He a f a2 ) 
det t js 0. 
( Fron foon } 


At such a point, rank J = 2 as before, and the curve I is locally parametrized by zx. 
Each point (x, a) € TI defines an equilibrium point x of system (8.2) with zero 
eigenvalue at the parameter value a (see system (8.3)). The standard projection 


T:(L,a)Ra 


maps I onto acurve B = aT in the parameter plane (see Fig. 8.1). A fold bifurcation 
takes place on this curve. > 


Example 8.2 (Hopf bifurcation curve in a planar system) 
Consider a planar system 
& = f(t,a), © = (x1, 22) € R’, a = (qj, a) € R’, (8.4) 
having, ata = a = (a°, ad), an equilibrium «7° = Cie x9) with a pair of eigenval- 


ues on the imaginary axis: A;,2 = iw. Consider now the following system of three 
scalar equations in R* with coordinates (x1, 22, a1, 2): 


330 8 Two-Parameter Bifurcations of Equilibria in Continuous-Time Dynamical Systems 


f(z, a) = 0, 
eres a)) = 0, (8.5) 


where tr stands for the sum of the diagonal matrix elements (trace). Clearly, (x°, a°) 
satisfies (8.5) since the trace equals the sum of the eigenvalues of f,. We leave the 
reader to show that the Jacobian matrix of (8.5) has maximal rank (equal to 3) at 
(x°, a°) if the equilibrium x° exhibits a generic Hopf bifurcation at a°. Actually, the 
rank remains equal to 3 under less restrictive assumptions. Therefore, system (8.5) 
defines a curve I in R* passing through (x°, a°). Each point on the curve specifies 
an equilibrium of (8.4) with A}. = +iwp, wo > 0, as long as det(f,(x, @)) > 0. 
The standard projection of I’ onto the (a1, a@2)-plane yields the Hopf bifurcation 
boundary 6 = aT. 

Notice that the second equation in (8.5) is also satisfied by an equilibrium with 
real eigenvalues 


Al =T, 2=-T, 


where 7 > 0. In this case, det( f(x, @)) < O and the equilibrium is called a neutral 
saddle. For a neutral saddle, the saddle quantity o = A; + Ax = 0 (see Chap. 6). © 


The constructions of Examples 8.1 and 8.2 can be generalized to an arbitrarily 
high phase-space dimension n. Suppose, as before, that at a = a°, system (8.1) has 
an equilibrium x = x° satisfying either the fold or Hopf bifurcation conditions. In 
each case, a smooth scalar function 7 = w(a, a) can be constructed in terms of the 
elements of the Jacobian matrix f,,. Adding this function to the equilibrium equation 
yields the system 


able, oo) = 0, (8.6) 


f(z, a) = 0, 
which, generically, defines a curve I passing through the point (x°, a°) in R"*+? 
with coordinates (x, a). T consists of equilibria satisfying the defining bifurcation 
condition. The standard projection of I onto the a-plane results in the corresponding 
bifurcation boundary Bb. 

The function ~ is most easily constructed in the case of the fold bifurcation. 
System (8.6), with 
w= Wi(@, a) = det(fr(z, a)), (8.7) 


defines a curve of equilibria having at least one zero eigenvalue. Indeed, v is the 
product of all the eigenvalues of f,, and thus vanishes at an equilibrium with a zero 
eigenvalue. One can check that rank J = n+ 1 at a generic fold point (x°, a°), 
where J is the Jacobian matrix of (8.6) with respect to (x, a). 
A function ~ = wy(x, a) can also be constructed for the Hopf bifurcation. 
Namely 
Wu (a, a) = det 2f;(x, a) © In), (8.8) 
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where © denotes the bialternate product of two matrices. This product is a certain 
square matrix of order sn(n — 1). The function wy is equal to the product of all 
formally distinct sums of the eigenvalues of f,, 


bu =] [Oi+A): 


i>¥ 


and it, therefore, vanishes at an equilibrium having a pair of eigenvalues with zero 
sum. It can also be shown that rank J = n+ | ata generic Hopf bifurcation. We will 
return to the precise definition and practical computation of the bialternate product 
in Chap. 10. 


8.1.2 Codimension Two Bifurcation Points 


Let the parameters (a, @2) be varied simultaneously to track a bifurcation curve 
I (or B). Then, the following events might happen to the monitored nonhyperbolic 
equilibrium at some parameter values: 


(i) extra eigenvalues can approach the imaginary axis, thus changing the dimension 
of the center manifold W°; 
(ii) some of the genericity conditions for the codim | bifurcation can be violated. 


For nearby parameter values, we can expect the appearance of new phase portraits 
of the system, implying that a codim 2 bifurcation has occurred. It is worthwhile to 
recall that the different genericity conditions for either the fold or Hopf bifurcation 
have differing natures. As we saw in Chap. 3, some conditions (called “nondegener- 
acy conditions”) imply that a certain coefficient in the normal form of the equation 
on the center manifold is nonzero at the critical point. These coefficients can be com- 
puted in terms of the Taylor coefficients of f(«, 0) at the equilibrium. In contrast, 
there are conditions (called “transversality conditions”) in which certain derivatives 
of f(a, a) with respect to some parameter a:; are involved. These two types of condi- 
tions play differing roles in the bifurcation analysis. The nondegeneracy conditions 
essentially determine the number and stability of the equilibria and cycles appearing 
under parameter perturbations, while the transversality conditions merely suggest the 
introduction of a new parameter to “unfold” the bifurcation (see Chap. 3). Thus, only 
violating a nondegeneracy condition can produce new phase portraits. For example, 
if 


a) 
oa A1,2(a) = 0 


at the Hopf bifurcation point, then, generically, the eigenvalues do not cross the 
imaginary axis as a; passes the critical value. This results in the same local phase 
portrait for both sub- and supercritical parameter values. 
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Let us first follow the fold bifurcation curve B;. A typical point in this curve defines 
an equilibrium with a simple zero eigenvalue A; = O and no other eigenvalues on 
the imaginary axis. The restriction of (8.1) to a center manifold W“ has the form 


& = be? + O(€). (8.9) 


The formula for the coefficient b was derived in Chap. 5. By definition, the coefficient 
b is nonzero at a nondegenerate fold bifurcation point. While the curve is being 
tracked, the following singularities can be met: 


(1) An additional real eigenvalue 2 approaches the imaginary axis, and W° 
becomes two-dimensional: 
1,2 =0 


(see Fig. 8.2(a)). These are the conditions for the Bogdanov-Takens (or double-zero) 
bifurcation. To have this bifurcation, we need n > 2. 

(2) Two extra complex eigenvalues 2,3 arrive at the imaginary axis, and W° 
becomes three-dimensional: 


A, = 0, A23 = £iwo, 


for wo > 0 (see Fig. 8.2(b)). These conditions correspond to the fold-Hopf bifur- 
cation, sometimes called a Gavrilov-Guckenheimer or a zero-pair bifurcation. We 
obviously need n > 3 for this bifurcation to occur. 

(3) The eigenvalue A; = 0 remains simple and the only one on the imaginary axis 
(dim W° = 1), but the normal form coefficient a in (8.9) vanishes: 


These are the conditions for a cusp bifurcation, which is possible in systems with 
n > 1. Notice that this bifurcation is undetectable by looking at only the eigenvalues 
of the equilibrium since quadratic terms of f(x, 0) are involved in the computation 


Me 
r2¢ 1 
or3 
Thy = Ao Dy 
e 4 
AF 
3 dy 4 
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Fig. 8.2. Linear singularities of codim 2 
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of b. Bifurcations of this type are sometimes referred to as “degeneracy of nonlinear 
terms.” 


Let us now follow a Hopf bifurcation curve By in system (8.1). At a typical point 
on this curve, the system has an equilibrium with a simple pair of purely imaginary 
eigenvalues A;.2 = +iwo, wo > 0, and no other eigenvalues with Re \ = 0. The 
center manifold W° is two-dimensional in this case, and there are (polar) coordinates 
(p, y) for which the restriction of (8.1) to this manifold is orbitally equivalent to 


p=he+ Oop’), 
Z — 14 OG). (8.10) 


The formula for the coefficient /; was derived in Chaps. 3 and 5. By definition, /; 4 0 
at a nondegenerate Hopf point. 
While moving along the curve, we can encounter the following new possibilities: 


(4) Two extra complex-conjugate eigenvalues 43,4 approach the imaginary axis, 
and W° becomes four-dimensional: 


Ai2 = iwo, A3,4 = iw, 


with wo, > 0 (Fig. 8.2(c)). These conditions define the Hopf-Hopf or two-pair bifur- 
cation. It is possible only if n > 4. 

(5) Finally, the first Lyapunov coefficient /; might vanish while A). = +iwo 
remain simple, and therefore, dim W° = 2: 


A12 = +iwg, 1, = 0. 


At this point, a “soft” Andronov-Hopf bifurcation turns into a “sharp” one (or vice 
versa). We call this event a Bautin bifurcation (see the bibliographical notes); it is 
often called a generalized (or degenerate) Hopf bifurcation. It is possible if n > 2. 
As with the cusp bifurcation, the Bautin bifurcation cannot be detected by merely 
monitoring the eigenvalues. We have to take into account the quadratic and cubic 
Taylor series coefficients of the right-hand side of (8.1) at the equilibrium. 


Clearly, the Bogdanov-Takens bifurcation can also be located along a Hopf bifur- 
cation curve, aS wo approaches zero. At this point, two purely imaginary eigenvalues 
collide and we have a double zero eigenvalue. If we continue to trace the curve 
defined by (8.6) with 7) = ay given by (8.8), we will follow a neutral saddle equi- 
librium with real eigenvalues \; = —Az2. Obviously, a fold-Hopf bifurcation can also 
be found while tracing a Hopf bifurcation curve. 

Thus, we have identified five bifurcation points that one can meet in generic two- 
parameter systems while moving along codim | curves. Each of these bifurcations 
is characterized by two independent conditions (and is therefore of codim 2). There 
are no other codim 2 bifurcations in generic continuous-time systems. 
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Sections 8.2—8.6 of this chapter are devoted to a systematic study of these bifur- 
cations in the least possible phase-space dimensions. The analysis of each codim 2 
bifurcation will be organized in a similar manner to the study of codim 1 bifurcations: 


(i) First, we derive the simplest parameter-dependent form to which any generic 
two-parameter system exhibiting the bifurcation can be transformed by smooth 
invertible changes of coordinates and parameters and (if necessary) time 
reparametrizations. In the course of this derivation, certain nondegeneracy and 
transversality conditions will be imposed on the system to make the transforma- 
tion possible. These conditions explicitly specify which systems are “generic.” 

(ii) Then we truncate higher-order terms and present bifurcation diagrams of the 
resulting system, sometimes called the “truncated normal form” or “model system.” 
For this system to have a nondegenerate bifurcation diagram, some extra genericity 
conditions might have to be imposed at this stage. 

(iii) Finally, we discuss the influence of the higher-order terms. 


It turns out that for the cusp, Bautin, and Bogdanov-Takens bifurcations the higher- 
order terms do not qualitatively affect the bifurcation diagrams, and the model sys- 
tems provide topological normal forms for the corresponding bifurcations (see Chap. 
2 for a definition). Notice that these are exactly those codim 2 bifurcations possible in 
generic scalar or planar systems. For the remaining codim 2 bifurcations (fold-Hopf 
and Hopf-Hopf cases, with minimal phase dimensions n = 3 and 4, respectively), the 
situation is more involved since higher-order terms do change bifurcation diagrams. 
We discuss which features of the behavior of the system will persist, if one takes these 
terms into account, and which will not. In any case, the study of the approximate 
normal form provides important information on the behavior of the system near the 
bifurcation point. 

The obtained results can be applied to n-dimensional systems using Theorem 
5.4 due to Shoshitaishvili. The theorem implies that all “essential” events near the 
critical parameter values occur on an invariant center manifold W¢ that is exponen- 
tially attracting or repelling in the transverse directions (normally hyperbolic). The 
obtained diagrams describe bifurcations of the systems restricted to W“. To determine 
the bifurcation scenario for a given system, the corresponding critical normal form 
coefficients have to be computed.! In Sect. 8.7, we derive the critical normal form 
coefficients for all codim 2 bifurcations using a combined reduction/normalization 
technique. 


' We assume that the system depends generically on the parameters, so that the transversality 
conditions are satisfied. In principle, this has to be verified separately. 
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8.2 Cusp Bifurcation 


8.2.1 Normal Form Derivation 


Suppose the system 
i= f(z,a), ceER', ae R’, (8.11) 


with a smooth function f, has at a = 0 the equilibrium x = 0 for which the cusp 
bifurcation conditions are satisfied, namely \ = f,(0,0) = 0 andb= 5 fre (0, 0) = 
0. As in the analysis of the fold bifurcation in Chap. 3, expansion of f(x, a) as a 
Taylor series with respect to x at x = 0 yields 


f(@, a) = fola) + fila)a t+ frla)x” + f(a? + O(2*). 
Since x = 0 is an equilibrium, we have fo(0) = f(0, 0) = 0. The cusp bifurcation 
conditions yield f;(0) = f,(0, 0) = 0 and f,(0) = 5 fire (O, 0) = 0. 


As in Chap. 3, let us analyze the simplification of the right-hand side of (8.11) 
that can be achieved by a parameter-dependent shift of the coordinate 


x=€&+d(a). (8.12) 
Substituting (8.12) into (8.11), taking into account the expansion of f(x, a), yields 


€ = [fo(a) + fila)d + &e(a, 6)] + [ fila) + 2f2(a)d + &d(a, 5)] € 
+ [fo(a) + 3f3(a)d + wl, 6)] C7 + [f(a) + 50(a, 5) F + OE) 


for some smooth functions y, ¢, w, and @. Since f2(0) = 0, we cannot use the Implicit 
Function Theorem to select a function 6(q@) to eliminate the linear term in € in the 
above equation (as we did in Chap. 3). However, there is a smooth shift function 
6(@) with 6(0) = 0, which annihilates the quadratic term in the equation for all 
sufficiently small ||a||, provided that 


(C.1) £30) = zifuas, 0) £0. 

To see this, denote the coefficient in front of £7 by F(a, 5) 
F(a, 5) = f(a) + 3f3(a)6 + O°Y(a, 8). 

We have 


OF 
F(0,0)=0, => = 3f3(0) 4 0. 
06 (0,0) 
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Therefore, the Implicit Function Theorem gives the (local) existence and uniqueness 
of a smooth scalar function 6 = 6(q), such that 6(0) = 0 and 


F(a, 6(a)) = 0, 


for ||a|| small enough. The equation for €, with 6(a) constructed as above, contains 
no quadratic terms. Now we can introduce new parameters |1 = (41, [2) by setting 
Picea ener OMG RAB eu enE aes 

12(a) = fila) + 2f2(a)d(a) + 0°(a)d(a, 6(a)). ; 


Here ju is the €-independent term in the equation, while j12 is the coefficient in front 
of €. Clearly, j1(0) = 0. The parameters (8.13) are well defined if the Jacobian matrix 
of the map 4. = 4(Q@) is nonsingular at ay = a2 = 0 


Ow _ to -) 
(C.2) det ( ) a det ( pe 


Oa 
Then the Inverse Function Theorem implies the local existence and uniqueness of a 
smooth inverse function a = a() with a(0) = 0. Therefore, the equation for € now 
reads 


#0. 


a=0 


E= mit met ewe + oy, 


where c(14) = f3(a()) + (a(t) A (a(t), 6(a())) is a smooth function of jz and 


1 
c(0) = f3(0) = GfeaeO, 0) £0 (8.14) 


due to (C.1). 
Finally, perform a linear scaling 


= 1 


<= Tega 


and introduce new parameters: 
By = Liv |e(u)|, 
Bz = [2. 


This gives 
= Bi + Ban + sn + O(n"), (8.15) 


where s = sign c(0) = +1, and the O(7*) terms can depend smoothly on (3. 
Thus, the following lemma is proved. 
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Lemma 8.1 Suppose that a one-dimensional system 
t=f(r%,a), rE R', aeR’, 


with smooth f, has at a = 0 the equilibrium x = 0, and let the cusp bifurcation 
conditions hold: 


A= f, (0,0) =0, b= sfex(0, 0) = 0. 


Assume that the following genericity conditions are satisfied: 


(C.1) frre (0, 0) F 0; 
(C.2) (far fear — for fra, )(0, 0) 0. 


Then there are smooth invertible coordinate and parameter changes transforming 
the system into 


7= Bi + nt + O(7). 


Remarks: 
(1) Notice that (C.2) implies that a unique and smooth fold bifurcation curve I’, 
defined by 


f(z, a) = 0, 
fr(a, a) = 0, 


passes through (x, a) = (0, 0) in IR3-space with coordinates (x, a) and can be locally 
parametrized by x (see Sect. 8.1.1). 

(2) Given f,,(0, 0) = firx(0, 0) = 0, the nondegeneracy condition (C.1) and the 
transversality condition (C.2) together are equivalent to the regularity (nonsingularity 
of the Jacobian matrix) of a map T : R* — R? defined by 


(x, a) > (f(x, a), fr(@, &), fro (@, @)) 


at the point (7, ~) = (0,0). > 


System (8.15) without the O(n4) terms is called the truncated normal form for 
the cusp bifurcation. In the following subsections, we study its bifurcation diagrams 
and see that higher-order terms do not actually change them. This justifies calling 


7= Ait ante 


the topological normal form for the cusp bifurcation. 


338 8 Two-Parameter Bifurcations of Equilibria in Continuous-Time Dynamical Systems 


8.2.2 Bifurcation Diagram of the Truncated Normal Form 


Consider the normal form corresponding to s = —1 


= B+ Bon —W. (8.16) 
Its bifurcation diagram is easy to analyze. System (8.16) can have from one to three 
equilibria. A fold bifurcation occurs at a bifurcation curve T on the (1, G)-plane 
that is given by the projection of the curve 


r: Bi + bn—-7 =0, 
; Go — 31? = 0, 


onto the parameter plane. Elimination of 7) from these equations gives the projection 
T = {(B1, 52): 48; — 278; = 0}. 


It is called a semicubic parabola (see Fig. 8.3). The curve T has two branches, 7; 
and 7), which meet tangentially at the cusp point (0, 0). The resulting wedge divides 
the parameter plane into two regions. In region 1, inside the wedge, there are three 
equilibria of (8.16), two stable and one unstable; in region 2, outside the wedge, 
there is a single equilibrium, which is stable (Fig. 8.3). As we can easily check, a 
nondegenerate fold bifurcation (with respect to the parameter (3;) takes place if we 
cross either 7; or 7) at any point other than the origin. If the curve 7; is crossed 
from region 1 to region 2, the right stable equilibrium collides with the unstable 
one and both disappear. The same happens to the left stable equilibrium and the 
unstable equilibrium at 7). If we approach the cusp point from inside region 1, all 
three equilibria merge together into a triple root of the right-hand side of (8.16). 

A useful way to present this bifurcation is to plot the equilibrium manifold of 
(8.16), 

M = {(n, 81,2): 81+ bon — 1 = 0}, 


in R? (see Fig. 8.4). The standard projection of M onto the ((3;, 3))-plane has 
singularities of the fold type along I’ except the origin, where a cusp singularity 
shows up. Notice that the curve [’ is smooth everywhere and has no geometrical 
singularity at the cusp point. It is the projection that makes the fold parametric 
boundary nonsmooth. 

The cusp bifurcation implies the presence of the phenomenon known as hysteresis. 
More precisely, a catastrophic “jump” to a different stable equilibrium (caused by the 
disappearance of a traced stable equilibrium via a fold bifurcation as the parameters 
vary) happens at branch 7; or T> depending on whether the equilibrium being traced 
belongs initially to the upper or lower sheet of M (see Fig. 8.5). If we make a 
roundtrip in the parameter plane, crossing the wedge twice, a jump occurs on each 
branch of T. 
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Fig. 8.3. One-dimensional cusp bifurcation 
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Fig. 8.5 Hysteresis near a n M 


cusp bifurcation —P 
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The case s = | can be treated similarly or reduced to the considered case using 
the substitutions t — —t, 3; — —/(), 6; > —/. In this case, the truncated system 
typically has either one unstable equilibrium or one stable and two unstable equilibria 
that can pairwise collide and disappear through fold bifurcations. 


8.2.3 Effect of Higher-Order Terms 


The following lemma actually indicates that the higher-order terms in (8.15) are 
irrelevant. 


Lemma 8.2 The system 


1 = Bi + nt + O(n") 


is locally topologically equivalent near the origin to the system 


A= At hontn’. 


An elementary proof of the lemma is sketched in the hints to Exercise 2 for this 
chapter. We can now complete the analysis of the cusp bifurcation by formulating a 
general theorem. 
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Fig. 8.6 Cusp bifurcation on the plane 
Theorem 8.1 (Topological normal form for cusp bifurcation) Any 
generic smooth two-parameter system 

z= f(z,a), c€R', aE R’, 


having at a = 0 an equilibrium x =0 exhibiting the cusp bifurcation is locally 
topologically equivalent near the origin to one of the normal forms 


7= B+ nt. 


If an n-dimensional system has a cusp bifurcation, the above theorem should 
be applied to the equation on the center manifold (see Chap. 5). The sign in the 
normal form is determined by that of c(O) defined in (8.14). The value of c(O) can 
be computed by the formula (8.129) from Sect. 8.7. Shoshitaishvili’s Theorem gives 
the following topological normal forms for this case: 


h =At+ boner’, 

an 

G= G, 
where 7 € R!, Cz € R”, and n_ and nx, are the numbers of eigenvalues of the 
critical equilibrium with Re \ > 0 and Re X < 0. Fig. 8.6 presents the bifurcation 
diagram for n = 2 in the case where c(0) < 0 and the second eigenvalue at the cusp 
point is negative (n_ = 1, ny =0). 
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8.3 Bautin (Generalized Hopf) Bifurcation 


8.3.1 Normal Form Derivation 


Assume that the system 
= f(t,a), ce R’, aeR’, (8.17) 


with f smooth has at a = 0 the equilibrium x = 0, which satisfies the Bautin bifur- 
cation conditions. More precisely, the equilibrium has purely imaginary eigenvalues 
A1,2 = iw, wo > 0, and the first Lyapunov coefficient vanishes: 1; = 0. Since 
A = 0 is not an eigenvalue, the equilibrium in general moves as a varies but remains 
isolated and close to the origin for all sufficiently small ||q||. As in the analysis of the 
Andronov-Hopf bifurcation, we can always perform a (parameter-dependent) shift 
of coordinates that puts this equilibrium at x = 0 for all a with ||a|| small enough, 
and assume from now on that f (0, a) = 0. 
Lemma 3.3 from Chap. 3 allows us to write (8.17) in the complex form 


2 = (ua) + iw(a))z + g(z, 2,0), zeECl, (8.18) 


where ju, w, and g are smooth functions of their arguments, (0) = 0, w(0) = wo, 
and formally 


_ 1 = 
g(%Z,2,a) = ra Tse 


k+l>2 
for smooth functions g;;(q@). 


Lemma 8.3 (Poincaré normal form for the Bautin bifurcation) 
The equation 


1 
t=Mazt DY PTT + O(\z|°), (8.19) 


2<k+I<5 


where \(a@) = L(a) + iw(a), w(O) = 0, w(0) = wo > 0, can be transformed by an 
invertible parameter-dependent change of the complex coordinate, smoothly depend- 
ing on the parameters: 


1 = 
z=wt DP Gy halaw't!, hai(a) = hso(a) = 0, 
2sktH<5 7" 


for all sufficiently small ||c||, into the equation 


w= Naw + c(a)wlwl* + o(a)wlw|* + O(\w|®). (8.20) 


8.3 Bautin (Generalized Hopf) Bifurcation 343 


The lemma can be proved using the same method as for Lemma 3.6 in Chap. 3. 
By Lemma 3.6, we can assume that all the quadratic and nonresonant cubic terms in 
(8.19) are already eliminated: go) = gi) = 902 = 930 = 912 = 921 = 0, and $99) = 
c,. Then, by a proper selection of h;; with 1 + 7 = 4, we can annihilate all the order- 
four terms in (8.19), having the coefficient of the resonant cubic term c; (@) untouched 
while changing the coefficients of the fifth- and higher-order terms. Finally, we can 
“remove” all the fifth-order terms except the resonant one shown in (8.20). These 
calculations make a good exercise in symbolic manipulations. 

The coefficients c,(a@) and c2(a@) are complex. They can be made simultaneously 
real by a time reparametrization. 


Lemma 8.4 System (8.20) is locally orbitally equivalent to the system 
wb = (V(a) +i)w t+ h(awlw? + b(a)ywlwl* + O(\wI®), (8.21) 
where v(a), 1,(a@), and I,(@) are real functions, v(0) = 0. 


Proof: 
First, introduce the new time T = w(a)t. The direction of time is preserved for 
all sufficiently small ||a|| since w(0) = wo > 0. This gives 


i = Va) + Dw + di(a)ywlwl? + do(a)wlwl* + O(w!*), (8.22) 
with ea a - 
a EA _ Cite _ (a 
v(o) = HE, aa) = TE, data) = 


Notice that v, d,, and dy are smooth and that d, 2 are still complex-valued. 
Next, change the time parametrization along the orbits of (8.22) by introducing a 
new time 9, such that 


dr = (1+ e1(a)|wl? + e2(a)|wl*) dd, 


where the real functions e;,2 have yet to be defined. In terms of 6, (8.22) can be 
written as 


dw 
p= Ut iwt uy +ier+ dy)wlwl? + (v + deo + ed, + do)wlw|t + O(\w!®). 


Therefore, setting 
e1(a) = —Im di(a), e2(a) = —Im dp(a) + [Im di (a)? 


yields 
dw _ 


p= UO + dw + li (a)wlw/? + b(a)wl|wl* + Ow), 
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where 


l(a) = Re dy(a) — v(a) Im d;(a) = ae u(a) te (8.23) 


is the first Lyapunov coefficient introduced in Chap. 3, and 


lo(a@) = Re do(a) — Re dj (a) Im d; (a) + v(a) ({Im di(a)|? — Im d>(a)) : 


The functions v(q@), 1,;(a@), and [2(q@) are smooth and real-valued. 
Definition 8.1 The real function Iy(a) is called the second Lyapunov coefficient. 


Recall that c; = c;(q@) used in (8.23) can be computed by the formula (see 
Chap. 3) - 
go . gogi2A+A)— Igul? 19021? 
2 IA 5 Tey 


cq = 


where A = A(q@) and gx; = gri(Q). 
At the Bautin bifurcation point, where 


Re c¢; (0) 1 1 
(0) = 0, 1,(0) = ——— = — (Re g21(0) — — Im (0(0)91(0)1) = 0, 
Wo 2w Wy 
we obtain 7 , 
poy o Se 
Wo 


The following formula gives a rather compact expression for [3(0) at the Bautin 
point: 


1 
121(0) = —Re g32 
Wo 


1 _ _ 1 = 
+ aoe [920931 — 9114931 + 3922) — 3902 (G40 + 913) — 930912] 
0 


1 _ _ _ 1 1_ 
+ a {Re [920(911 3.912 — 930) + 902 (a - 500) + 3 902.903) 
0 


_ 5_ 1 _ 
+ g11(Go2 (Fi + 30) + 3902903 — 4911930) | 
+ 3 Im(g20g11) Im gr } 
1 =. ~& _ 
+ = {Im [91102 (920 — 392091 — 49%1)] 
0 


+ Im(g20911) [3 Re(g20911) — 2190217 ]} . (8.24) 
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where all the gj; are evaluated at a = 0. In deriving this formula, we have taken the 
equation /,(0) = 0 (or, equivalently, Re gz; = = Im(g20911)) into account. 
Suppose that at a Bautin point 


(B.1) (0) £0. 


A neighborhood of the point ~ = 0 can be parametrized by two new parameters, 
the zero locus of the first one corresponding to the Hopf bifurcation condition, while 
the simultaneous vanishing of both specifies the Bautin point. Clearly, we might 
consider v(q) as the first parameter and /;(a@) as the second one. Notice that both 
are defined for all sufficiently small ||a|| and vanish at a = 0. Thus, let us introduce 
new parameters (11, 42) by the map 


[1 = V(Q), 
8.25 
ie = I(a), er 
assuming its regularity at a = 0 
Ov_ OV Ou Ou 
Oa; Jaz 1 Oa; Jaz 
(B.2) det = — det # 0. 
al, Ol on Ol Oli 
Jay Oa a=0 0a; Oa a=0 


This condition can easily be expressed in terms of (a), Re c; (a), and Im c; (a) 
since wo # 0. It is equivalent to local smooth invertibility of the map (8.25), so we 
can write a in terms of ju, thus obtaining the equation 


w = (1 + iw t powlwl? + Lo(u)wlwl* + Owl), 


where L(t) = I2(a(y)) is a smooth function of ju, such that L2(0) = 1,(0) 4 0 due 


to (B.1). Then, rescaling 
w= = WE (oun 


SLOT 


and defining the parameters 


Bi = /1, 
= 2 


ia 


yield the normal form 


i = (G1 + iu+ Boulul? + sulul* + O(ul®). 


Here s = sign [.(0) = +1, where /(0) is given by (8.23). 
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Summarizing the results obtained, we can formulate the following theorem. 


Theorem 8.2 Suppose that a planar system 
t=f(r%,a), rE R?, ae R’, 


with smooth f, has the equilibrium x = 0 with eigenvalues 


A1,2(@) = u(a) + iw(a), 


for all ||a|| sufficiently small, where w(0) = wo > 0. For a = 0, let the Bautin bifur- 
cation conditions hold: 
10) = 0, 11(0) = 0, 


where |,(q) is the first Lyapunov coefficient. Assume that the following genericity 
conditions are satisfied: 


(B.1) 12(0) 4 0, where 12(0) is the second Lyapunov coefficient given by (8.24); 
(B.2) the map a +> (ua), 1, (@)) is regular at a = 0. 


Then, by the introduction of a complex variable, applying smooth invertible coor- 
dinate transformations that depend smoothly on the parameters, and performing 
smooth parameter and time changes, the system can be reduced to the complex form 


£= (8, +024 Hoa2lz|? + szlz|* + O((z)%, (8.26) 


where s = sign 1,(0) = +1. 


We will proceed in the same way as in analyzing the cusp bifurcation. First, we 
will study the truncated normal form resulting from (8.26) by dropping the O(|z|°) 
terms. As we shall then see, thus obtained model system is also the topological 
normal form for the Bautin bifurcation. 


8.3.2 Bifurcation Diagram of the Truncated Normal Form 


Set s = —1 and write system (8.26) without the O(\z|°) terms in polar coordinates 
(p, ~), where z = pe’? 
_ 2_ 4 
: = A + fpr =p"), (8.27) 


The equations in (8.27) are independent. The second equation describes a rotation 
with unit angular velocity. The trivial equilibrium p = 0 of the first equation corre- 
sponds to the only equilibrium, z = 0, of the truncated system. Positive equilibria of 
the first equation in (8.27) satisfy 
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Ai + op — p* =0 (8.28) 


and describe circular limit cycles. Equation (8.28) can have zero, one, or two positive 
solutions (cycles). These solutions branch from the trivial one along the line 


H = {(G1, G2) : G = 0} 


and collide and disappear at the half-parabola 


T = {(A1, bo) : 83 +41 =0, By > O}. 


The stability of the cycles is also clearly detectable from the first equation in (8.27). 
The bifurcation diagram of (8.27) is depicted in Fig. 8.7. The line H corresponds 
to the Hopf bifurcation: Along this line, the equilibrium has eigenvalues A;,2 = +2. 
The equilibrium is stable for G; < 0 and unstable for 3; > 0. The first Lyapunov 
coefficient /,(3) = (G2. Therefore, the Bautin bifurcation point G, = G2 = O separates 
two branches, H_ and H,, corresponding to a Hopf bifurcation with negative and 
with positive Lyapunov coefficient, respectively (i.e., “soft” and “sharp”). A stable 
limit cycle bifurcates from the equilibrium if we cross H_ from left to right, while an 
unstable cycle appears if we cross H, in the opposite direction. The cycles collide 
and disappear on the curve T, corresponding to a nondegenerate fold bifurcation of 
the cycles (studied in Chaps. 4 and 5). Along this curve, the system has a critical limit 
cycle with multiplier 44 = 1 and a nonzero normal form coefficient a of the Poincaré 
map. The curves divide the parameter plane into three regions (see Fig. 8.7). 

To fully understand the bifurcation diagram, let us make an excursion on the 
parameter plane around the Bautin point counterclockwise, starting at a point in 


-< © K 
a 
(G) 6° 
7 a a a 
——h 
r @ a @), H- 


sa 


Fig. 8.7 Bautin bifurcation with s = —1 
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region 1, where the system has a single stable equilibrium and no cycles. Crossing 
the Hopf bifurcation boundary H_ from region 1 to region 2 implies the appearance 
of a unique and stable limit cycle, which survives when we enter region 3. Crossing 
the Hopf boundary H, creates an extra unstable cycle inside the first one, while the 
equilibrium regains its stability. Two cycles of opposite stability exist inside region 
3 and disappear at the curve T through a fold bifurcation that leaves a single stable 
equilibrium, thus completing the circle. 

The case s = | in (8.26) can be treated similarly or can be reduced to the one 
studied by the transformation (z, 3, t) H (z, —G, —t). 


8.3.3 Effect of Higher-Order Terms 


Lemma 8.5 The system 


2= (8402+ Mole? + zlz[* + O(z|% 


is locally topologically equivalent near the origin to the system 


2= (A+ i)z+ rae? + lel. 


The proof of the lemma can be obtained by deriving the Taylor expansion of the 
Poincaré map for the first system and analyzing its fixed points. It turns out that the 
terms of order less than six are independent of O(|z|°) terms and thus coincide with 
those for the second system. This means that the two maps have the same number 
of fixed points for corresponding parameter values and that these points undergo 
similar bifurcations as the parameters vary near the origin. Then, one can construct 
a homeomorphism (actually, a diffeomorphism) identifying the parametric portraits 
of the systems near the origin and a homeomorphism that maps the phase portrait 
of the first system near the origin into that of the second system for all parameter 
values (as in Appendix A to Chap. 3). Therefore, we can complete the analysis of 
the Bautin bifurcation by stating the following theorem. 


Theorem 8.3 (Topological normal form for Bautin bifurcation) Any generic 
smooth two-parameter planar system 


t=f(t,a), rE R?, ae R’, 
having at a = 0 an equilibrium x = 0 that exhibits the Bautin bifurcation, is locally 


topologically equivalent near the origin to one of the following complex normal 
forms: 


£= (8, + i)z+ o2lz? + 2lzlt. 
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This theorem means that the described normal form captures the topology of any 
two-dimensional system having a Bautin bifurcation and satisfying the genericity 
conditions (B.1) and (B.2). In particular, although the limit cycles in such a system 
would not be perfect circles, we can expect the existence of two of them for nearby 
parameter values. Moreover, they will collide and disappear along a curve emanating 
from the codim 2 point. 

The Bautin bifurcation is the first example that demonstrates the appearance of 
limit cycle bifurcations near codim 2 bifurcations of equilibria. In this case, by purely 
local analysis (computing the Lyapunov coefficients 1; and J, at a Hopf point), we 
can prove the existence of a fold bifurcation of limit cycles for nearby parameter 
values. 

The multidimensional case of the Bautin bifurcation can be treated by the center 
manifold reduction to the studied planar case. Then, (8.17) should be considered as 
the equations on the center manifold. Shoshitaishvili’s Theorem gives the topological 
normal form for the Bautin bifurcation in R”: 


2 = (Bi +dz2+ ozlz? + szlzi*, 
(=-¢., 
C+ = Cx, 


where s = sign /.(0) = +1, z € C!, ¢¢ € R™, and n_ and n4 are the numbers of 
eigenvalues of the critical equilibrium with Re \ > 0 and Re \ < 0, respectively, so 
thatn_ +n +2=n. 


We return to the computation of /,(0) in the n-dimensional case in Sect. 8.7. 


8.4 Bogdanov-Takens (Double-Zero) Bifurcation 
8.4.1 Normal Form Derivation 


Consider a planar system 
&=f(z,a), ce R’, ae R’, (8.29) 


where f is smooth. Suppose that (8.29) has, at a = 0, the equilibrium x = 0 with 
two zero eigenvalues (the Bogdanov-Takens condition), A1,2(0) = 0. 


Step 0 (Preliminary transformation). We can write (8.29) at ~ = 0 in the form 
&= Agu + F(a), (8.30) 


where Ag = f, (0,0) and F(x) = f(x,0) — Aox is a smooth function, F(x) = 
O(|al| *). The bifurcation conditions imply that 
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A(0) = det Ay = 0, o(0) = tr Ap = 0. 

Assume that 

(BT.0) Ao # 0, 


that is, Ag has at least one nonzero element. Then there exist two real linearly inde- 
pendent vectors, qo, € IR, such that 


Aogo = 0, Aogi = 40. (8.31) 
The vector qo is the eigenvector of Ap corresponding to the eigenvalue 0, while q is 
the generalized eigenvector of Ag corresponding to this eigenvalue. Moreover, there 
exist similar adjoint eigenvectors p;,2 € R? of the transposed matrix Ab 


Ajpi =0, Aj po = pi. (8.32) 


The vectors q; and po are not uniquely defined even if go and p; are fixed.” Never- 
theless, we can always select four vectors satisfying (8.31) and (8.32), such that 


(qo, Po) = (1, Pi) = 1, (8.33) 


where (-, -) stands for the standard scalar product in R?: (@,Y) = £1y1 + L2y2, and 


(q1, Po) = (qo, p1) = O. (8.34) 


If qo and q, are selected as basis, then any vector x € R? can be uniquely repre- 
sented as 


L=Yigo + yg, 


for some real y;,2 € R'. Taking into account (8.33) and (8.34), we find that these 
new coordinates (y1, y2) are given by 


{' = (Pos 2), (8.35) 


In the coordinates (y;, y2), system (8.30) takes the form 


y\ (9 1\(m (po, F (yigo + y2%)) 
et i eee) neo) 


2 For example, if q1 satisfies the second equation of (8.31), then gj = q1 + yqo with any y € R! 
also satisfies this equation. 
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Notice the particular form of the Jacobian matrix, which is the zero Jordan block of 
order 2. 

Let us use the same coordinates (y;, y2) for all a with ||a|| small. In these coor- 
dinates, system (8.29) reads 


wi \ — ( (po. fyido + yom, &)) 
a) ~ ( a) (8.37) 


and for a = 0 reduces to (8.36). Expand the right-hand side of (8.37) as a Taylor 
series with respect to y at y = 0: 


Yr = y2 + aoo(@) + ayo(a)y1 + ao1(a)y2 

+ $a20(a)yz + an(ayyiy2 + $ag2(a)y5 + Pity, a), 
Yo = boo(a) + bio(a)y + boi (a)y2 

+ sbo(a)yt + bii(a)yrye + 5b02(a)yz + Pa(y, a), 


(8.38) 


where azi(@), be (a) and Py.2(y, a) = O(\lyII°) are smooth functions of their argu- 
ments. We have 


aoo(0) = a10(0) = ao1 (0) = boo (0) = b10(0) = boi (0) = O. 


The functions az;(@) and by;(a@) can be expressed in terms of the right-hand side 
f (a, a) of (8.29) and the vectors vo,1, wo,1. For example 


fan 
a29(a) = => (Po, f(yi90 + Yoai, @)) 
1 


Oy y=0 
Ee 
br (@) = ay f(yigo + y2M1, &)) , 
1 y=0 


2 


a= Fe 
1 


(pi, f(yigo + Y2M, &)) 


y=0 


Now we start transforming (8.38) into a simpler form by smooth invertible trans- 
formations (smoothly depending upon parameters) and time reparametrization. At a 
certain point, we will introduce new parameters. 


Step I (Reduction to a nonlinear oscillator). Introduce new variables (u;, w2) by 
denoting the right-hand side of the first equation in (8.38) by wz and renaming y; to 
be uy: 


Ul = Yi» 
U2 = Yo + ago + Gioy + ao1y2 + 52097 + Auiyi¥2 + 50243 + Pily,-)- 


This transformation is invertible in some neighborhood of y = 0 for small ||a|| and 
depends smoothly on the parameters. If a = 0, the origin y = 0 is a fixed point of 
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this map. The transformation brings (8.38) into 
uy = U2, 


U2 = goo(@) + giol(a)ur + gor(a)u2 (8.39) 
+ t90(a)ut + gis (a)ujur + $902(a)uz + O(u, a), 


for certain smooth functions gxi(@), goo(0) = gio(0) = go1 (0) = 0, and a smooth 
function Q(u, a) = O(||ul|*). We can verify that 


g20(0) = b29(0), 
g11(0) = az9(0) + 611 (0), (8.40) 
go2(0) = bo2(0) + 2a); (0). 


Furthermore, we have 


goo(a@) = boo(a) +--+: , 
gio(@) = bio(@) + a11(@)bo0(@) — bi (a)aoo(@) + +++, 
goi (a) = boi (@) + a10(@) + ao2(a) boo (@) 

— (a11(@) + b02(@))aoo(a@) +++, 


(8.41) 


where dots represent all terms containing at least one product of some azz, bj; with 
k+l<1 @+ 9 <1). Since agi(a) and byj(a@) vanish at a = 0, for all k+1< 
1, the displayed terms are sufficient to compute the first partial derivatives of 
goo(@), gio(@), and go1(@) with respect to (a1, a2) ata = 0. 

Note that the system (8.39) can be written as a single second-order differential 
equation for w = wy, 


w = G(w,a) + WH(w, a) + wr’ Z(w, w, a), 


which provides the general form for the equation of motion of a nonlinear oscillator. 


Step 2 (Parameter-dependent shift). A parameter-dependent shift of coordinates 
in the u,-direction 


fe =v; + 6(a), 


U2 = V2, 
transforms (8.39) into 


v1 = V2, 

2 = goo + 9105 + O16) 
+ (910 + 9205 + O(6)) v1 + (go1 + 9115 + O()) v» 
+ 5(g20 + O(5))vt + (gir + O(6))v1¥2 + 3 (gor + O(5))v5 
+ O(lvI/). 


Assume that 
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(BT.1) g11(O) = azo(0) + 61, (0) 4 0. 


Then, standard arguments based on the Implicit Function Theorem provide local 
existence of a smooth function 


—_ goi(@) 
gi (0) ; 


6 = 0(a) & 


annihilating the term proportional to v2 in the equation for v2, which leads to the 
system 


01 = v2, 
02 = hoo(a) + hio(a)vy (8.42) 
+ $hoo(a)uz + his (a)uiv2 + Fho2(a)vz + R(v, a), 
where hy;(@) and R(v, a) = O(||v||>) are smooth. We find 


g20(0) 
ean (0) 


hoo(@) = goo(a) + +++, hio(@) = gio(a) — gilay+--:, (8.43) 


where again only the terms needed to compute the first partial derivatives with respect 
to (a1, Q2) at a = 0 are kept (see (8.41)). Clearly, ho (0) = hijo (0) = 0. The only 
relevant values of hz;(@), k +1 = 2, are, as we shall see, at a = 0. These terms are 
given by 

ho(0) = 920(9), hii (0) = 9110), ho2(0) = go2(0), (8.44) 


where gyi(0), & +1 = 2, are determined by (8.40). 


Step 3 (Time reparametrization and second reduction to a nonlinear oscillator). 
Introduce the new time 7 via the equation 


dt = (1+ 0v)) dr, 


where 9 = @(q) is a smooth function to be defined later. The direction of time is 
preserved near the origin for small ||a||. Assuming that a dot over a variable now 
means differentiation with respect to 7, we obtain 


V1 = v2 + Ovj Vo, 
02 = hoo + (hio + hoo) v1 + $(h2o + 2hioA)vz + hiyvyv2 + $ho2vy 
+ O(jvll). 


The above system has a similar form to (8.38), which is a bit discouraging. However, 
we can reduce it once more to a nonlinear oscillator by a coordinate transformation 
similar to that in the first step, 
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= 


&) = v2 + Ovi, 


mapping the origin into itself for all 6. The system in (€;, €2)-coordinates takes the 
form 


é = &, 
£ = foo(a) + frolarér + 4 frool@Me7 + fi(Mh + $ fol (8.45) 
+ O(IIEIP), 
where 
foo(@) = hoo(a), fio(a@) = hio(a) + 2hoo(a)A(a), 
and 


fro(a) = h2(a) + 4hio(a)O(a) + 2h (a)? (a), 
fila) = hia), 
fo2(@) = ho2(a@) + 24(a). 


Now we can take 
ho2(@) 


Aa) =-— 


to eliminate the €}-term, thus specifying the time reparametrization. Consequently, 
we have 


{¢ =&, (8.46) 
& = 1 (a) + pola) + A(a)E? + B(MELE + O(INEN), 
where 

Li (a) = hoo(@), p2(a) = hio(a) — hoo(a)ho2(a), (8.47) 
and 


1 
ACO) = (2h20(@) — hio(@)hor(@) + hoo(ahiy(a)), Bla) = hia). (8.48) 


Step 4 (Final scaling and setting of new parameters). Introduce a new time (and 
denote it by ¢ again) 
Bia) 
= |——|T 
A(a) 


Since B(O) = hy, (0) = gi: (0) = az0(0) + 01, (0) 4 O due to (BT.1), the time scal- 
ing above will be well defined if we further assume 


(BT.2) 2A(0) = hy (0) = g20(0) = b29(0) F 0. 
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Simultaneously, perform a scaling by introducing the new variables 


_ A(a) 
~ Ba) 


&. 


a) A?(a) 
mM 


eae Ge Ba) 


Notice that the denominators are nonzero at a = 0 because A(0) 4 0 and B(O) ¥ 0. 
In the coordinates (71, 72), system (8.46) takes the form 


™m =, 
li = Bi + Bam +n + smim + OC\Inll*), eer 
with 
Ss = sign (a) = sign (aoe) = 
a) by0(0) = 
and 
BA(a) 
pile) A3(a) M1 (Q), 
B?(a) 
Boa) = Furey [2 (Q). 


Obviously, 3, (0) = G2(0) = 0. In order to define an invertible smooth change of 
parameters near the origin, we have to assume the regularity of the map at» £ at 
a=0: 


(BT.3) det ($=) 


Oa ai 


a=0 


This condition is equivalent to the regularity of the map a@ +> yu at a = 0 and can be 
expressed more explicitly if we take into account formulas (8.47), (8.43), and (8.41). 
Indeed, the following lemma can be proved by straightforward calculations. 


Lemma 8.6 Let system (8.38) be written as 
y= Ply,a), ye R’, ae R’, 


and the nondegeneracy conditions (BT.1) and (BT.2) are satisfied. Then the transver- 
sality condition (BT.3) is equivalent to the regularity of the map 


(Y, a)re (Pu. a), tr (=e) , det (Ae")) 
Oy Oy 


at the point (y, a) = (0, 0). 
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The map in the lemma is a map from R* to R’, so its regularity means the 
nonvanishing of the determinant of its Jacobian matrix. Since the linear change of 
coordinates x +> y defined by (8.35) is regular, we can merely check the regularity 


of the map 
(2,a) hb (Fe Q), (SA) det (“)) 
Ox Ox 


at the point (x, ~) = (0, 0). 
Therefore, in this subsection we have proved the following theorem. 


Theorem 8.4 Suppose that a planar system 
é= f(z,a), ce R’, aR’, 
with smooth f, has at a = 0 the equilibrium x = 0 with a double zero eigenvalue: 
A1,2(0) = 0. 


Assume that the following genericity conditions are satisfied: 


(BT.0) the Jacobian matrix A(O) = f,,(0, 0) 4 0; 
(BT.1) a20(0) + 6110) 4 0; 

(BT.2) b2(0) 4 0; 

(BT.3) the map 


(x, a) (F. Qa), (A) det (“)) 
Ox Ox 


is regular at point (a, ~) = (0, 0). 


Then there exist smooth invertible variable transformations smoothly depend- 
ing on the parameters, a direction-preserving time reparametrization, and smooth 
invertible parameter changes, which together reduce the system to 


m =), 
in = By + Bom + 7 + smm + O(Inll), 


where s = sign[b29(a29(0) + 611 (0))] = +1. 


The coefficients a29(0), b29(0), and b;;(0) can be computed in terms of f(z, 0) 
by the formulas given after system (8.38). 


Remarks: 

(1) While time reparametrization was essential in the derivation of the intermediate 
parameter-dependent normal form (8.46), it is not necessary at the critical parameter 
values. One can prove that (8.38) is smoothly equivalent at a = 0 to 
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f= 63, 
lé = A(O)E? + B(O)ELE2 + OCIEI), (8.50) 


where A(O) = +b29(0) and B(O) = az9(0) + 61; (0) as before. 

(2) There are several (equivalent) normal forms for the Bogdanov-Takens bifur- 
cation. The normal form (8.49) was introduced by Bogdanov, while Takens derived 
the normal form 


th = + Bom +77 + Ollinll?), 
: 3 3 (8.51) 
tp = Pi + sm + O(llnll”), 
where s = +1. The proof of the equivalence of these two normal forms is left to the 
reader as an exercise. > 
8.4.2 Bifurcation Diagram of the Truncated Normal Form 
Take s = —1 and consider system (8.49) without O(||7||*) terms: 
™m =, 
: 8.52 
a ee a 


This is the first case where the analysis of a truncated normal form is nontrivial. 
More precisely, bifurcations of equilibria are easy to analyze, while the study of 
limit cycles (actually, the uniqueness of the cycle) is rather involved. 

The bifurcation diagram of system (8.52) is presented in Fig. 8.8. Any equilibria 
of the system are located on the horizontal axis, 772 = O, and satisfy the equation 


Bi + bom +nz =0. (8.53) 


Equation (8.53) can have between zero and two real roots. The discriminant parabola 


T = {(P1, Go) : 40 — BS = 0} (8.54) 


corresponds to a fold bifurcation: Along this curve, system (8.52) has an equilibrium 
with a zero eigenvalue. If 32 ~ 0, then the fold bifurcation is nondegenerate and 
crossing T from right to left implies the appearance of two equilibria. Let us denote 
the left one by £, and the right one by E3: 


—Pr Ff =4Gi r 


E12 = (m}2,0) = 5 


The point 3 = 0 separates two branches T_ and T, of the fold curve corresponding to 
(32 < Oand (2 > 0, respectively. We can check that passage through T_ implies the 
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0 san 


Fig. 8.8 Bogdanov-Takens bifurcation with s = —1 


coalescence of a stable node F, and a saddle point E>, while crossing T, generates 
an unstable node E, and a saddle E>. There is a nonbifurcation curve (not shown in 
the figure) located at 3; > 0 and passing through the origin at which the equilibrium 
E, undergoes a node to focus transition. 

The vertical axis 3; = 0 is a line on which the equilibrium £) has a pair of 
eigenvalues with zero sum: A; + A2 = 0. The lower part, 


H = {(61, 62): 8, =0, 2 < 0}, (8.55) 


corresponds to a nondegenerate Andronov-Hopf bifurcation (1,2 = iw), while the 
upper half-axis is a nonbifurcation line corresponding to a neutral saddle. The Hopf 
bifurcation gives rise to a stable limit cycle since 1; < 0 (Exercise 10(b)). The cycle 
exists near H for 3, <0. The equilibrium E> remains a saddle for all parameter 
values to the left of the curve T and does not bifurcate. There are no other local 
bifurcations in the dynamics of (8.52). 

Make a roundtrip near the Bogdanov-Takens point @ = 0, starting from region 
1 where there are no equilibria (and thus no limit cycles are possible). Entering 
from region 1 into region 2 through the component T_ of the fold curve yields two 
equilibria: a saddle and a stable node. Then the node turns into a focus and loses 
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stability as we cross the Hopf bifurcation boundary H. A stable limit cycle is present 
for close parameter values to the left of H. If we continue the journey clockwise and 
finally return to region 1, no limit cycles must remain. Therefore, there must be global 
bifurcations “destroying” the cycle somewhere between H and T.. We know of only 
two such bifurcations of codim | in planar systems: a saddle homoclinic bifurcation 
(Chap. 6) and a saddle-node homoclinic bifurcation (Chap. 7). Since the saddle- 
node equilibrium at the fold bifurcation cannot have a homoclinic orbit, the only 
possible candidate for the global bifurcation is the appearance of an orbit homoclinic 
to the saddle Ez. Thus, there should exist at least one bifurcation curve originating 
at 3 = 0 along which system (8.52) has a saddle homoclinic bifurcation. As we 
trace the homoclinic orbit along the curve P toward the Bogdanov-Takens point, the 
looplike orbit shrinks and disappears. 


Lemma 8.7 There is a unique smooth curve P corresponding to a saddle homoclinic 
bifurcation in system (8.52) that originates at 3 = 0.and has the local representation 


6 
r= { ai Bj: fig 552 + 0(83), bo < of (8.56) 


Moreover, for ||3|| small, system (8.52) has a unique and hyperbolic stable cycle for 
parameter values inside the region bounded by the Hopf bifurcation curve H and 
the homoclinic bifurcation curve P, and no cycles outside this region. 


In Appendix A, we outline a “standard” proof of this lemma based on a “blowing- 
up” by a singular scaling and Pontryagin’s technique of perturbation of Hamiltonian 
systems. The proof gives expression (8.56) (see also Exercise 14(a)) and can be 
applied almost verbatim to the complete system (8.49), with O(||7||*) terms kept. 

Due to the lemma, the stable cycle born through the Hopf bifurcation does not 
bifurcate in region 3. As we move clockwise, it “grows” and approaches the saddle, 
turning into a homoclinic orbit at P. Notice that the hyperbolicity of the cycle near the 
homoclinic bifurcation follows from the fact that the saddle quantity og < Oalong P. 
To complete our roundtrip, note that there are no cycles in region 4 located between 
the curve P and the branch 7, of the fold curve. An unstable node and a saddle, 
existing for the parameter values in this region, collide and disappear at the fold 
curve T,. Let us also point out that at 6 = 0, the critical equilibrium with a double 
zero eigenvalue has exactly two asymptotic orbits (one tending to the equilibrium 
for t +00 and one approaching it as t  —oo). These orbits form a peculiar 
“cuspoidal edge” (see Fig. 8.8). 

The case s = +1 can be treated similarly. Since it can be reduced to the one 
studied by the substitution t > —t, 72 +» —7, the parametric portrait remains as 
it was but the cycle becomes unstable near the Bogdanov-Takens point. 
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8.4.3 Effect of Higher-Order Terms 


Lemma 8.8 The system 


m =, 
tn = Bi: + Bom +f +mm + Olllnll?), 


is locally topologically equivalent near the origin to the system 


mM =, 
yp = B+ bom +n +mm. 


We give only an outline of the proof. Take s = —1 and develop the O(|\7||°) term 
in system (8.49) into a Taylor series in 7. This results in 


™ =), 
ip = 21+ om + nf + mP(m, 8) — mm +m Om, B)) (8.57) 
+ n(mR(n, B) + mS(n, B)), 


where P, Q, R, and S are some smooth functions. 

It is an easy exercise in the Implicit Function Theorem to prove the existence of 
both a fold bifurcation curve and a Hopf bifurcation curve in (8.57) that are close 
to the corresponding curves T and H in (8.52). The nondegeneracy conditions for 
these bifurcations can also be verified rather straightforwardly. 

An analog of Lemma 8.7 can be proved for system (8.57) practically by repeating 
step by step the proof outlined in Appendix A.* Then, a homeomorphism (actually, 
diffeomorphism) mapping the parameter portrait of (8.57) into that of (8.52) can 
be constructed, as well as a (parameter-dependent) homeomorphism identifying the 
corresponding phase portraits. 

As usual, let us formulate a general theorem. 


Theorem 8.5 (Topological normal form for BT bifurcation) Any generic planar 
two-parameter system 


x= f(x,a), 


having, at a = 0, an equilibrium that exhibits the Bogdanov-Takens bifurcation, is 
locally topologically equivalent near the equilibrium to one of the following normal 
forms: 


tn = Bi + fom +f = mM. 


i =, 


3 To proceed in exactly the same way as in Appendix A, one has to eliminate the P(7, 3)-term 
from (8.57) by proper variable and time transformations. Then, the equilibria of (8.57) will coincide 
with those of (8.52). 
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As for the Bautin bifurcation, the Bogdanov-Takens bifurcation gives rise to a limit 
cycle bifurcation, namely, the appearance of the homoclinic orbit, for nearby param- 
eter values. Thus, we can prove analytically (by verifying the bifurcation conditions 
and the genericity conditions (BT.1)-(BT.3)) the existence of this global bifurca- 
tion in the system. Again, this is one of few regular methods to detect homoclinic 
bifurcations analytically. 

The multidimensional case of the Bogdanov-Takens bifurcation brings nothing 
new since it can be reduced to the planar case using the Center Manifold Theo- 
rem. Shoshitaishvili’s Theorem gives the following topological normal form for the 
Bogdanov-Takens bifurcation in R”: 


™m =, 

ip = i + bm +m + 8mm, 
(=-<¢, 

G= G, 


where s = sign A(0)B(O) = +1, (m, m2)" € R?, ¢~ € R"™, and n_ and n, are the 
numbers of eigenvalues of the critical equilibrium with Re > 0 and Re \ < 0 so 
thatn_+n,+2=n. 

We will explain in Sect. 8.7 how to find A(O) and B(O). Here we only note 
that linear approximation of the center manifold at the critical parameter values is 
sufficient to compute them. 


Example 8.3 (Bazykin (1985)) 
Consider the system of two differential equations 


. L122 2 
ey = %— — EX), 
l+azz, 
‘ 1X2 
ty = —yx. + 6x5 ; 
l+az 


The equations model the dynamics of a predator-prey ecosystem. The variables x; and 
X2 are (scaled) population numbers of prey and predator, respectively, while a, ¥, €, 
and 6 are nonnegative parameters describing the behavior of isolated populations 
and their interaction (see Bazykin (1985)). If 6 = 0, the system reduces to a model 
that differs only by scaling from the system considered in Chap. 3 (see Example 
3.1). Assume that ¢ < | and y = | are fixed. The bifurcation diagram of the system 
with respect to the two remaining parameters (a, 6) exhibits all codim 2 bifurcations 
possible in planar systems. 
The system has two trivial equilibria 


O0=(0,0), Eo= (2.0). 
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The equilibrium O is always a saddle, while Eo is a stable node for a > 1—e 
and is the only attractor for these parameter values. At the line 


k={(a,d): a=1-e} 


a nontrivial equilibrium bifurcates from Ep into the positive quadrant while Eo turns 
into a saddle (transcritical bifurcation). Actually, the system can have between one 
and three positive equilibria, E;, E2, E3, to the left of the line k. These equilibria 
collide pairwise and disappear via the fold (tangent) bifurcation at a curve t 


t= {(a, 6): 4e(a — 1)? + [(e? — 20a — 8)e* + 2ae(a? — 11a + 10) 
+ a’(a—1)7]5-4(a+2)°6 =0}. 


This curve delimits a region resembling “lips” which is sketched in Fig. 8.9(a).* 
Inside the region, the system has three equilibrium points (two antisaddles E,, E3, 
and a saddle E>). Outside the region, at most one nontrivial equilibrium might exist. 
There are two cusp singular points, C; and C2, on the curve t. One can check that the 
corresponding cusp bifurcations are generic. While approaching any of these points 
from inside the “lips,” three positive equilibria simultaneously collide, and only one 
of them survives outside. 

Parameter values for which the system has an equilibrium with A; + A2 = 0 
belong to the curve 


h= {(a, 4): 4e[a(a — 1) + e(a + 1)] + [2(e + Ia’ + Be? — 2 — Da 
+ e(e? — 26 +5)]6+ (a+ e-1)°0 =O}. 


The curve h has two tangencies with the curve ¢ at points BT; and BT) (see Fig. 
8.9(b)). For the corresponding parameter values, there is an equilibrium with a double 
zero eigenvalue. One can check that the system exhibits generic Bogdanov-Takens 
bifurcations at these points. A part ho between the points BT, and BT, corresponds 
to a neutral saddle, while the outer branches define two Hopf bifurcation curves, h 
and hz. The last local codim 2 bifurcation appears at a point B on the Hopf curve 
hy. This is a Bautin point at which the first Lyapunov coefficient J; vanishes but the 
second Lyapunov coefficient ly < 0. We have 1, < O along hz to the right of the point 
B,l, > Obetween points BT and B, andl, < Oto the left of BT,. Negative values of 
1, ensure the appearance of a stable limit cycle via a Hopf bifurcation, while positive 
values lead to an unstable cycle nearby. 

Based on the theory, we have developed for the Bautin and the Bogdanov-Takens 
bifurcations in the previous sections, we can make some conclusions about limit 
cycle bifurcations in the system. There is a bifurcation curve TC originating at the 
Bautin point B at which the fold bifurcation of limit cycles takes place: A stable 
and an unstable limit cycle collide, forming a nonhyperbolic cycle with multiplier 


4 Tn reality, the region is much more narrow than sketched in Fig. 8.9. 
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Fig. 8.9 Construction of the parametric portrait 


jt = I, and disappear (see Fig. 8.9(c)). Two other limit cycle bifurcation curves, P; 
and Pz, emanate from the Bogdanov-Takens points BT;,2. These are, of course, the 
homoclinic bifurcation curves, along which the “central” saddle EF has a homoclinic 
orbit around one of the “peripheral” antisaddles E, 3. 

The completion of the bifurcation diagram requires numerical methods, as 
described in Chap. 10. The resulting parametric portrait is sketched in Fig. 8.10, 
while relevant phase portraits are presented in Fig. 8.11.> The homoclinic curves 
P.2 terminate at points D2 on the fold curve t. These points are codim 2 saddle- 
node homoclinic points at which the homoclinic orbit returns to the saddle-node 
along a noncentral manifold (see Fig. 8.12(a)). The homoclinic curves P;,2 are tan- 
gent to t at D; 9. A bit more surprising is the end point of the cycle fold curve TC: 
It terminates at a point in the branch ho corresponding to a neutral saddle. This is 
another codim 2 global bifurcation that we have not studied yet. Namely, the curve 
TC terminates at the point F, where ho intersects with another saddle homoclinic 
curve Po. This curve Po corresponds to the appearance of a “big homoclinic loop” 
(see Fig. 8.12(b)). It terminates at points D3 4 on the fold curve t, similar to the points 
D, 2. At the point F, there is a “big” homoclinic orbit to the saddle Ey with zero 
saddle quantity ao (see Chap. 6). The stability of the cycle generated via destruction 
of the big homoclinic orbit is opposite along the two branches of Pp separated by F’. 


5 The central projection of the plane (x1, 22) onto the lower hemisphere of the unit sphere ry + 
"5 + (#3 — 1)? = 1 is used to draw the phase portraits. 
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Fig. 8.10 Parametric portrait of Bazykin’s predator-prey system 


This leads to the existence of a fold curve for cycles nearby. Numerical continuation 
techniques show that it is the fold curve TC originating at the point B that termi- 
nates at F. The curves TC and Pp have an infinite-order tangency at the point F’. 
The intervals D, D3 and Dz Dy, of the tangent curve ¢ correspond to the homoclinic 
saddle-node bifurcation of codim | (studied in Chap. 7, Theorem 7.1). Leaving the 
“lips” through any of these intervals generates a limit cycle, stable near D; D3 and 
unstable near D2 Dg; the unstable cycle is located inside the “big” stable cycle. The 
parametric portrait is completed, and we recommend that the reader “walk” around 
it, tracing various metamorphoses of the phase portrait. 

No theorem guarantees that the studied system cannot have more than two limit 
cycles, evenife < landy = 1. Nevertheless, numerous simulations confirm that the 
phase portraits presented in Fig. 8.11 are indeed the only possible ones in the system 
for generic parameter values (a, 6). The ecological interpretation of the described 
bifurcation diagram can be found in Bazykin (1985). Let us just point out here that 
the system exhibits nontrivial coexistence of equilibrium and oscillatory behavior. © 


8.5 Fold-Hopf Bifurcation 


Now we have a smooth three-dimensional system depending on two parameters: 


&=f(z,a), ce R’, aE R’. (8.58) 
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Fig. 8.11 Generic phase portraits of Bazykin’s predator-prey system 
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Fig. 8.12 (a) Noncentral saddle-node homoclinic orbit; (b) “big” homoclinic orbit 
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Suppose that at a = 0 the system has the equilibrium x = 0 with one zero eigenvalue 
Ai = 0 and a pair of purely imaginary eigenvalues A2,3 = iw) with wo > 0. 


8.5.1 Derivation of the Normal Form 


Expand the right-hand side of (8.58) with respect to x at x = 0: 
£=a(a)+A(a)x+ F(x, a), (8.59) 


where a(0) = 0, F(x, a) = O(|la||*). Since the eigenvalues \; = 0 and \23 = 
+iwo of the matrix A(O) are simple, the matrix A(qa) has simple eigenvalues 


Ai (a) = v(@), Az,3(@) = (a) + iw(a), (8.60) 
for all sufficiently small ||a|, where v, j1, and w are smooth functions of a, such that 
v(0) = w(O) = 0, w(0) = wp > 0. 


Notice that these eigenvalues are the eigenvalues of the equilibrium x = 0 ata = 0 
but typically a(a) # O for nearby parameter values and the matrix A(q) is not the 
Jacobian matrix of any equilibrium point of (8.59). Nevertheless, the matrix A(a) 
is well defined and has two smoothly parameter-dependent eigenvectors go(a) € R? 
and qi(a) € C? corresponding to the eigenvalues v(a) and \(a) = (a) + iw(a), 
respectively: 


A(a)qo(@) = V(a)qo(a), Ala)qi (a) = A(a)qi (Q). 
Moreover, the adjoint eigenvectors po(a@) € IR? and p;(a) € C? can be defined by 
AT (a)po(a) = v(a)po(a), AT (a)pi(@) = Aa)pi (2). 
Normalize the eigenvectors, such that 


(po, 90) = (p1,%) = 1, 


for all || || small.° The following orthogonality properties follow from the Fredholm 
Alternative Theorem: 


(P1, 90) = (Po: M1) = 0. 


Now any real vector x can be represented as 


® As usual, (v, w) = 0) w, + 02wW2 + 03w3 for two complex vectors v, w € C3, 
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© = ugo(a) + 2q1(a) + 291(@), 
with 
u = (po(Q), 2), 
2 = (pi(Q), 2). 


In the coordinates u € R! and z € C!, system (8.59) reads 


u=T(a)+v(a)jut gu, Zz, Z, a), (8.61) 
2= Q(a)+ A(a)z + hu, z, Z, a). : 
Here 
P(a) = (po(@), a(a)), (a) = (pila), a(a)), (8.62) 
are smooth functions of a, (0) = 0, (0) = 0, and 
glu, 2, Z, @) = (po(a), F(ugo(a) + zqi(@) + 29q1(@), @)), (8.63) 


h(u, z, Z, a) = (pi(a), F(ugo(@) + zqi(a) + 2q1(Q), @)), 


are smooth functions of u, z, z, a whose Taylor expansions in the first three argu- 
ments start with quadratic terms 


1 


7 _ : jksl 
g(u, 2, 2,a) = > Te ie Oe 2° 2", 
jtktl>2 


and 


_ 1 ope 
h(u, z, Z,a) = > aan Ow 22. 
jtkt+l>2 0" 


Clearly, (a) is real, and since g must be real, we have gj41(@) = 9;1x (a). There- 
fore, gj, is real for k = 1. Obviously, gj, and hj,. can be computed by formal 
differentiation of the expressions given by (8.63) with respect to u, z, and Z. 

Using the standard technique, we can simplify the linear part and eliminate non- 
resonant terms in (8.61) by a change of variables. 


Lemma 8.9 (Poincaré normal form for the fold-Hopf bifurcation) 
Assume 


(ZH.1) g200(0) ¥ 0. 


Then there is a locally defined smooth, invertible variable transformation, smoothly 
depending on the parameters, that for all sufficiently small ||a|| reduces (8.61) into 
the form 
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& = 7(a) + Gr00(a)v? + Gor (a)|wl? + G300(a)v3 
+ Gii(a)ulwl* + O(|I(v, w)|I*), 

w = A(a)w + Ayio(a)uw + Aoio(a)v?w + Ho (aww? 
+ O(|I(v, wll), 


(8.64) 


where v € R!, w € C!, and ||(v, w)||* = v? + |w|*. In (8.64), (a) and G jx (Q) are 
real-valued smooth functions, while A(a) and Hjx\(a) are complex-valued smooth 
functions. Moreover, y(0) = 0, A(O) = iwo, 


1 
G299(0) = 792000), Go11 (0) = go11 (0), A109 (0) = hi10(0), (8.65) 


and 


1 1 
G309(0) = 6 93000) ars Im(g110(0)h200(0)), (8.66) 
0 


1 
Gi11(0) = gi11 0) — 7 [2 Im(g110(0)ho11 (0)) + Im(go20(0)A101(0))], (8.67) 
( 


1 
Hy19(0) = 5 ha10(0) 


+ = [/200(0)(Fro20(0) — 2g110(0)) — |Pr101 0)I7 — hors O)h200(0)] 5 
(8.68) 


1 
Ho21 (0) = 5 hoa (0) 
1 


" 2wo 


1 1 
(on(O>hom() = 5.G020(0)n101 0) — 2|ho11 (0)? — zion (OF) 
(8.69) 
Sketch of the proof: 


Let us first prove the lemma for a = 0, whichis that for [ = v = Q = 0. Perform 
a nonlinear change of variables in (8.61) 


1 Ips 25 = 
v = Ut 5Vo202" + 5 Vo022" + Virouz + Vioiuz, 


wWw=Zzt 5 Wau? + 5 Wo20 27 + 5 Woo22* + Wi uz (8.70) 
+ Won2zZ, 


where Vj); and W;;; are unknown coefficients to be defined later. The transformation 
(8.70) is invertible near (u, z) = (0, 0) and reduces (8.61) into the form (8.64) up to 
third-order terms if we take 


8.5 Fold-Hopf Bifurcation 369 


Jo020 Jo02 Ji10 9101 
Voor. = ———., Von = ——, Vio = -——, Vior = ——, 
2iwo 2iw9 1W9 1W9 
and 
h200 hoo Aior hoo2 hou 
W200 = ——, Wo2 = ———, Wioi = ——., Worr = =—,. Won = ——., 
1W0 1W0 2iwo 3iwyo 1W0 


where all the gj; and hj; have to be evaluated at a = 0. These coefficients are 
selected exactly in order to annihilate all the quadratic terms in the resulting system 
except those present in (8.64). Then, one can eliminate all nonresonant order-three 
terms without changing the coefficients in front of the resonant ones displayed in 
(8.64). To verify the expressions for G;4;(0) and H;;;(0), one has to invert (8.70) up 
to and including third-order terms.’ 

To prove the lemma for a 4 0 with small ||a'||, we have to perform a parameter- 
dependent transformation that coincides with (8.70) at a = 0 but contains a small 
affine part for ~ 4 0 to counterbalance the appearance of “undesired” linear terms 
in (8.64). For example, we can take 


uv = ut do(a) + 6) (a)u t+ 62(a)z + 63(a)zZ 
+ 5Vo20(a)2? + $Voo2(@)2* + Viio(a)uz + Vio (a)uz, 

w= z+ Ao(a) + Ai(a)u + Ag(a)z + A3(a)z (8.71) 
+ 3 Wago(a)u? + + Wo20(a)z* + 5 Woo2(a) 2 + Wio1(a)uzZ 
+ Woi(a)zz, 


with 6,(0) = 0 and A;(0) = 0. To prove that it is possible to select the parameter- 
dependent coefficients of (8.71) to eliminate all constant, linear, and quadratic terms 
except those shown in (8.64), for all small ||a||, one has to apply the Implicit Function 
Theorem using the assumptions on the eigenvalues of A(0) and condition (ZH.1). 
We leave the details to the reader. 


Making a nonlinear time reparametrization in (8.64) and performing an extra 
variable transformation allows one to simplify the system further. As the follow- 
ing lemma shows, all but one resonant cubic term can be “removed” under certain 
nondegeneracy conditions. 


Lemma 8.10 (Gavrilov normal form) Assume that: 
(ZH.1) G2o0(0) 4 0; 
(ZH.2) Goi (0) # 0. 
Then, system (8.64) is locally smoothly orbitally equivalent near the origin to the 


system 


(8.72) 


i = 0(a) + B(a)u? + C(a)|2/? + Olu, ZI), 
2= Da)zet+ D(ayuz + E(a)u2z + O(|I(u, 2)||*), 


7 A way to avoid explicitly inverting (8.70) is to compare the equations for 7 and w expressed in 
terms of (u, z) obtained by differentiating (8.70) and substituting (w, 2) using (8.61) with those 
obtained by substitution of (8.70) into (8.64). 
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where 6(a), B(a), C(a), and E(qa) are smooth real-valued functions, while X(a) 
and D(a) are smooth complex-valued functions. Moreover, 6(0) =0, (0) = 
A(O) = tw, and 

B(O) = G200(0), C(O) = Gori (0), (8.73) 


G300(0) 


D(O) = Aj10(0) — two Gon0(0)’ 


(8.74) 


E(0) = Re | Haro) + Ay19(0) ( 


21 (0) G2o0 (0) 
Go (0) 


Re Ao21(0) = 3G300(0)  Gi11 (0) ) 
Go11 (0) 2G290(0) = 2Go11 (0) 


(8.75) 


Proof: 
As in Lemma 8.9, start with a = 0. Make the following time reparametrization in 

(8.64): 
dt = (1+ ev + e)|w|’) dr, (8.76) 


with the constants e;.. € R! to be determined. Simultaneously, introduce new vari- 
ables, again denoted by u and z, via 
1 5.2 
U=U+ 5e3U 
2 , 8.77 
z=w4+Kvu, ( ) 


where e3 € R! and K € C! are “unknown coefficients.” The reparametrization (8.76) 
preserves the direction of time near the origin, and the transformation (8.77) is locally 
invertible. In the new variables and time, system (8.64) takes the form (8.72) if we 
set 


_ _ G300(0) __ twoe2 + Aoi (0) 
G09 (0)’ Go11 (0) 
G11 (0) 


e3 = 2Re K —e), — ; 
: Gon 0) 


and then tune the remaining free parameter e2 to annihilate the imaginary part of 
the coefficient of the u*z-term. This is always possible since this coefficient has the 
form 

G90 (0) 
* Go 0) 


W — iw €), 
with a purely imaginary factor in front of e2. Direct calculations show that Re VW = 
E(O), where E(0) is given by (8.75) in the lemma statement. 

We leave the reader to verify that a similar construction can be carried out for 
small a 4 0 with the help of the Implicit Function Theorem if one considers e;,2 in 
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(8.76) as functions of a and replaces (8.77) by 


u=v-teq(a)u + 563(a)v’, 
z=w+ K(a)vu, 


for smooth functions €3.4(a@), e4(0) = 0, and K (a). 


Finally, by a linear scaling of the variables and time in (8.72) 


_ Bia) = B3(a) _ E(q) 
“= Fay’ *= G@EMa” = Ba)” 


we obtain 


(§ = Bi(a) + & + sC? + OE, Ol’), (8.78) 


C = (G2(a) + iwi (a))C + O(a) + W(A)EC + 2C + OIE, Ol), 


for s = sign[B(0)C (0)] = +1 and 


E*(a) 
Ai (a) = B3(a) 
E(a@) 
Pra) = Bay Re BCa), 
; _ D(a) 
O(a) +i(a) = Bla)’ 
_ E(q) Im 
wi(a) = B2(a) m X(q). 


Since B(O)C (0) 4 0 due to (ZH.1) and (ZH.2), we have only to assume that 
(ZH.3) E(O) £0, 


for the scaling to be valid. Notice that 7 has the same direction as ¢ only if E(O) > 0. 
We should have this in mind when interpreting stability results. We took the liberty 
of introducing this possible time reverse to reduce the number of distinct cases. We 
can also assume that w;(a@) > 0 since the transformation ¢ bh c changes the sign 
of Wy. 

If we impose an additional transversality condition, namely, 


(ZH.4) the map a> (3 is regular at a = 0, 


then ((3,, G2) can be considered as new parameters and 6 as a function of ( (to 
save symbols). Condition (ZH.4) is equivalent to the regularity at a = O of the map 
at> (y(q@), 1(a)) (see (8.60) and (8.62)). 

We summarize the results obtained in this section by formulating a theorem. 
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Theorem 8.6 Suppose that a three-dimensional system 
&=f(v,a), ce R’, aeR’, (8.79) 


with smooth f, has at a = 0 the equilibrium x = 0 with eigenvalues 


A(O) = 0, A2,3(0) = Eiwo, wo > 0. 


Let 


(ZH.1) go00(0) 4 0; 

(ZH.2) goi1 (0) 4 0; 

(ZH.3) E(O) 4 0, where E(O) can be computed using (8.65)-(8.69) and (8.75); 
(ZH.4) the map at+> (y(q@), W(a)) is regular at a = 0. 


Then, by introducing a complex variable, making smooth and smoothly parame- 
ter-dependent transformations, reparametrizing time (reversing it if E(O) < 0), and 
introducing new parameters, we can bring system (8.79) into the form 
{: =A+€+siCP + OME, Om, (8.80) 
C= (Bp + tunyO + 6 + WEF + C+ OME, OU, 


where € € R! and ¢ € C! are new variables; 3; and 3 are new parameters; 6 = 
(8), BV = V0(B), wy = w1(B) are smooth real-valued functions; w\(0) 4 0; and 


s = sign[g200(0)go11(0)] = £1, 


Re hy19(0) 
g200(0) 


6(0) = 


Only s and 6(0) are important in what follows. Assume that 
(ZH.5) 0(0) 4 0. 


Remark: 
It is a matter of taste which cubic term to keep in the normal form. An alternative 
to (8.80) used by Gavrilov is the following normal form due to Guckenheimer: 
{§ =A+E +slCP + OE, Ol), (8.81) 
C= (By + iwrC + O+WEC+ CCP? + OUI(E, Ol), 


with the ¢|¢|?-term kept in the second equation instead of the €7¢-term present in 
(8.80). Of course, the alternative choice leads to equivalent bifurcation diagrams. <> 


8.5 Fold-Hopf Bifurcation 373 


8.5.2 Bifurcation Diagram of the Truncated Normal Form 


In coordinates (€, p, ¢) with ¢ = pe'”, system (8.78) without O(|| - ||*)-terms can be 


written as . 
cS pre Pap, 
p = p(Go + 0€ + &), (8.82) 
p= w+ VE, 


the first two equations of which are independent of the third one. The equation for 
describes a rotation around the €-axis with almost constant angular velocity y © w, 
for |€| small. Thus, to understand the bifurcations in (8.82), we need to study only 
the planar system for (€, p) with p > 0 

pe A +2 + sp", (8.83) 

p= p(B, + OE + &). 

This system is often called a (truncated) amplitude system. If considered in the whole 
(€, p)-plane, system (8.83) is Z2-symmetric since the reflection p +» —p leaves it 
invariant. The bifurcation diagrams of (8.83) corresponding to different possible 
cases are depicted in Figs. 8.13, 8.14, and 8.16, 8.17. In all these cases, system 


(8.83) can have between zero and three equilibria in a small neighborhood of the 
origin for |||] small. Two equilibria with p = 0 exist for 3; < 0 and are given by 


E\2 = (69,0) = (+V=H1, 0). 


These equilibria appear via a generic fold bifurcation on the line 


S = {(G1, G2): G1 = O}. 


The bifurcation line S has two branches, $; and S_, separated by the point 6 = 0 
and corresponding to 3, > 0 and {2 < 0, respectively (see Fig. 8.13, for example). 
Crossing the branch S gives rise to an unstable node and a saddle, while passing 
through S_ implies a stable node and a saddle. 

The equilibria E;,2 can bifurcate further; namely, a nontrivial equilibrium with 
p> 9, 


_ 20) Oy, _ | _ 2 ak By 2 
Es =, p) = [-2 + 06), |-— (a1 + 3 +0159) J, 


can branch from either E; or E, (here we use the assumption (ZH.5) for the first 
time). Clearly, (8.83) might have another nontrivial equilibrium with 


€=-04---, P=—sP+---, 
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“4 


Fig. 8.13. Bifurcation diagram of the amplitude system (8.83) (s = 1, @ > 0) 


where dots represent terms that vanish as 3 — 0. We do not worry about this equi- 
librium since it is located outside any sufficiently small neighborhood of the origin in 
the phase plane and does not interact with any of our E;,, k = 1, 2, 3. The nontrivial 
equilibrium F3 appears at the bifurcation curve 


z 
H = { (i. : Br = —F + 0(6))¢. 
If sO > 0, the appearing equilibrium £3 is a saddle, while it is a node for s? < 0. The 
node is stable if it exists for 93) > 0 and unstable if the opposite inequality holds.* 
If sO > 0, the nontrivial equilibrium F3 does not bifurcate, and the bifurcation 
diagrams of (8.83) are those presented in Fig. 8.13 (for s = 1, 9 > 0) and Fig. 8.14 


(fors = —1, 0 <0). 


Remark: 
For s = 1, there is a subtle difference between the cases (0) > 1 and0O < 0(0) < 
1 that appears only at the critical parameter value G = 0 (see Fig. 8.15). > 


If s0 < 0, the equilibrium £3 has two purely imaginary eigenvalues for parameter 
values belonging to the line 


T = {(f1, Po): A, =0, OG; > O}. 


8 A careful reader will have recognized that a pitchfork bifurcation, as studied in Chap. 7, takes 
place at H due to the Zy-symmetry of (8.83). 
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Fig. 8.14 Bifurcation diagram of the amplitude system (8.83) (s = —1, 0 < 0) 


SS 


(a) (b) 


Fig. 8.15 Critical phase portraits for s = 1: (a) 0 < (0) < 1; (b) A(0) > 1 


We can check that the corresponding first Lyapunov coefficient is given by 


0/6B; 


for some constant C, > 0. Thus, the Lyapunov coefficient /; is nonzero along T for 
sufficiently small ||G|| > 0. Therefore, a nondegenerate Hopf bifurcation takes place 
if we cross the line T in a neighborhood of 3 = 0, and a unique limit cycle exists for 
nearby parameter values. Its stability depends on the sign of 1. 

It can be proved that (8.83) can have at most one limit cycle in a sufficiently small 
neighborhood of the origin in the (€, p)-plane for small ||@||. The proof is difficult 
and is omitted here.’ The fate of this limit cycle is rather different depending on 
whether s = | or s = —1 (see Figs. 8.16 and 8.17). 


° It is based on a singular rescaling and Pontryagin’s techniques of perturbation of Hamiltonian 
systems (as in the Bogdanov-Takens case but more involved, see Appendix A and Exercise 14(b)). 
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Sy 0 


Fig. 8.17 Bifurcation diagram of the amplitude system (8.83) (s = —1, 0 > 0) 
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If s = | (and @ < 0), the limit cycle is unstable and coexists with the two trivial 
equilibria E,,7, which are saddles. Under parameter variation, the cycle can approach 
a heteroclinic cycle formed by the separatrices of these saddles: Its period tends to 
infinity and the cycle disappears. Notice that due to the symmetry the €-axis is always 
invariant, so one orbit that connects the saddles EF). is always present. The second 
connection appears along a curve originating at 0 = 0 and having the representation 


0 
P= {ie a= 39-2"! +0(f1), Bi < of 


(see Exercise 14(b)). The resulting bifurcation diagram is presented in Fig. 8.16. 

If s = —1 (and 6 > 0), a stable limit cycle appears through the Hopf bifurcation 
when there are no equilibria with p = 0. When we move clockwise around the origin 
in the parameter plane, the cycle must disappear somehow before entering region 3, 
where no cycle can exist since no nontrivial equilibrium is left. A little thinking reveals 
that the cycle cannot “die” via a homoclinic or heteroclinic bifurcation. To understand 
what happens with the cycle born via the Hopf bifurcation, fix a small neighborhood 
Up of the origin in the phase plane. Then, as we move clockwise around 3 = 0 on the 
parameter plane, the cycle “grows” and touches the boundary of Uo. Afterward, the 
cycle becomes invisible for anyone looking only at the interior of Up. We cannot get 
rid of this phenomenon, called cycle blow-up, by decreasing the neighborhood Up. 
We also cannot make the neighborhood very big since all of the previous analysis 
is valid only in a sufficiently small neighborhood of the origin. Thus, for s = —1, 
there is a “bifurcation” curve J, originating at = 0 and depending on the region 
in which we consider the system (8.83), at which the cycle reaches the boundary 
of this region (see Fig. 8.17). The strangest feature of this phenomenon is that the 
cycle appears through the Hopf bifurcation and then approaches the boundary of any 
small but fixed region if we make a roundtrip along an arbitrary small circle on the 
parameter plane centered at the origin 6 = 0 (the curve J terminates at the origin). It 
means that the diameter of the cycle increases under parameter variation arbitrarily 
fast when the radius of the circle shrinks. That is why the cycle is said to exhibit a 
blow-up. 

Now we can use the obtained bifurcation diagrams for (8.83) to reconstruct bifur- 
cations in the three-dimensional truncated normal form (8.82) by “suspension” of 
the rotation in y. The equilibria Fj. with p = 0 in (8.83) correspond to equilibrium 
points of (8.82). Thus, the curve S is a fold bifurcation curve for (8.82) at which two 
equilibria appear, a node and a saddle-focus. The nontrivial equilibrium £3 in (8.83) 
corresponds to a limit cycle in (8.82) of the same stability as E3 (see Fig. 8.18). The 
pitchfork curve H, at which a small cycle bifurcates from an equilibrium, clearly 
corresponds to a Hopf bifurcation in (8.82). One could naturally expect the presence 
of these two local bifurcation curves near the fold-Hopf bifurcation. The limit cycle 
in (8.83) corresponds to an invariant torus in (8.82) (see Fig. 8.19). Therefore, the 
Hopf bifurcation curve T describes the Neimark-Sacker bifurcation of the cycle, at 
which it loses stability and a stable torus appears “around” it. This torus then either 
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g 


Fig. 8.18 A nontrivial equilibrium corresponds to a cycle 


Fig. 8.19 A cycle corresponds to a torus 


Fig. 8.20 A heteroclinic é 
orbit corresponds to a g 


“sphere” 
1) Eo 


By 4 


approaches a heteroclinic set composed of a spherelike surface and the €-axis (see 
Fig. 8.20) or reaches the boundary of the considered region and “disappears” by 
blow-up. 
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8.5.3 Effect of Higher-Order Terms 


Recall that the previous results concern the truncated normal form (8.82). As we 
shall see, some of these results “survive” if we consider the whole system (8.78), 
while others do not. In the majority of the cases, (8.82) is not a normal form for 
(8.78). 

Let us start with positive information. Writing system (8.78) in the same coordi- 
nates (€, p, y) as (8.82), we get 


=A +l + 5p? + Os(E, 9, 9), 
p=u,t VE+ O5(€, p,), 


where @g, Ws = O((E* + p”)), and Og = O(€? + p”) are smooth functions that 
are 27-periodic in y. Using the Implicit Function Theorem, one can show that, for 
sufficiently small ||3||, system (8.84) exhibits the same /ocal bifurcations in a small 
neighborhood of the origin in the phase space as (8.82). More precisely, it has at 
most two equilibria, which appear via the fold bifurcation on a curve that is close 
to S. The equilibria undergo the Hopf bifurcation at a curve close to H, thus giving 
rise to a unique limit cycle. If s@ < 0, this cycle loses stability and generates a torus 
via the Neimark-Sacker bifurcation taking place at some curve close to the curve 7. 
The nondegeneracy conditions for these bifurcations can be verified rather simply. 
Actually, leading-order terms of the Taylor expansions for functions representing 
these bifurcation curves in (8.84) coincide with those for (8.82). Therefore, we can 
say that, generically, “the interaction between fold and Hopf bifurcations leads to 
tori.” 

If s = 1 and @ > 0, one can establish more—namely that the accounting for 
higher-order terms does not qualitatively change the whole bifurcation diagram of 
(8.82). 


Lemma 8.11 Jf s = 1 and @ > 0, then system (8.84) is locally topologically equiv- 
alent near the origin to system (8.82). 


In this case, we have only the fold and the Hopf bifurcation curves on the parameter 
plane. One of the equilibria in the €-axis is always a node. The cycle born through 
the Hopf bifurcation is of the saddle type. No tori are possible. 

Moreover, in this case, we do not need to consider the cubic terms at all. Taking 
into account only the quadratic terms is sufficient. 


Lemma 8.12 [fs = | and @ > 0, then system (8.84) is locally topologically equiv- 
alent near the origin to the system 


E=fB4+204?, 
p = bop + 0p, (8.85) 
aie 
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Moreover, the bifurcation diagram remains equivalent if we take w; = 1 and sub- 


stitute the functions 0(3) and 7(3) by constant values 6 = 6(0) and’? = 0. Therefore, 
the following theorem can be formulated. 


Theorem 8.7 (Simple fold-Hopf bifurcation) Suppose that a system 
t=f(r%,a), rE R?, ae R’, 


with smooth f, has at a = 0 the equilibrium x = 0 with eigenvalues 


(0) = 0, A2,3 = Eiwo, wo > 0. 


Let the following genericity conditions hold: 


(ZHO.1) g200(0)go11 (0) > 0; 


(ZHO.2) 
Re hi 10(0) ; 
= —— _ >0; 
g200(0) 
(ZHO0.3) the map a +> (y(a), w(a))” is regular at a = 0. 


Then, the system is locally topologically equivalent near the origin to the system 
p= pop + ACp, 


p=, 
C=A4+C +e’, 


where (p, y, ¢) are cylindrical polar coordinates. 


In all other cases, adding generic higher-order terms results in topologically 
nonequivalent bifurcation diagrams. The reason for this is that phase portraits of 
system (8.82) have some degenerate features that disappear under “perturbation” by 
generic higher-order terms. 

Let us first explain why even another “simple” case s = —1, @ < 0, is sensitive 
to adding higher-order terms. In system (8.83), the €-axis is invariant since p = 0 
implies p = 0. Then, in region 3 in Fig. 8.14, system (8.83) has two saddle-focus 
points with p = 0, one of them with two-dimensional stable and one-dimensional 
unstable manifolds, while the other has one-dimensional stable and two-dimensional 
unstable invariant manifolds. The invariant axis connects these saddle-foci: We have 
a heteroclinic orbit for all the parameter values in region 3. 

On the contrary, the term W,(€, p, y) = O((€? + p’)”) in (8.84) does not nec- 
essarily vanish for p = 0. Then, the €-axis is no longer always invariant, and the 
heteroclinic connection normally disappears.'° Thus, generically, the bifurcation 
diagrams of (8.82) and (8.84) are not equivalent. 


'0 Since we need to tune two parameters to restore the connection, there might be only isolated 
points on the (1, 32)-plane where this connection is still present in (8.84). 
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Remark: 

The situation with the invariance of the €-axis is more delicate than one might 
conclude from the above explanation. By a suitable change of variables, one can 
make the terms of the Taylor expansion of Wg at (€, 9) = (0, 0) proportional to p 
up to an arbitrary high order, retaining the invariance of the axis in the truncated 
form. The “tail,” however, is still not proportional to p in the generic situation. Such 
properties are called flat, because we can decompose the function VY by 


Wal(E, p,~) = pwr, p,~) + wr pP.), 


with all the partial derivatives of Y“ with respect to p equal to zero at p = 0 (flat 
function of p). However, generically, wre, 0,y) 40.0 


If s@ < 0, a torus is present in the truncated normal form (8.82) and the situation 
becomes much more complex. The torus created by the Neimark-Sacker bifurcation 
exists in (8.84) only for parameter values near the corresponding bifurcation curve. 
If we move away from the curve, the torus loses its smoothness and is destroyed. The 
complete sequence of events is unknown and is likely to involve an infinite number 
of bifurcations since any weak resonance point on the Neimark-Sacker curve is the 
root of an Arnold phase-locking tongue (see Chap. 7). 

More detailed information is available for the case s = 1, 0 < O. Recall that, in 
this case, the truncated normal form (8.82) has the curve P at which there exists 
a spherelike surface formed by the coincidence of the two-dimensional invariant 
manifolds of the saddle-foci. This is an extremely degenerate structure that disap- 
pears when generic higher-order terms are added. Instead, these invariant manifolds 
intersect transversally, forming a heteroclinic structure (see Fig. 8.21, where a cross- 
section of this structure is sketched together with a heteroclinic orbit I'}2). Therefore, 
the torus cannot approach the “sphere,” since it simply does not exist, and thus must 
disappear before. It is also clear from continuity arguments that the region of exis- 


Fig. 8.21 (a) A 

cross-section of the 

intersecting stable and 

unstable manifolds; (b) a BE 
heteroclinic orbit connecting 

the saddle-foci 


Ey 
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W"(B>) 


(a) (b) 


Fig. 8.22 (a) An orbit homoclinic to the saddle E); (b) boundary of attraction 


tence of the transversal heteroclinic structure should be bounded by some curves 
corresponding to a tangency of the invariant manifolds along a heteroclinic orbit 
connecting the saddle-focus equilibria. 

Finally, let us point out that homoclinic orbits to a saddle-focus are also possible 
and have actually been proved to be present in the generic case. Such an orbit I), 
can begin by spiraling along an unstable two-dimensional manifold of one of the 
saddle-foci, pass near the second one, and return along the stable one-dimensional 
invariant manifold back to the first saddle-focus (see Fig. 8.22(a)). A homoclinic 
orbit to the opposite saddle-focus is also possible. Actually, there are two curves that 
intersect each other infinitely many times, emanating from the origin of the parameter 
plane, which correspond to these two homoclinic bifurcations. One can check that if 
a homoclinic orbit exists and 

—2<¢@<0, 


then the corresponding saddle quantity a9 (see Chap. 6) satisfies the Shil’nikov 
“chaotic condition” implying the presence of Smale horseshoes. Moreover, one 
of these homoclinic orbits is located inside an attracting region (see Fig. 8.22(b)) 
bounded by the two-dimensional stable manifold of the second saddle-focus.!! There- 
fore, a stable “strange” dynamics exists near the fold-Hopf bifurcation in this case. 

In summary, if s = 1, @ < 0, system (8.84) may have, in addition to local bifur- 
cation curves, a bifurcation set corresponding to global bifurcations (heteroclinic 
tangencies, homoclinic orbits) and bifurcations of long-periodic limit cycles (folds 
and period-doubling cascades), which is located near the heteroclinic cycle curve P 
of the truncated normal form (8.82). 


'l Recall that all the objects we speak about will actually be attracting in the original system only 
if E(O) > 0. 
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Remarks: 

(1) Actually, the truncated planar normal form (8.83) has a more fundamental 
meaning if considered in the class of systems on the (€, p)-plane, which are invari- 
ant under the two-dimensional representation of the group Za: (€, p) > (€,—p). A 
perturbation of (8.83) by higher-order terms that leaves it in this class of symmetric 
systems can be written (cf. Chap. 7) as 


=A +l + sp’ + Oo, 0”), (8.86) 
p= p(Gr + 06 + &) + pW, p’), 


with Oz, pV, (€, p?) = O((€? + p)’). System (8.86) always has the invariant axis 
p = 0. Ithas been proved that (8.86) with s? 4 Ois locally topologically equivalent to 
(8.83). Moreover, the homeomorphism identifying the phase portraits can be selected 
to commute with the transformation (€, p) +> (€, —p) for all parameter values. 

Therefore, system (8.83) is a topological normal form for a generic Z-symmetric 
planar system with the invariant axis x2 = 0, 


iy = Ge, 25, 2), 
dy = 22H (21, 23, a), 


having at a = 0 the equilibrium x = 0 with two zero eigenvalues. 

(2) A careful reader might ask why the quadratic terms are not enough for the 
analysis of the truncated system (8.83) if s@ < 0 and why we have also to keep the 
cubic term. The reason is that in the system 

eee ie 
p = p(o + 8), 
with s@ < 0, the Hopf bifurcation is degenerate. Moreover, if s = 1, 0 < 0, this 
bifurcation occurs simultaneously with the creation of the heteroclinic cycle formed 
by the separatrices of the saddles E, 5. More precisely, the system is integrable along 
the “Hopf line” 7, and for corresponding parameter values the nontrivial equilibrium 
is a center surrounded by a family of closed orbits. This family is bounded by 
the heteroclinic cycle for s = 1, 0 < 0 (see Fig. 8.23(a)), but remains unbounded 
for s=—1, @> 0 (Fig. 8.23(b)). Actually, the system is orbitally equivalent to 
a Hamiltonian system for p > 0. Therefore, system (8.83) can be considered near 
the line T as a “perturbation” of a Hamiltonian system by the (only relevant) cubic 
term. This term “stabilizes” the bifurcation diagram by making the Hopf bifurcation 
nondegenerate and splits the heteroclinic curve off the vertical axis. These properties 
allow one to prove the uniqueness of the limit cycle in the system and derive an 


asymptotic formula for the heteroclinic curve P. The interested reader is directed to 
Appendix A and Exercise 14(b). > 


The multidimensional case of the fold-Hopf bifurcation reduces to the consid- 
ered one by the Center Manifold Theorem. Notice that we need only the linear 
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(a) (b) 
Fig. 8.23 (a)s = 1,0 <0;(b)s=—1,0>0 


approximation of the center manifold to distinguish between the “simple” and “diffi- 
cult” cases. However, the second-order approximation is required if we want to find 
E(O). We return to the computation of the coefficients of (8.64) in the n-dimensional 
case in Sect. 8.7. 


8.6 Hopf-Hopf Bifurcation 


Consider a four-dimensional smooth system depending on two parameters: 
t= f(z,a), ce R*, ae R’. (8.87) 


Let (8.87) have at a = 0 the equilibrium xz = 0 with two distinct pairs of purely 
imaginary eigenvalues: 


M14 = iwi, A2,3 = Hiwe, 
withw, > w2 > 0. Since there is no zero eigenvalue, system (8.87) has an equilibrium 
point close to z = 0 for all a with ||a|| small. Suppose that a parameter-dependent 
shift of the coordinates that places the origin at this equilibrium point has been per- 


formed, so that we can assume without loss of generality that z = Ois the equilibrium 
of (8.87) for all small ||a|| : f(O, a) = 0. 


8.6.1 Derivation of the Normal Form 


Write system (8.87) in the form 
z= A(ajx+ F(a, a), (8.88) 


where F(x, a) = O((|a||7) is a smooth function. The matrix A(a) has two pairs of 
simple complex-conjugate eigenvalues 
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A1,4(@) = pr (@) £ tw (Q), A2,3(@) = M2(@) + tu(Q), 
for all sufficiently small ||a||, where js). and w ,. are smooth functions of a and 
Hi (0) = 142(0) = 0, wi (0) > w2(0) > 0. 


Since the eigenvalues are simple, there are two complex eigenvectors, q),2(a) € C*, 
corresponding to the eigenvalues Aj »(@) = 1,2(@) + iw)2(a): 


A(a)q (a) = Ai(a)qi(@), A(a)qa(@) = A2(a)q2(Q). 
As usual, introduce the adjoint eigenvectors p;,2(a) € C+ by 
AT (a)pi(a) = Ai(a)pi(a), A™(a)p2(a) = A2(@)p2(a), 


where 7 denotes transposition. These eigenvectors can be selected to depend 
smoothly on a, normalized using the standard scalar product in C+: 


(Pi, G1) = (po, q2) = 1, 


and made to satisfy the orthogonality conditions 


(p2, V1) = (Pi, 2) = 9, 


thus forming a biorthogonal set of vectors in C*. Note that we always use the scalar 
product (v, w) = ae U_ Wr, Which is linear in its second argument. Any real vector 
x € R* can be represented for each small ||| as 


L=AQtAgat vMt rah, 


where 
21 = (pi,2), 2 = (pr, 2), 


are new complex coordinates, z1,2 € C! (cf. Sect. 3.5 in Chap. 3). In these coordinates, 
system (8.88) takes the form 
2 = Ay(a)z1 + g(A1, 21, 22; 22, @), (8.89) 
22 = A2(a)22 + h(%, 21, 22, 22, @), , 


where _ 7 le — 
G21, 21, 22, 22,0) = (py, Flag + 1G + 22q2 + 222, )), 
h(21, 21, 22, 22,@) = (po, Flag + 21q1 + 22m + 22h, @)) 


(for simplicity, the dependence of p;, q; on the parameters is not indicated). The 
functions g and h are complex-valued smooth functions of their arguments and have 
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formal Taylor expansions with respect to the first four arguments that start with 
quadratic terms: 
5 5 ksl ls 
G2, Fy 22, 2,0) = D> Gym (224225, 
j+k+l+m>2 


and 
= = ksl ,l sm 
h(21, 21, 22, 22, @) = ) hjkim(Q) 2 2 2429". 
jrktl+m>2 


Lemma 8.13 (Poincaré normal form for the Hopf-Hopf bifurcation) Assume 
that 


(HH.0) kw (0) A lu2(0), kd > 0, A+1 <5. 


Then, there exists a locally defined, smooth and smoothly parameter-dependent, 
invertible transformation of the complex variables that reduces (8.89) for all suffi- 
ciently small ||a|| into the form 


wy = Ai(a)w) + Gaio0(a)wi wil? + Gio (a@)wi wel? 
+ G3290(a)wi|wil* + Gai (a)wi|wi|*}w2l? + Gio22(a)wi |wal* 
+ O(\\(wi, w2)|I%), 
ti = Az2(@)w2 + Ayi10(a)w2|w1|* + Hori (a) w2/w2|? 
+ Ay219(a)w2|wy|* + Ay121 (a) w2|w1|*|w2|? + Hoo32(a)w2| we|4 
+ O(\\(wi, wa)|I%), 
(8.90) 
where w1,2 € C! and ||(w1, w2)||* = |wi|? + |w2|?. The complex-valued functions 
G jkim(Q) and Hyzim(@) are smooth; moreover 


1 a - 
G2100(0) = gr100 + 5, /1 10092000 + By (iorolti 100 = gioo1/1100) 
1 2 


Jo101 0200 — 
2w = 


21 : 
1902001", (8.91) 
Wy 


= go11022000 
2w + Ww (s)) 


leer 
1100 
Wy . 3 


1 _ 
Gio11(0) = gio + By Miorohoor = gioo1 hoor) 
2 


1 _ _ 
+ Sy, (79200090011 = 9110090011 — 9oo110110 — Joo11 21010) 
1 


21 - 24 
— ——— 90002h0101 — ——~—— 4ov20/21001 
w, + 2w2 Ww, — 2w2 
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a 2 
\goio1l’ (8.92) 
W2 


fast 
(0110 
— W2 2 2w + 


2w 


1 _ 
11000) = histo + B, (Juooh 010 — Grioohoi10) 
1 


v} = = 
+ — 2/to020/21100 — hoothi100 — gioioh1100 — 1001/1100) 
2 


4 24 h 21 Fema h 
On a 2000 noi jag 0200 
1 a 
i peel = al 8.93 
te, loos a Dan o101| (8.93) 


1 _ a 
Hoo21 (0) = hoo2t + By, (oor hroi0 = Goo hori0) + |, [20011 /to020 
1 2 


a 


a 
— ——— goo20h1001 - ———— oooh. 
Bis =i 9Jo020/21001 ae + wi Jo002/20101 
1 2% 
— —|hoorl? — ——IRoooel?, (8.94) 
W) 3w, 


where all the gjkim and hjkim have to be evaluated at a = 0. 


Notice that the expressions in the last line of each of the preceding formulas are 
purely imaginary. The lemma can be proved by the standard normalization technique. 
The hint to Exercise 15 in this chapter explains how to perform the necessary calcu- 
lations using one of the computer algebra systems. We do not give here the explicit 
formulas for the coefficients of the fifth-order resonant terms due to their length 
(see references in Appendix B). As we shall see, the given formulas are enough to 
distinguish between “simple” and “difficult” Hopf-Hopf bifurcations. 

By the introduction of a new time and a variable transformation in which cubic 
“resonant terms” are involved, one can simplify normal form (8.90) further. 


Lemma 8.14 Assume that: 


(HH.1) Re G2190(0) ¢ 0; 
(HH.2) Re Gio11 (0) 4 0; 
(HH.3) Re Hi110(0) 4 0; 
(HH.4) Re Hoo21 (0) ¢ 0. 


388 8 Two-Parameter Bifurcations of Equilibria in Continuous-Time Dynamical Systems 
Then, the system 


wy = Ai(a)w) + Gaio0(a)wi wil? + Gio (a@)wi wel? 
+ G3200(a)wi|wil* + Goi (a)wi|wi|?|wal? + Gi022(a)wi [welt 
+ O(||(w1, w2) II), 

wy = Ax(a)wW2 + Ayi19(@)wy|w)|? + Aoor1 (a) w2| wel? 
+ Ap219(a)w2|wy|* + Ay121(a)w2|wi|?| wal? + Ho032(a)w2|w2I* 
+ O(|\(w1, w2) I, 


(8.95) 
is locally smoothly orbitally equivalent near the origin to the system 
1 = Ai(a)ur + Pu(a)ui|vi|? + Pi2(a@)vi|v2|? 
+ 6Ri (ayo teil’ + Si(a)ei teal" 
+ OU, va) II"), (8.96) 


by = Ax(Q)v2 + Pri (a)v2|v1|? + P22(a)v2|v2|? 
+ So(a)v2|v1|4 + iR2(a)v2|v2/4 
+ O(Il(u1, v1), 


where v1.2 € C! are new complex variables, P;,(a) and S,(@) are complex-valued 
smooth functions, and Rj,(a) are real-valued smooth functions. 


Proof: 
Introduce a new time 7 in (8.95) via 


dt = (1+ e,|wi|? + e2|w|*) dr, 


where the real functions e; = e;(a@) and e2 = e2(a) will be defined later. The result- 
ing system has the same resonant terms as (8.95) but with modified coefficients. 

Then, perform a smooth invertible transformation involving “resonant” cubic 
terms: 


iP = w+ Kywwilwil?, (8.97) 


v2 = w2 + Kow2|w2|’, 


where K; = Kj(a) are complex-valued functions to be determined. In the new vari- 
ables (v1, V2), the system takes the form 


Oe cess A kzl, lam 
3 Aiv1 oh Deere G jKim| UjU2U7 5 (8 98) 
epee d > H kr-l, lam . 

U2 = A2v2 + Lisp ktleme3 AjklmY] Vj VzV) , 


where the dot now means a derivative with respect to 7, and 
Ga100 = Gaioo + Aver + Ai + At) K1, Gio = Gio + Aiea, 


Aino = Histo + Axe1, Hoo21 = Hoon + Ax€2 + (2 + A2) Ko, 
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and 


G3200 = G3200 + Grio0e1 + (Kia — KiAie1 


+ KiGoi00 — K1Gaio0 — 201 + A Kp — 1K, (8.99) 
Gort = Goir + Groner + Griove2 + (Ar + ArerK1 
+ 2K, Re Gyo, (8.100) 


Gir = Giorr + Groiser — 2\1€2 Re Kz — 2Gion Re Ko, 
Alx719 = Ho219 + Airs: — 2Ar€1 Re Ki — 2A i110 Re Ki, 
Ayia = Ain + Hoorier + Aiioer + (Aa + Aver K2 
+2K> Re Aji10, (8.101) 
Hoos. = Hoos2 + Hoor1e2 + (K2A\2 — K2A2)e2 
+ KyHoon — K2Hoo — 202 + 2) K3 — |Ko|?A2. (8.102) 


Notice that the transformation (8.97) brings in fourth-order terms, which were 
absent in the Poincaré normal form. Elimination of these terms alters the fifth-order 
terms in (8.98). However, due to the particular form of (8.97), the annihilation of 
the fourth-order terms that appear in (8.98) does not alter the coefficients of the 
fifth-order resonant terms given above (check!). Then, these coefficients will not be 
changed by the elimination of the nonresonant fifth-order terms. So, assume that 
such eliminations have already been made from (8.98) so that it contains only the 
resonant terms up to fifth order. 

Taking into account (8.100) and (8.101), we can then make Gx 11 = Oand Au = 
0 by setting 

Gait + Gioisei + Gaiooe2 


Kkij= = 
(A, + A1)e2 + 2 Re Gioi1 


and 
FAyi21 + Aoo2e1 + Aii0€2 


Ge . 
(A2 + Az)e1 + 2 Re Aino 


Recall that K 1,2 are functions of a. This setting is valid for all sufficiently small |||, 
due to assumptions (HH.2) and (HH.3). 
We still have two free coefficients, namely e; and e. We fix them by requiring 
Re G30 = 0, 
x 8.103 
| Re Aoo32 = 0, ‘ : 


for all sufficiently small ||a||. We claim that there are smooth functions e),2(@) 
satisfying (8.103) for all sufficiently small ||a||. To see this, note that for a = 0, we 
have 2 Re Ayo = Ayo + die = 0, and the system (8.103) reduces to a linear system 
for (e; (0), e2(0)) according to (8.99) and (8.102), namely 
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(8.104) 


Re G2100(0)e1 (0) = —Re G3200(0), 
Re Aoo2i (0)e2(0) = —Re Hoo32(0), 


with a nonzero determinant 


Goio(0) 0 
=G 0) ) 0, 
| 0 ol 2100(0) Hoo21 (0) # 


due to (HH.1) and (HH.4). System (8.104) obviously has the unique solution 


Re G3299(0) Re Hoo32(0) 


e,(0) = —-—————.,, eo (0) = —-———_.. 
: Re G2199(0) - Re Aoo21 (0) 


Therefore, by the Implicit Function Theorem, (8.103) has a unique solution (e;(@), 
e2(q)) for all sufficiently small ||a|| with e;,.(@) depending smoothly on a. 

Thus, Cus = 0, Fo10 = 0, Re Guns = 0, and Re Boos = 0 for all small 
a, so system (8.98) has the form (8.96) with P); = Go100, Py = Gini. Po} = 
Ayii0, P22 = Hoo, Si = Gio2, S2 = Ao210, Ri = Im G3209, and Rz = Im Apo32. 
We easily check that 


Re P}1(0) = Re G2199(0), Re Pi2(0) = Re Gio (0), (8.105) 
Re P2;(0) = Re Ay119(0), Re P22(0) = Re Hoo: (0), (8.106) 


and 


Re S) (0) = Re Gj022(0) 
+ Re Gio (0) E F121 (0) Re Hoo32(0) 
Re Hj110(0) Re Aoo21 (0) 
Re G3299(0) Re Aoai a 
Re G2190(0) Re Ay110(0) J’ 
Re Sy(0) = Re A219(0) 


(8.107) 


Re G11 (0) Re G3200(0) 
Re Gjo11 (0) Re G2100(0) 
Re G209(0) Re | 

Re G1011(0) Re Hoo21 (0) | 


+ Re Hj110(0) 


(8.108) 


This proves the lemma. 
Let 


vp=rje!, v= me”. 


In polar coordinates (71, T2, Y1, G2), System (8.96) can be written as 
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7 = 71 (u1(@) + pu(@)ry + pi2(a)r5 + 81(a)r3) 
+ ®1(71, 72, Yi, 92, @), 

fy = 12 (H2(a) + pai (a)r} + px (a)rz + $2(a)r{) 
+ O2(71, 72, Pi, P2, @), 

Qi = wi(a) + Wi(r1, 72, Yi, Y2, @), 

(2 = w2(a) + W2(r1, 72, Yi, Y2, @). 


Here 
Dijk = Re Pix, 8; =Re Sj, k= 1,2, 


are smooth functions of a; the real functions ®; and W; are smooth functions of 
their arguments and are 27-periodic in y;, ®; = O((r; + r3)>), W.(0, 0, G1, Yo) = 
0, k=1,2. 

If the map (a1, a2) > ({41(@), fo(@)) is regular at a = 0, that is 


Ou 
det | — 
( da ) 
one can use ({11, {42) to parametrize a small neighborhood of the origin of the param- 


eter plane and consider wx, pjx, 8%, Pz, and Yj, as functions of ju. 
We conclude this section by formulating the following theorem. 


#0, 


a=0 


Theorem 8.8 Consider a smooth system 
t=f(r%,a), rE R*, wae R’, 
which has, for a = 0, the equilibrium x = 0 with eigenvalues 
Ap(Q) = pea) tux, (a), k= 1,2, 


such that 
11 (0) = H2(0) = 0, w1,2(0) > 0. 
Let the following nondegeneracy conditions be satisfied: 


(HH.0) kw) (0) 4 lu2(0), k,l > 0, K+1 <5; 
(HH.1) p11(0) = Re Gaj00(0) F 0; 
(HH.2) pi2(0) = Re Gio11 (0) F 0; 
(HH.3) p21(0) = Re Aj110(0) 4 0; 
(HH.4) p22(0) = Re Aoo21 (0) 4 0; 


where G2100(0), Gio11 (0), Ai110(O), and Hoo21 (0) are given by (8.91)-(8.94), and 
(HH.5S) the map a +> LU(aQ) is regular at a = 0. 


Then, the system is locally smoothly orbitally equivalent near the origin to the system 
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m= ri + pu(wry + pro(wrs + $1(u)r3) + Pi (ri, 72, G1, 2, ) 
se 2 3 4 

Po = T2(M2 + pa(yry + p22(W)rz + s2(w)rt) + Pr(ri, 72, Pi, 2, 
Pi = wy (L) + Vi(r1, 72, G1, G2, Ld), 


(pr = w2(p) + Vo(r1, 72, Y1, Yr, f), 
(8.109) 


where ®;, = O ((r? + r2)*) and), = o(1) are 21-periodic in px, and the coefficients 
pjr(O), and s;,(0), 7, k = 1, 2, can be computed using the formulas (8.105)—(8.108), 
provided that the resonant coefficients G j kim (O) and Ayjx,4m(0) are known for j + k + 
1+m=3and5. 


8.6.2 Bifurcation Diagram of the Truncated Normal Form 


We now truncate higher-order terms in (8.109) and consider the system 


hy =r + pur, + prs + $173), 


TP. = 172(pla + pur? + prs a Sort), (8.110) 
Pi = Wi, . 
P2 = w2, 


where, for simplicity, the dependence of p;x, s;, and w; on p is not indicated. The 
first pair of equations in (8.110) is independent of the second pair. The last two 
equations describe rotations in the planes r. = 0 and r,; = 0 with angular velocities 
w , and w, respectively. Therefore, the bifurcation diagram of (8.110) is determined 
by that of the planar system 


my =ri(ei + pury + piwrs + $173), (8.111) 
oe 2 3 4 . 
T= 12(pl2 + pary + pr2r5 + Serf). 


This system is often called a (truncated) amplitude system. It is enough to study it 
only for r; > 0, rz > 0. Formally, the system is invariant under the transformations 
Ty > —r;,andr2 t+ —r2. Notice that an equilibrium Eo withr; = r2 = Oof (8.111) 
corresponds to the equilibrium point at the origin of the four-dimensional system 
(8.110). Possible equilibria in the invariant coordinate axes of (8.111) correspond to 
cycles of (8.110) with r; = 0 or r2 = 0, while a nontrivial equilibrium with 7}. > 0 
of (8.111) generates a two-dimensional torus of (8.110). Finally, if a limit cycle is 
present in the amplitude system (8.111), then (8.110) has a three-dimensional torus. 
The stability of all these invariant sets in (8.110) is clearly detectable from that of 
the corresponding objects in (8.111). 

The study of the amplitude system simplifies if we use squares 1,2 of the ampli- 
tudes 

pe = 12, k=1,2. 


The equations for p;2 read 
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Ai = 2pi(i + Pipi + pi2p2 + 81/5), 
2 (8.112) 
Pr = 2p2(u2 + Prpi + P22P2 + $27); 


and are also referred to as the amplitude equations. Now the polynomials in the 
right-hand sides are of order three. 

There are two essentially different types of bifurcation diagrams of (8.112), 
depending on whether p;; and p22 have the same or opposite signs. For each of 
these cases, we also have different subcases. 


“Simple” case: p11p22 > 0 


Consider the case 
pu <0, po < 0. 


The case when 1; and po are positive can be reduced to this one by reversing time. 
Introducing new phase variables and rescaling time in (8.112) according to 


&:=—pupi, & =—po2po, T= 2t, 


yield 
= of, au 2 
{! = &1( — &1 9&2 + O&), (8.113) 
E> = £9(ua — 6&1 — £2 + AEs), 
where e 8 
7! fo e= 4, A=. (8.114) 
P22 Pil Pr Prt 


The scaling is nonsingular since p;;p22 4 0 by (HH.1) and (HH.4). Only the values 
6(0), 6(0), ©(O), and A(O) matter in what follows. Notice that 9 4 0 and 6 ¥ 0, due 
to (HH.2) and (HH.3), respectively. 

System (8.113) has an equilibrium Eo = (0, 0) for all ju),2. Two trivial equilibria 


E, = (m1, 9), Ex = (, 2), 
bifurcate from the origin at the bifurcation lines 
Ay = {(t1, M2) > ba = OF 


and 
Ay = {(t1, 2) + 2 = O}, 


respectively. There may also exist a nontrivial equilibrium in a small phase-space 
neighborhood of the origin for sufficiently small || w||, namely 
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Li — Op 2, Sei — ba 2 
E; = | -————__ +0 ,—s + 0 : 
3 ( ayy TOMI: gs + OC) 
For this expression to be valid, we need to assume that 06 — 1 4 0, which is equiv- 
alent to the condition 


p10) pr) 
ao _ (ee a) ii 


The nontrivial equilibrium £3 collides with a trivial one and disappears from the 
positive quadrant on the bifurcation curves 


T, = {(t1, Ma) fr = Opin + OU), ba > O} 


and 
Ty = {(u, Ha) + 2 = Spr + O17), bn > OF. 


These are the only bifurcations that the nontrivial equilibrium £3 can exhibit in the 
“simple” case. Moreover, one can easily check that, in this case, the planar system 
(8.113) can have no periodic orbits. 

We can assume without loss of generality that 


0>6 


(otherwise, exchange the subscripts in (8.113)). Under all these assumptions, there 
are five topologically different bifurcation diagrams of (8.113), corresponding to the 
following cases: 


IL @>0, 6>0, 06> 1; 
Il. @>0, 6>0, 06 <1; 
Il. @>0, 6 <0; 

IV. @<0, 6 <0, 66 <1; 
Vv. 6<0, 6 <0, 66> 1. 


Each case specifies a region in the (6, 6)-half-plane 6 > 6 (see Fig. 8.24). The 
(41, 2)-parametric portraits corresponding to regions I-V are shown in Fig. 8.25, 
while the only possible fifteen generic phase portraits occupy Fig. 8.26. Notice that 
phase portraits 11, 12, 13, 14, and 15 can be obtained from those in regions 2, 3, 6, 
8, and 9 by the reflection (€), £2) (£9, &). 

Actually, in all these cases, the topology of the bifurcation diagram is independent 
of the cubic terms, so we can merely set © = A = 0 in (8.113). 


Lemma 8.15 System (8.113) is locally topologically equivalent near the origin to 
the system 


8.6 Hopf-Hopf Bifurcation 


395 


Il 


Fig. 8.24 Five subregions on the (6, 5)-plane in the “simple” case 


Fig. 8.25 Parametric I 
portraits of (8.113) (the Me 
“simple” case) 


(4) T) 
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INTRON. 
ATARI, 


Fig. 8.26 Generic phase portraits of (8.113) 


& = &(u — & — 08), 

> 8.115 
{2 = (uo — 0& — &). ( ) 

‘Difficult’? case: p11p22 < 0 


Similarly to the previous case, assume that the conditions (HH. 1)—(HH.4), and (HH.6) 
hold, and consider only 
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pi > 0, px» <0. 


Introducing new phase variables and rescaling time in (8.112) by setting 


€:=pupi, & = —p2p2, T= 2t, 


we obtain the system 


& = (un + & — 06 + OG), 7 
ie = b(n + 0; — & + AL), one 


where 0, 0, ©, and A are given by (8.114), as before. The trivial and the nontrivial 
equilibria of (8.116) have the representations 


Ey = (—p1, 9), E, = (0, Ha), 


and 


_ (bi — Ope 2, Obi = H2 2 
E3= Ce 7 Tt Ole), ca O(|tll )) 


whenever their coordinates are nonnegative. Bifurcation lines corresponding to the 
appearance of the equilibria E,,. are formally the same as in the “simple” case and 
coincide with the coordinate axes. The nontrivial equilibrium F3 collides with the 
trivial ones at the curves 


T, = {Qin Ma) Mr = Op + O43), ba > OF 


and 
Ty = {(u1, 2) + pr = Spr + O(uZ), pr < OF. 


However, the nontrivial equilibrium £3 can bifurcate, and system (8.116) may have 
limit cycles. The Hopf bifurcation of the equilibrium F3 happens at a curve C with 
the following characterization: 


c={("). : oT. (6-NO+(—-1)A 


a ai 


wt oui| 


that should be considered when both ju) > Of. and djs, > [2. Clearly, we have to 
assume, in this case, that 6 4 1 and 0 ¥ 1 to avoid the tangency of C with the j,- 
or [/2-axes, that is 


(HH.7) p22(0) F p12(0); 
(HH.8) p21 (0) 4 pi (0). 


A final nondegeneracy condition is that the first Lyapunov coefficient /; be nonzero 
along the Hopf curve C near the origin. One can check that for sufficiently small || ,u|| 
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sign 1; = sign{—@ [0(0 — 1)A + 6(6 — 1)0}}. 
Thus, we assume that 0(@ — 1)A + 6(6 — 1)© $ O, or equivalently 


(HH.9) (p21 (p21 — p11)$1 + Pi2(P12 — p22)82)(O) A O. 


Suppose that /; <0. The opposite case can be treated similarly. There are six 
essentially different bifurcation diagrams of (8.116), if we consider only the case 
pit > 0, poo <0,  < 0, and restrict attention to the half-plane 6 > 6. The sub- 
cases are as follows: 


lL @>1,6>1; 
Il. @>1,6<1, 66>1; 
ll. 96>0, 6>0, 66 <1; 
Iv. @>0, 6 <0; 
Vv. 6<0, 6 <0, 66 <1; 
VL @6<0,6<0, 06> 1. 


The parametric portraits corresponding to the regions I-VI from Fig. 8.27 are 
depicted in Fig. 8.28, while the twenty-one distinct generic phase portraits that appear 
are shown in Fig. 8.29. 

The Hopf bifurcation and consequent existence of cycles are only possible in 
cases I, IL, and VI. A careful analysis based on Pontryagin’s technique and nontrivial 
estimates of Abelian integrals shows that system (8.116) can have no more than one 
limit cycle (see the bibliographical notes). This cycle is born via the Hopf bifurcation 
at the curve C. Its ultimate fate depends on whether we fall into case I, II, or VI. 


Fig. 8.27 Six subregions on C) 
the (9, 6)-plane in the 
“difficult” case. A cycle 
exists in the three shaded 
subregions 
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Fig. 8.28 Parametric portraits of (8.116) (the “difficult” case) 


In cases I and II, we have a cycle blow-up similar to that in one case of the fold- 
Hopf bifurcation (see Sect. 8.5.2). More precisely, there is a bifurcation curve J, 
depending on the considered neighborhood Up of the origin in the phase space, on 
which the cycle generated by the Hopf bifurcation touches the boundary of Up and 
“disappears” for the observer. In case VI, the cycle disappears in a more “visible” 
way, namely via a heteroclinic bifurcation. In this case, the cycle coexists with three 
saddles (Eo, E,, and E>). If they exist, the saddles, Eo, E,, and Eo, E2 are connected 
by orbits belonging to the invariant coordinate axis. For parameter values along the 
curve 
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Tp ; 
Dy 


Drie, 
O}o | 


A 


7 DSSIED, 
P 
NC 


O, 


© 


© 


Fig. 8.29 Generic phase portraits of (8.116) 
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Fig. 8.30 A heteroclinic & 
“triangle” 
Ey 
< > 
Ey Ey & 


Mi 5-1  (9—13A5+(6-1300 , ; 
Y= s =. 
(( ) Ho=— 6 M+ G5 go? Lit OM). M1 <0, 


which is tangent to the Hopf bifurcation curve C (see Exercise 14(c)), the two sep- 
aratrices of the saddles E, and E> that belong to the positive quadrant coincide. A 
heteroclinic cycle is formed by these orbits (see Fig. 8.30); it is stable from the inside 
due to (HH.9) and our assumption J; < 0. 

Remark: 

There is a subtle difference in the bifurcation diagrams within the cases III and IV, 
depending on whether 0 < 1 or @ > 1. This difference appears only at 4. = 0, giving 
rise to topologically different critical phase portraits. All critical phase portraits are 
given in Fig. 8.31, where Ila and IVa correspond to 9 > 1. 


Recalling the interpretation of equilibria and cycles of the amplitude system 
(8.112) in the four-dimensional truncated normal form (8.110), we can establish a 
relationship between bifurcations in these two systems. The curves H, > at which the 
trivial equilibria appear in (8.112) obviously correspond to Hopf bifurcation curves 


Fig. 8.31 Critical phase 
portraits of (8.116) at 
1 =42=0 


cl 


II 


> > 


IIL, IV, V, VI Illa, [Va 
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in (8.110). These are the two “independent” Hopf bifurcations caused by the two dis- 
tinct pairs of eigenvalues passing through the imaginary axis. Crossing a bifurcation 
curve 7 (or T>) results in the branching of a two-dimensional torus from a cycle. 
Therefore, the curves T;,2 correspond to Neimark-Sacker bifurcations in (8.110). On 
the curve C, system (8.110) exhibits a bifurcation that we have not yet encountered, 
namely, branching of a three-dimensional torus from the two-dimensional torus. The 
curves J describe blow-ups of three-dimensional tori, while the curve Y implies the 
presence of a heteroclinic coincidence of the three-dimensional stable and unstable 
invariant manifolds of a cycle and a three-torus. 

Our next task is to discuss what will remain from the obtained bifurcation picture 
if we “turn on” the higher-order terms in the four-dimensional normal form (8.110). 


8.6.3 Effect of Higher-Order Terms 


The effect of adding higher-order terms is even more dramatic for this bifurcation 
than for the fold-Hopf bifurcation. Actually, a generic system (8.109) is never topo- 
logically equivalent to the truncated normal form (8.110). 

However, the truncated normal form does capture some information on the behav- 
ior of the whole system. Namely, the following lemma holds. 


Lemma 8.16 /f conditions (HH.1)—(HH.4), 
pjxO) £0, j,k = 1,2, 


and (HH.6), 
(pi1p22 — Pi2P21)(O) A 0, 


hold for system (8.109), then it has, for sufficiently small || ||, bifurcation curves 
Hy, and T;,, k = 1,2, at which nondegenerate Hopf bifurcations of the equilibrium 
and nondegenerate Neimark-Sacker bifurcations of limit cycles take place, which 
are tangent to the corresponding bifurcation lines Hj, and T;, of the truncated system 
(8.110). 


From Lemmas 8.15 and 8.16, it follows that a generic four-dimensional system 
exhibiting a Hopf-Hopf bifurcation also has the corresponding bifurcation curves in 
its parametric portrait near this codim 2 point. Crossing these curves results in the 
appearance of limit cycles and invariant two-dimensional tori nearby. Thus, we may 
say that “Hopf-Hopf interaction leads to tori.” 

However, the orbit structure on a torus in the full system (8.109) is generically 
different from that in the truncated system (8.110) due to phase locking. Indeed, any 
two-torus of (8.110) is either filled in by a dense quasiperiodic orbit (if the ratio 
between w (jz) and w() is irrational) or filled with periodic orbits (if this ratio is 
rational), while in (8.109) the higher-order terms “select” only a finite (even) number 
of hyperbolic limit cycles on the two-torus for generic parameter values (see Chap. 7). 
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Moreover, the tori exist and remain smooth only near the bifurcation curves T} 2. 
Away from these curves, the tori lose smoothness and are destroyed. Notice that 
Lemma 8.16 does not guarantee the presence of a bifurcation curve corresponding to 
the curve C in the truncated system at which a three-torus bifurcates from a two-torus. 
The truncated system demonstrates other degeneracies that do not survive the 
addition of generic higher-order terms. There are regions in the parameter plane 
in which the equilibrium at the origin is a saddle with two-dimensional stable and 
unstable manifolds, while simultaneously there is a saddle limit cycle within one of 
the coordinate planes r; = 0 with a two-dimensional stable and a three-dimensional 
unstable invariant manifold. The situation is degenerate since the stable manifold of 
the cycle coincides with the unstable manifold of the equilibrium for all parameter 
values in such a region. Such a coincidence is nontransversal and will disappear 
under the addition of higher-order terms. Such terms only slightly displace the sad- 
dle and the cycle but destroy the invariance of the coordinate plane. The phase 
portrait of system (8.110) at the bifurcation curve Y is also degenerate and does 
not persist under higher-order perturbations. Along this curve the truncated system 
has two saddle cycles within the coordinate planes r;,2 = 0 that have a common 
three-dimensional invariant manifold corresponding to the orbit connecting the triv- 
ial saddles in system (8.112). This intersection is also nontransversal and disappears 
if generic higher-order terms are added, forming instead a more complex hetero- 
clinic structure. Thus, “strange” dynamics involving Smale horseshoes exist near a 
generic Hopf-Hopf bifurcation. The corresponding parametric portrait has, in addi- 
tion to local bifurcation curves Hj, and T;,, a bifurcation set corresponding to global 
bifurcations (heteroclinic tangencies of equilibrium and cycle invariant manifolds, 
homoclinic orbits) and associated bifurcations of long-periodic limit cycles. 


Remarks: 

(1) Similar to the fold-Hopf case, the planar system (8.111) is a topological normal 
form for two-dimensional systems that are invariant under the representation of the 
group Z, by the transformation (x), 22) > (—x |, —22), have invariant coordinate 
axis 21,2 = 0, and at aj = a2 = 0 possess an equilibrium « = 0 with a double zero 
eigenvalue. Indeed, any such system has the form 


$1 = 2G (ai, 3, a), 
= 2 2: 
t2 = ©2H (x7, 13, aq), 


and can be transformed under the nondegeneracy conditions (HH.1)—(HH.4) and the 
transversality condition (HH.5) into a system that is orbitally equivalent near the 
origin to 


hy = ry (ua + purty + piarg + 8173 + P(rt, 73, w)), (8.117) 

Ty = To(Mo + pury + pors + sort + Wri, 75, W)), : 
where ®, VW = O((rt + ra)"), Then, one can prove that system (8.117) is locally 
topologically equivalent to (8.111), provided that conditions (HH.1)—(HH.6) (and, 
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Fig. 8.32 Phase portraits of (8.118) on the curve Co 


if necessary, (HH.7)—-(HH.9)) hold. The homeomorphism identifying the phase por- 
traits, as well as the transformation into (8.117), can be selected to commute with 
the symmetry. 

(2) Keeping only quadratic terms in (8.111) is not enough for studying the bifur- 
cations in the “difficult” case p1;p22. < 0. Indeed, the system 


& = & +6 - 06), 
lé = €2(u2 + £1 — £2), (8.118) 


which is obtained from (8.116) by setting © = A = 0, thus violating (HH.9), is 
degenerate along the “Hopf curve” 


Co = {(u, 2): p22 = arn Hi — Opa > 0, Of — fl > of ‘ 
Actually, it is orbitally equivalent to a Hamiltonian system for €,,. > 0, and the 
nontrivial equilibrium £3 is surrounded by a family of periodic orbits. Three possible 
phase portraits corresponding to the cases I, II, and VI are depicted in Fig. 8.32. The 
cubic terms in (8.116) make the Hopf bifurcation nondegenerate whenever it exists 
and split a heteroclinic curve Y in the case VI. The reader can obtain more details 
while solving this chapter’s Exercise 14(c). See also the bibliographical notes. > 


Finally, let us mention that the multidimensional case of the Hopf-Hopf bifurca- 
tion reduces as usual to the considered four-dimensional one by means of the Center 
Manifold Theorem (see the next section). 


8.7 Critical Normal Forms for n-Dimensional Systems 


To apply the theory of the codim 2 bifurcations developed in this chapter to particular 
models, one needs to verify the nondegeneracy conditions at the bifurcation point— 
in other words, to compute the coefficients of the normal form on the critical center 
manifold up to certain order. 
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In this section, we derive the critical coefficients for all codim 2 bifurcations using 
the same combined reduction/normalization technique that is already employed in 
Chap. 5 for the codim | cases. In this approach, the center-manifold reduction and 
normalization are performed simultaneously. The resulting formulas involve only 
critical eigenvectors of the Jacobian matrix and its transpose, as well as the Taylor 
expansion of the system at the critical equilibrium in the original basis. 


8.7.1 The Method 


Suppose (8.1) has an equilibrium x = 0 at a = 0 and represent F(x) = f(a, 0) as 


1 1 1 1 
F(a) = Ax 4 5B, x)4 a @,0)+ oar @,0,0)+ TE BO, 2,0, Cy ec, 
(8.119) 
where A = f,(0, 0), the multilinear functions B and C are given by (5.17) and (5.18) 
in Chap. 5, and 


7 Ot F;(£) 
D(x, y, 2, v) = sree | LY RZ; 
mn DE;DELDEDEm |e_g 
- 0° F;(£) 
E; ’ ’ ’ ’ —_ j o m So 
(a, ¥, 2,0, w) ees DE, 06,0 06,08, Le w 


sia ey laren that the Jacobian matrix A = f,(0, 0) of (8.1) has n, eigenvalues 
(counting multiplicities) with zero real part and denote by T° the corresponding 
generalized critical eigenspace of A. Write (8.1) at a = 0 as 
t= F(x), ce€R", (8.120) 

and restrict it to its n--dimensional invariant center manifold parametrized by w € 
= z= H(w), H:R” > R’. (8.121) 
The restricted equation can be written as 

w=G(w), G:R” > R”™. (8.122) 
Substitution of (8.121) and (8.122) into (8.120) gives the homological equation 


Hy (w)G(w) = F(A (w)), (8.123) 
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which is merely the condition for the center manifold W“ to be invariant. Now expand 
the functions G, A in (8.123) into multivariant Taylor series 


1 1 
Gw) = D7 aw", Hw) = D7 Thy", 


es |yjzt 


and assume that the restricted equation (8.122) is put into the normal form up to 
a certain order. This is the crucial assumption! We assume, therefore, that such a 
smooth parametrization of the center manifold is looked at, where the restriction has 
the simplest (i.e., normal) form. |? 

The coefficients g,, of the normal form (8.122) and the coefficients h, of the Taylor 
expansion for H(w) are unknown but can be found from (8.123) by a recursive 
procedure from lower- to higher-order terms.'* Collecting the coefficients of the 
w”-terms in (8.123) gives a linear system for the coefficient h,, 


figs Rs (8.124) 


Here the matrix L is determined by the Jacobian matrix A and its critical eigenvalues, 
while the right-hand side R, depends on the coefficients of G and H of order less 
than or equal to |v|, as well as on the terms of order less than or equal to |v| of 
the Taylor expansion (8.119) for F. As we shall see, when R,, involves only known 
quantities, the system (8.124) has a solution because either L is nonsingular or R, 
satisfies Fredholm’s solvability condition 


(D, R,) = 0, 


where p is a null-vector of the adjoint matrix L’. When R, depends on the unknown 
coefficient g, of the normal form, L is singular and the above solvability condition 
gives the expression for gp. 

For all codim 2 bifurcations except Bogdanov-Takens, the invariant subspace of 


—T : ‘ : : ‘ ; : 
L(L_ ) corresponding to zero eigenvalue is one-dimensional in C”, i.e., there are 
unique (up to scaling) null-vectors g and p 


T 
Lq=0, L p=0, (p,q) =1, 


and no generalized null-vectors. Then, the unique solution h,, to (8.124) satisfying 
(p, hy) = 0 can be obtained by solving the nonsingular (n + 1)-dimensional bor- 


dered system 
La\(hw)\_(® 
€ NC)-()- ae 


2 & normal form should be used to which the restricted equation can be transformed by means of 
smooth coordinate transformations but not time reparametrization since the derivative in (8.122) 
has the same meaning as in (8.120). 


'3 Obviously, one has YVyjai byw" € T°. 
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We write h, = L'%” R, as in Sect. 5.4.1 of Chap. 5. 

The Taylor expansion of H (w) simultaneously defines the expansions of the center 
manifold, the normalizing transformation on it, and the normal form itself. Since we 
know from the previous sections which terms are present in the normal form, the 
described procedure is a powerful tool to compute their coefficients at the bifurcation 


parameter values. In the following sections, this method will be applied to all codim 
2 cases. 


8.7.2 Cusp Bifurcation 


At the cusp bifurcation, the system (8.120) has the equilibrium x = 0 with a simple 
zero eigenvalue 4; = 0 and no other critical eigenvalues. Let g, p € R” satisfy 


Aq=0, A’p=0, (p,q) =1. 
Any point y € T° can be represented as 
y=uq, we R', 
where w = (p, y). The homological equation (8.123) has the form 
Ayw = F(H(w)), 


where I 1 
F(H) = AH + >B(H, H) + CCH, H, A) + O(HII") 


(see (8.119)), 
1 1 
H(w) = wq+t show" + ghsw + O(w*) 


with unknown vectors fh; € IR”, and 
w = bw* + cw? + O(w*) (8.126) 


with unknown coefficients b and c. Substituting these expressions into the homolog- 
ical equation gives 


bw?q + (cq + bhy)w? = 
1 1 
sw tAhe + Bq, @)+ gu Als + 3B(q, hz) +C(q,q, D1 + Ow’). (8.127) 


The w?-terms in (8.127) give the equation for h2: 
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Ahz = —B(q, q) + 2bq, (8.128) 
where the matrix A is obviously singular. The solvability of this system implies 


(p, —B(q, q) + 2b0q) = —(p, B(q, gd) + 2b(p, q) = 0 


and allows one to find b, namely 


1 
b= 3 B(q, q)) 


in accordance with the formula (5.23) for the fold bifurcation in Chap. 5. With this 
value of b, the linear system (8.128) becomes 


Ah) = —B(q, q) + (p, BY. DM) 


and its unique solution hy = —A’"" [ B(q, q) — (p, B(q, q))q] satisfying (p, h2) = 0 
can be computed by solving the nonsingular (n + 1)-dimensional bordered system 


A q\(ho\_ (-Ba.a+ (vp, Bia. D)¢a 
py 0 ss} 0 ; 


Collecting the w>-terms in (8.127) yields 


1 1 1 
cq + bh2 = Fa + 5 BG. ho) + 6o aD, 


which is equivalent to another singular system: 


1 
Ah3 = cq + bhy — lO 4.9) + 3B, ho)]. 


Its solvability implies 


1 
c(p, q) + b(p, h2) — alg C(q,¢,q) + 3B(q, h2)) = 0. 


Since (p, hz) = 0, we obtain the following expression for the coefficient c: 


1 
c= 6 (Ps C(q,¢,@ + 3B(q, h2)). 


Now recall that b = 0 at the cusp bifurcation. Under this condition, the coefficient c 
in the normal form (8.126) can be expressed shortly as 


1 
c= E(p, CG 4.9) ~ 3B, A'NY Bq, q))). (8.129) 
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8.7.3 Bautin Bifurcation 


At the Bautin bifurcation, the system (8.120) has an equilibrium with a simple pair 
of purely imaginary eigenvalues A)» = +iwo, Wo > 0, and no other critical eigen- 
values. As in the Hopf case, introduce two complex eigenvectors 
Aq = iuog, Ap = —iwop, 
and normalize them according to 
(p,q) = I. 
Any vector y € T° C R” can be represented as 
y=ugrwg, 

where w = (p, y) € C!. The homological equation (8.123) now takes the form 

Hyti + Hpw = F(H(w,@)), (8.130) 


where F is given by (8.119), 


1 “__f 
H(w,%) =wqtDG+ DY) Tohjwwlt* + Ow), 
I<j+ks5 7" 


with lyr EC", hry = hiks and 
w = iwpw + qwlwl* + ow|w|* + O(\w|), (8.131) 
where cj). € C!. This is equation (8.20) at a = 0. 
Collecting the coefficients of the quadratic terms in (8.130) and solving the non- 


singular linear systems that appear, we get 


hap = (2iwoI, — A)'B(q, @), 
hi = —A-'B(q, q). 


The coefficient in front of the w>-term in (8.130) leads to the expression for h3o, 
h3o = (3iwoln — A) 'LC(q, 4, 9) + 3B(q, hao), 
while the w?w-terms give the singular system for h2: 


(iwoln — A)hai = CQ, 4, D + BG, hoo) + 2B, hit) — 2c14. (8.132) 
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The solvability of this system is equivalent to 
(D, C@, q; D on BG, hao) + 2B(q, hi) ~ 2c1q) = 0, 


so the cubic coefficient in the normal form (8.131) can be expressed as 


1 
cr = 5 (2, CG 4D + BG Qiwoln — A) 'B(q, @) — 2B(q, A_' B(q, D)) 


and i 
1,(0) = —Re Cl 
Wo 


coincides with the expression (5.34) for the first Lyapunov coefficient derived in 
Chap. 5. Then from (8.132) follows 


ho = (iwoln — A)” 1C(q, a, D + BG, hr) + 2B(q, hit) — 2crq]. 


Here the complex vector hz; satisfying (p, h21) = 0 can be found by solving the 
nonsingular (n + 1)-dimensional complex bordered system 


u Ss 0) 


(‘% —A 4 c) = Ce q, oD) a BG, hao) So 2B(q, hit) -- =) 
D 0 ; 


For the fourth-order coefficients, we get 


hag = (4iwoln — AY LDQ, 4, 4, ) + 6C(G, 4, h20) + 4B(q, h30) + 3B(h20, h20)], 
h31 = (2iwpln — A)~'[D(q. 4. 4, D + 3C(g. 4, 1) + 3C(G, 7G, hy0) 
+ 3B(h9, hi1) + BG, h30) + 3B(q, hai) — 6c h20], 
hoy = -A7"[D(q, 4,4, D + 4C(G.G hit) + C@, G h20) + Ca, 4, h20) 
+ 2B(hq1, hii) + 2B(q, hat) + 2B, hai) + B(h20, h20) 
—4hisv(cy + 4)1. 


Taking into account the equality (p, h2;) = 0, one can check that the solvability 
condition of a linear system for 32 provides the formula 


1 
1n(0) = —Re ce 
Wo 


for the second Lyapunov coefficient (see Lemma 8.4), where 
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1 
ae E +q, qd 
C2 Tha 4444@D 


+ D(q, q, 4, h20) + 3D(q, G, G h20) + OD(G, 9, G hii) 

+ C(@, 7, h3o) + 3C(q, q, har) + 6C(G, G hat) + 3C(G, hao, ho) 

+6C(q, hit, hit) + OC, hao, hi) 

+ 2B, h3i) + 3B(q, hoz) + B(hao, h3o) + 3B(ha1, hoo) + 6B(hi1, h21)), 


with all hj, defined earlier. Notice that h4o does not enter the expression for c2. Also 


recall that at the Bautin bifurcation /,(0) = 0 or c; + c; = 0, so the last term in h 
vanishes. 


8.7.4 Bogdanov-Takens Bifurcation 


At the Bogdanov-Takens bifurcation, the system (8.120) has two eigenvalues, Aj. = 
O, and there exist two real linearly independent (generalized) eigenvectors, go, € R”, 
such that 
Aqo = 0, Aq = Qo. 
Moreover, there exist similar vectors po € R” of the transposed matrix A’: 
Ap, =0, A’ po = pi. 
As in Sect. 8.4, we can select these vectors to satisfy 
(po, Go) = (P1, 41) = 1, (po, 41) = (P1, Go) = 9. 
Any vector y € T° can be uniquely represented as 
Y = Wod + W101, 
where wo = (po, y), W1 = (p1, y). The homological equation (8.123) has the form 
Ay to + Hw, = F(H (wo, w1)), (8.133) 
where i 
F(H) = AH + >B(H, A) + O(IAIP), 


1 1 
H(wo, w1) = wogo + wigi + 5 hao + hyywow, + 5 hooey + O(|\(wo, wi) IP) 


with unknown hj, € R", and wo, w, are defined by the critical normal form 
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= (8.134) 


tw = aug + bwow) + O((|lwll>), 
with unknown coefficients a and b. This system is equivalent to (8.50) with A(O) = a 
and B(O) = b. 


Substituting the above expressions into (8.133) and collecting the wa-terms gives 
the singular linear system for h29: 


Aho = 2aq1 — B(qo, 40). (8.135) 


The solvability condition for this system is 


(pi, 2aq1 — B(qo, Go)) = 2a(p1, G1) — (Pi, B(Qo, Go)) = 9, 
which gives 


1 
a = 5 (p1, BCQo, 40). (8.136) 


Taking the scalar product of both sides of (8.135) with po yields (pp, Ah29) = 
2a(po, 91) — (Po, B(qo, Go)), Which implies 


(pi, h20) = — (po, B(qo, 40). (8.137) 
The wowy-terms in (8.133) give the linear system 
Ahi = bq + h20 — B(qo, 41). (8.138) 
Its solvability means 


(pi, bq1 + hao — B(qo, M1)) = b(P1, 1) + (pi, h20) — (p1, B(qo, N)) = 0. 


Taking into account (8.137), we get 


b = (po, B(qo, Go)) + (p1, B(qo, 11))- (8.139) 


Thus, the coefficients a and b of the normal form (8.134) are computed. 

Notice that solutions to the singular linear systems (8.135) and (8.138) with a and 
b given by (8.136) and (8.139) are not unique. For example, a scalar multiple of qo 
can be added to hag. This freedom can be used to assure that the right-hand side of 
the linear system for hoz appearing from (8.133) 


Ahoz = 2hi1 — B(q, 41), (8.140) 


is orthogonal to p. Indeed, from (8.138), it follows that 
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(pi, hii) = (po, h20) — (po, B(qo, %1))- 
Using this identity, we get 
(p1,2h11 — Bu, 1)) = 2(P0, h20) — 2(po, B(do, 91)) — (pi, Blau, G1))- 


The substitution h29 +> h2o + yqgo with a properly selected - makes the right-hand 
side of this equation equal to zero. This implies that (8.140) is solvable for ho. 


8.7.5 Fold-Hopf Bifurcation 


At the fold-Hopf bifurcation, the system (8.120) has an equilibrium with a simple 
zero eigenvalue and a pair of purely imaginary simple eigenvalues of the Jacobian 
matrix A = f,(0, 0), 


Ay = 0, A2,3 = tiwo, 
with wo > O, and no other critical eigenvalues. Introduce two eigenvectors, gg € R” 
and q; € C”, 
Aq =0, Aqi = twog, 
and two adjoint eigenvectors, po € IR” and p; € C”, 
A’ py =0, Alp, = —iwop. 
Normalize them, such that 
(Po, 9o) = (Pi, 11) = I. 
The following orthogonality properties hold: 
(P1, 90) = (po, 41) = 0. 
Now any vector y € T° € R” can be represented as 
Y = Woda + Wig + WG, 


where wy = (po, y) € R! and w; = (py, y) € C!. The homological equation (8.123) 
can be written as 


Hy, tio + Hy,tb1 + Hp,1 = FH (wo, wi, 71)); (8.141) 


where 
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1 1 
F(H) = AH + >B(H, H) + <C(H, H, H) + O(|HI*), 


A (wo, W1,W1) = wogo + wig + Wig, 
1 oa 
+ Dd Fan wowtD} + OCIM(wo, wil), 
seyrpeica 0" 


hye € C", Aye = hikis and (wo, w 1) are defined by the normal form (8.64) at a = 0, 


; 3 

wy = Groowe + Goulwil? + Gso0w§ + Gir wolwil? 
+ O(||(wo, wil 

Ww, = iwpw) + Aiowows + Ariowswi + Aorrwilwi|? 


+ O(\|(wo, wi)II*), 


(8.142) 


where we use (wo, Ww ) instead of (v, w) and all coefficients are taken at their critical 
values. 

Collecting the wwf -terms in (8.141) with j + k +1 = 2, one gets from the 
solvability conditions the expressions for the quadratic coefficients in (8.142): 


1 
G20 = 5 (Po. B(qo, 9)), Aiio = (p1, B(qo. 1)), Gow = (po, Bla, %)), 


and the following formulas for the coefficients hj. with j + k +1 = 2: 


h2o9 = — A’ [B(qo, go) — (po, B(qo. G0)) 40], (8.143) 
ho29 = (2iwoIn — A)~'B(qi, a1), (8.144) 
Aijo = (iwoln — A)’*” [B(qo, n1) — (pi, Bo. 1)) ai]. (8.145) 
hou = —A'Y (BC, G) — (po, BC. %1)) a0). (8.146) 


Here the vectors 99 and ho;, can be computed by solving the nonsingular (n + 1)- 
dimensional real bordered systems 


A qo \ ( h20\ _ { —B(q0, Go) + (Po, B(o, Go)) G0 
py 0 a 0 


A q)\fhou\ — (—Bla,%) + wo, Bla, %)) 40 
py oO s ) 0 ; 


while the vector 1,9 can be found by solving the nonsingular (n + 1)-dimensional 
complex bordered system 
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twoln—-A a\(hiio\ _ ( Blo, n) — (pi, B(go, 1))M 
Bt 0 s } 0 , 


Finally, the solvability conditions applied to the systems coming out from the resonant 
wow} w-terms in (8.141) with 7 +k +1 = 3 yield 


1 
G300 = G (Po» C(qo, Go, Go) + 3B(qQo, h200)), 
Gin = (po, C(qo. G1 MT) + BCG, histo) + BG], hiio) + Bo, hort); 


1 
Ho19 = 5 Pi» C(qo, Go, 1) + 2B(qo, hiio) + B(qi, h200)), 


1 
Ho21 = 3 (Pls Cia. 1. %) +2B(q1, hoi) + BCG, ho20)), 


where hj, are defined by (8.143)-(8.146). Thus, all the coefficients in (8.142) are 
computed. 


Example 8.4 (Lorenz-84 model) 
Consider the simplified model of atmospheric circulation (Lorenz 1984): 


£=-y —2*-azr+aF, 
y = xy — baz —y+G, (8.147) 
z= bay+uz-2, 


where (F,, G) are parameters and a = ie b = 4. One can show (see Exercise 12) that 
at 


3907 1297 
Fy = —— = 1.684051724..., Go = ——- V145 = 1.682968552..., 
°~ 3320 ° 9280 


the system (8.147) has the equilibrium 


9 1 9 
en, er eee 
(70, Yor 20) G 1160 ~ '4>> 390 5) 


exhibiting a fold-Hopf bifurcation. Indeed, the Jacobian matrix of (8.147) evaluated 
at the critical equilibrium, 


1 VT _ 9/145 
4 “580 145 
= V5 1 9 
AS |= 8 8 ~2 2 
4/145 9 1 
145 2 


has the eigenvalues 
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1 
Ay = 0, A23 = tiwo, wo = T160 © 27561455 = 4.525776271... > 0. 


The vectors in C3 


1007 5252 
go = (1 —-——— _ Vv 145, -———_ v is5) ; 


188065 188065 
/145, 1, /275614 
= (is 36 5220 ¥-° 55) 


188065 2594 
= V145,0), 
a ( 190079’ 190079 . 


1007 i 
- J145 V145/27561455, 
” (sears 380158 
DO 6" elas. & 27561455 
380158 | 380158 190079 


satisfy 
Aq = A’ pp = 0, Aq =iwog, A’ pi = —iwopr, 


with the normalization conditions 


(Po, Go) = (pi, M1) = 1. 


There are no cubic terms in (8.147), while the components of the bilinear function 
B(p, q) are given at b = 4 by the formulas 


B,(p,q) = p' H’q, i=1,2,3, 


with the Hessian matrices 
0 0 0 04 1 
H'=|0-2 0], A7=[{ 10 0}, W=[400 
0 0-2 100 


Following the procedure described above, one gets the values for the normal form 
coefficients: 


62051 
190079 ” 


252130 «141 i 
ee 14519007 
110 = 799079 T {90079 ¥ 149¥ 190079 . 


6915604 
1710711 ” 


200 = — 


oll = 
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G.,, — 12801407360 
300 = 36130026241 ” 
9729482240 
Gin = =; 
325170236169 


18320144480 479799208640 i 
Pig 145190079 , 
210 = ~ 36730026241 | 6867559257863039 


2213399552 25579201429264 i 
Hoa = J/145/190079 . 
ba 325170236169 * 26886404494533797085 ¥ LY 190079 


This gives the following numerical values for the coefficients of the Gavrilov normal 
form (8.72) in Sect. 8.5: 


B(0) = — ry = -0.32644848..., C(O) =~ = -4.04253202..., 
33652980958948512 
F() = 59391681953530129 ~ 10032885... > 0, 
while, by Theorem 8.6 
ey en Os sas. 0 


2G 200 62051 


Thus, the case s = sign (b(0)c(0)) = 1, 8 < 0 occurs without time reversing (see 
Sect. 8.5). One can also check transversality with respect to the parameters (F’, G). 
Therefore, a nontrivial invariant set bifurcates from the critical equilibrium under 
small parameter variations. ( 


8.7.6 Hopf-Hopf Bifurcation 


At the Hopf-Hopf bifurcation, the system (8.120) has an equilibrium with two pairs 
of purely imaginary simple eigenvalues of the Jacobian matrix A = f,,(0, 0), 


AL4 = +iwy, d23 = +iw>, 


with w; > w2 > 0, and no other critical eigenvalues. Assume that the conditions 
(HH.0) from Lemma 8.13 hold 


kw, Alu, k,l >O,kK+1 <5. (8.148) 


Since the eigenvalues are simple, there are two complex eigenvectors, q1,2 € C”, 
corresponding to these eigenvalues 
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Aq = twig, Aq = twr@. 
Introduce the adjoint eigenvectors p; . € C” by 
ATp, = —iwipi, Apr = —iwrpr, 


where JT denotes transposition. These eigenvectors can be normalized using the 
standard scalar product in C” 


(P1, 41) = (p2, 2) = 1, 
and satisfy the orthogonality conditions 
(p2, U1) = (P1, 2) = 9. 
Any vector y € T° C R” can be represented as 
Y=WiTt WT +wp+ tH, wi eC, 


where w; = (p1, y), Wo = (po, y). Therefore, the homological equation (8.123) can 
be written as 


Ay, th, + Hy,W + Hy, tin + Hay W2 = F(A (w1, 0, wr, W2)), (8.149) 
where F is defined by (8.119), 


A (wy, W1, W2, W2) = wigi + Wiqi + W2q2 + W2G2 


1 : 
: j—k, l—m 
a > jlkllim! AjkimW1 WWW; > 
j+k+l+m>2 


where hjkim € C", Rejmi = Pjkums and (wy, W2) are specified by the normal form 
(8.90) at a = 0, 
wy = ww + Grow: |wil? + Gronwilwel? 
+ Gs209wilwi|* + Gari wi|wi|7|w2|? + Gio2w1|wel* 
+ O(||(w1, w2)II% 
eee : ; (8.150) 
W2 = iw2w2 + Ayyjow2|wil” + Aor we|we| 


+ Adoi9w2|wi|* + Ayy21w2|w1/?| wal? + Hoos2w2lwo* 


+ O(||(wi, w2)ll9), 


where all coefficients are taken at their critical values. 
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Collecting the coefficients of the w/7*w)t}"-terms with j + k+1+m=2 in 


(8.149) gives the following expressions for hjxim: 


hitoo = —A7' Bq, %), (8.151) 
hago = (2iw I, — A)! B(qu, a1), (8.152) 
hioio = [é(wi + w2)In — AJ'B(qi, @), (8.153) 
hioor = [i(w1 — w2)In — ABU, D), (8.154) 
hoo20 = (2iw2 In — A)' Ble, @), (8.155) 
hoor = —A7' B(q@, G). (8.156) 


All matrices involved in (8.151)—(8.156) are invertible in the ordinary sense due to 
the assumptions (8.148) on the critical eigenvalues. 

Collecting the coefficients in front of the nonresonant w;%}w}w}'-terms with 
jt+k+1+m = 3 in (8.149), one obtains the following expressions for hjxim: 


h3o00 = (Biwi In — A) '[C (qi, 11, 1) + 3B(h2000, 11), 
hyo10 = [i(2u + w2)In — A'IC(qi. 1. @) + B(ha000, 2) + 2B(Aio10, 1]; 
hyoo1 = [i(2w1 — w2)In — AI'[C (1, G1, Ga) + B(h2000; G) + 2B(hioo1, 11), 
Ayoro = [i(wy + 2W2)In — AJ'[C (qi, @, G2) + B(hov20, 91) + 2B(Aio10, )] 
hyoor = [iw — 2w2)In — AY ICQ, Gh, G) + BChoor, 1) + 2B(hi001, %)], 


hoo30 = (3iw2I, — A)'[C (aq, G2, 2) + 3B(hoo20, %)I.- 


’ 


All matrices in these expressions are invertible. Collecting the coefficients of the 
resonant cubic terms in (8.149), one obtains the resonant cubic coefficients in the 
normal form (8.150): 


1 
Gr100 = 3 {Pi Cla, H, MN) + Blh2o00. M1) + 2B(Ai100, 1); 


Gio = (pi, CG. % G2) + B(Aioio, G2) + B(hio01, G2) + BChooi, a1); 
Aiiio = (p2, C(a, %, @) + Blhisoo, g2) + BChiowo, G1) + BChioor, a1)); 


1 
oor = 5 (P2, C (G2, 925%) + B(hoo20, G2) + 2B(hoo1, @))- 
Similarly, collecting the fourth- and fifth-order terms, one can compute all remain- 
ing coefficients in (8.150). The resulting formulas are lengthy and can be found 
elsewhere (see references in Appendix B). 
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8.8 Exercises 


(1) (Cusp points in Bazykin system) Compute the (a, 6)-coordinates of the cusp bifurcation points 
C2 in the system 


X22 2 
T= 2X1 — _ 1? 
l+ax, 
‘ sao 1122 “e 
2 = 27 boas 
l+ax, e 


for y = 1. (Hint: The cusp points are triple roots of the polynomial 


P(x1) =6(04 ax1)°(1 6x1) -(1—a)a, +1, 


with x as the first coordinate of nontrivial equilibrium points.) 


(2) (Lemma 8.2) Prove that a smooth system 
&=a,+ar—2> + F(z, a), (E.1) 


where « € R', ae R’, and F(a, a) = O(c), is locally topologically equivalent near (x, a) = 
(0, 0) to the system 
&£=a, tax — x. (E.2) 


(Hints: 

(a) Derive a system of two equations for a curve I in the (2, a)-space corresponding to the 
fold bifurcation in (E.1). Show that this curve is well defined near the origin and can be locally 
parametrized by x. (Hint to hint: See Example 8.1.) 

(b) Compute the leading terms of the Taylor expansions of the functions aj = A1(x), a2 = 
A2(x), representing the curve I near x = 0. Show that the projection T of I onto the (a1, Q2)- 
plane has two branches near the origin, T\,2, located in opposite (with respect to the axis a1 = 0) 
half-planes of the parameter plane and terminating at the point a = 0, being tangent to this axis. 

(c) Explain why there are no other bifurcation curves near the origin in (E.1). Construct a local 
homeomorphism of the parameter plane that maps the curves T\.2 into the corresponding curves 
T\,2 of the truncated system (E.2) (see Sect. 8.2.2). Show that the resulting map is differentiable, 
and compute several of its Taylor coefficients at a = 0. 

(d) Show that in a region containing the upper half-axis {a : a; = 0, a2 > O} system (E.1) 
has three equilibria near the origin, while in the parameter region containing the lower half-axis {a : 
a, = 0, a2 < 0} there is only one equilibrium. Compare the number and stability of the equilibria 
of (E.1) and (E.2) in the corresponding regions, along the fold branches, and at the origin of the 
parameter plane. 

(e) Construct a parameter-dependent local homeomorphism mapping equilibria of (E.1) into 
those of (E.2) for all sufficiently small ||a||. Show that this map provides local topological equiva- 
lence of the studied systems.) 


(3) (Bautin bifurcation in a predator-prey system) The following system is a generalization of 
Volterra equations by Bazykin & Khibnik (1981): 
, x2(1— 2) 
¢= ——-2 
n+2 


y = -yy(m— 2), 
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(see also Bazykin (1985)). Here n, m, and ¥ are positive parameters. 

(a) Derive the equation for the Hopf bifurcation curve in the system and show that it is 
independent of +. 

(b) Using the algorithm from Chap. 3 (Sect. 3.5), compute the expression for the first Lyapunov 
coefficient along the Hopf curve and show that it vanishes at a Bautin point when 


= a 
(m,n) = (j. 3) : 


(c) Compute the second Lyapunov coefficient using (8.24) and prove that the Bautin bifurcation 
is nondegenerate for all y > 0. 

(d) Sketch the bifurcation diagram (the parametric portrait on the (m, n)-plane and all possible 
phase portraits) of the system. (Hint: See Bazykin (1985, p. 42).) 


(4) (Bautin bifurcation in a laser model) Show that the following model of a laser with controllable 
resonator (Bautin & Leontovich 1976, pp. 320-329): 


in = Gm(n e '). 
pm+ 1 


n=a-—(mt+1)n, 


where m > 0, p > 0, G > 1, anda, G > 0, has a Bautin bifurcation point on the Hopf curve on 
the (a, 3)-plane if 
p<l 


and 
p—-1+Gp>0. 


(Hint: Parametrize the Hopf bifurcation curve by the m-coordinate of the nontrivial equilibrium. 
See Roshchin (1973).) 


(5) (Regularity of Hopf bifurcation curve) Show that the Jacobian matrix of (8.5) has maximal 
rank (equal to 3) at («°, a°) if the equilibrium :° exhibits a generic Hopf bifurcation in the sense 
of Chap. 3 at 0°. 


(6) (Bialternate product for n = 3) Given a3 x 3 matrix A, construct another 3 x 3 matrix B = 
2A © I, whose determinant equals the product of all formally distinct sums of the eigenvalues of 
A: 


det B = (Ay + A2)(A2 + A3) 1 + A3)- 


(Hint: The elements of B are certain linear combinations of those of A (see Appendix B to Chap. 
10 for the answer).) 


(7) (Bogdanoy-Takens points) 
(a) By calculation of the normal form coefficients, prove that the averaged forced Van der Pol 
oscillator (Holmes & Rand 1978) 


&y = -—ai%2 + 41(1 at 13), 
e 2 
do = aya) + 22(1 — 27 — 23) — a9, 


exhibits a nondegenerate Bogdanov-Takens bifurcation at (a1, a2) = (3, 5). (Hint: The critical 


equilibrium with a double zero eigenvalue has coordinates (7, 72) = (3, 5)-) 
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(b) Show that a prototype reference adaptive control system with the so-called o-modification 
adaptation law (see Salam & Bai (1988)) 


Ly 1 — 21% 4+ 1, 

i = ayx. + a2rt, 
has a nondegenerate Bogdanov-Takens bifurcation at a = (- 3, &). Sketch the phase portraits of 
the system near the BT-point. 


(8) (Bogdanov-Takens bifurcations in predator-prey systems) 
(a) Show that the following predator-prey model by Bazykin (1974) (cf. Example 8.3), 


r1X2 
v= 2) — ’ 
l+ax, 
; r1©2 
ty = —ya24 das, 
l+ax, 


has Hopf and fold bifurcation curves in the (a, 6)-plane that touch at a Bogdanov-Takens point. 
Prove, at least for y = 1, that this codim 2 bifurcation is nondegenerate. 
(b) Show that a predator-prey system analyzed by Bazykin et al. (1981), 


. r122 

ty = 21 
(+ ai21)(1 + a2x2) 

‘i L122 

t= —7x2 4 


(1+ a, 21)(1+ a22%2)’ 


exhibits different types of nondegenerate Bogdanov-Takens bifurcations at a point on the a-plane, 
depending on whether y > | or y < 1. (Hint: Introduce new variables 
vk 


Yk k=1,2, 


~ Lt aprr’ 
or multiply the equations by (1+ a121)(1+ 222) to get an orbitally equivalent polynomial 
system.) 

Could you also analyze the case y = 1? (Hint: For y = 1, the system is invariant under the 
transformation (71,22) > (#2, 21), th —t, along its Hopf curve a = (3. Therefore, the Hopf 
bifurcation is degenerate and the system has a family of closed orbits around a center.) 


(9) (Normal form for a codim 3 bifurcation) The system 


v| = X12, 
t = ay +anx71 +0322 4 bx? + dx ,x2 4 ex x), 


where the coefficients satisfy b 40, d 40, and d? + 8b £0, is a normal form for a degener- 
ate Bogdanov-Takens bifurcation when condition (BT.2) is violated (see Bazykin, Kuznetsov & 
Khibnik 1985; 1989, Dumortier et al. (1991)). Consider the “focus case” 


a 
ee Dye 20, Bees 
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(a) Obtain the phase portrait of the normal form at a = 0. How many equilibria can the system 
have for a ¢ 0, and what are their possible types? 

(b) Derive the equations for the fold and Hopf bifurcation surfaces in the parameter space 
(a1, &2, @3) and sketch them ina graph. Verify that the fold bifurcation surface has a cusp singularity 
line. Indicate the number and stability of equilibria in the different parameter regions. 

(c) Compute the curve corresponding to the Bogdanov-Takens bifurcation in the system. 
Check that the fold and the Hopf surfaces are tangent along the Bogdanov-Takens curve. Guess 
how the homoclinic bifurcation surface bounded by the BT-curve is shaped. 

(d) Find a line on the Hopf surface along which the first Lyapunov coefficient vanishes. 
Compute the second Lyapunov coefficient at this line and check that it is nonzero near the codim 3 
point at the origin. Guess the location of the cycle fold bifurcation surface. 

(e) Draw the intersections of the obtained surfaces with a small sphere centered at the origin 
in a-space by projecting the two hemispheres onto the plane (a1, a3). Show that there must be a 
“big” homoclinic loop bifurcation in the parameter portrait. 

(f) Explain why the resulting parameter portrait is very similar to that of Bazykin’s predator- 
prey system from Example 8.3, and find this codim 3 bifurcation (Aj = Az = b29 = 0) in the 
parameter space of that system. 


(10) (Bogdanov-Takens bifurcation revisited) 
(a) Takens-Bogdanov equivalence. Check that the change of coordinates 


b 2a 
8a? 5) 
Y= pe («2 ax, 4 azi), 


transforms a Takens normal form for the double-zero bifurcation 


by = a + 022) + 027, 
t=a,t+ bat, 


where ab # 0, into a system that is orbitally equivalent (after a possible reverse of time) to one of 
the Bogdanov forms 


7 = yp, 
in = A + oy + yp + yryo + Oillyll?), 


for 


(Dumortier 1978). 

(b) Lyapunov coefficient near BT-point. Compute the Lyapunov coefficient /; along the Hopf 
line H in the Bogdanov normal form (8.52), and show that it is negative near the origin. 

(c) Saddle quantity near BT-point. Compute the saddle quantity a9 = A; + Az of the saddle 
point in (8.52), and show that it is negative along the homoclinic bifurcation curve P. 
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(11) (Fold-Hopf bifurcation in Réssler’s prototype chaotic system) Consider the system due to 
Rossler (1979): 


t=-y-2z, 
y=u+ay, 
z= ba —cz4+ 22, 


with parameters (a, b,c) € R3. 
(a) Show that the system possesses at most two equilibria, O and P, and find their coordinates. 


(b) Check that the equilibria O and P “collide” at the surface 


T = {(a, b,c): c= ab} 


and that the coinciding equilibria have eigenvalues 4; = 0, \2,3 = +iwo withwo = V2 — a? > 0, 
if (a, b,c) € T and 
b=1, a <2. 


(c) Compute the Poincaré (8.64) and Gavrilov (8.72) normal forms of the system along the 
locus of fold-Hopf points, and find the corresponding s and @ using formulas from Sect. 8.5.1. Verify 
that s = 1, 6 < 0, and decide which of the possible “canonical” bifurcation diagrams appears in the 
Rossler system. (Warning: Since the system always has an equilibrium at the origin, the fold-Hopf 
bifurcation is degenerate with respect to the parameters in the system. Therefore, its bifurcation 
curves are only “induced” by those of the normal form.) 

(d) Check that —2 < 0 < 0, so that if a saddle-focus homoclinic orbit exists, it satisfies the 
Shil’nikov condition, and therefore, “strange” dynamics exists near the codim 2 bifurcation. (Hint: 
See Gaspard (1993) for detailed treatment.) 


(12) (Lorenz-84 model) Consider the following system appearing in atmospheric studies (Lorenz 
(1984), Shil’nikov et al. (1995)): 


Q- 
| 


= -y* — 2 —ar+aF, 
= cy — baz —y+G, 
bay + xz — 2, 


ae: 
Ill 


where (a, b, F, G) are parameters. Show that the system undergoes a fold-Hopf bifurcation at 


3a” + 3a7b? + 12ab? + 1207 + 4a 
4(a + ab + 207) : 
Jala? + a?b? + 4ab* + 407) 
~ 4J/a+ ab? + 20? 


(Hint: Use the fact that at the fold-Hopf point of a three-dimensional system both the trace and the 
determinant of the Jacobian matrix vanish.) 


Fe= 


G* 


(13) (Fold-Hopf bifurcation revisited) 

(a) Compute the first Lyapunov coefficient along the Hopf bifurcation curve in the truncated 
amplitude system (8.83) for s@ < 0, and verify the expression given in Sect. 8.5.2. 

(b) Consider the case s = 1, 6 < 0, when a heteroclinic cycle is possible. Let Ay < 0 < A2 
and ju; < 0 < pz be the eigenvalues of the saddles E; and E2 at the €-axis, respectively. Prove that, 
if it exists, the heteroclinic cycle is unstable from the inside whenever 
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A2 [2 
Mf 


and verify this inequality for the truncated system (8.83). 

(c) Obtain the critical phase portraits of system (8.83) at 3; = 3) = 0. (Hint: See Wiggins 
1990, pp. 331-337). 

(d) Explain why the truncated system (8.83) cannot have periodic orbits if s@ > 0 and prove 
that, in this case, it is locally topologically equivalent near the origin to the quadratic system 


ae a 
p = p(G2 + €). 


(14) (Codim 2 normal forms as perturbations of Hamiltonian systems; read Appendix A first) 
(a) Prove that O(%) = i where 


_ bth) 


a= Fe 


is defined in Appendix A, which deals with the Bogdanov-Takens bifurcation. (Hint: There are two 
equivalent approaches to the problem: 

(i) Check that the homoclinic orbit to the saddle in (A.6), which is given by H(¢) = i, intersects 
the ¢j-axis at ¢) = — 5. Express C2 along the upper part of the orbit as a function of ¢), and evaluate 
the resulting integrals over the range —5 <q <1. 

(ii) The solution of (A.6) starting at the horizontal axis and corresponding to the homoclinic 
orbit can be written explicitly as 


6 = 
ci) =1 Z Tm: (t) =6 | 


Therefore, the integrals /; (z) and Iz (4) reduce to certain standard integrals over —co < t < +00.) 


(b) Consider the amplitude system (8.83) for the fold-Hopf bifurcation 


agen 
p = plo + 0€ + €), 


with sO < 0 (“difficult case”). 
(i) Show the following singular rescaling and nonlinear time reparametrization: 


yt 
€=dx, p= dy, dt zon 


where q is some real number, bring the system into the form 


& = y"(—s +27 + sy), 
y = yl (Oxy + d(ay + #7y)), 


where a and 6 should be considered as new parameters related to the original ones by the formulas 


By =—s80", By = a6. 
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(ii) Prove that for 
2 
1l=—-- 
q+ "7 


the rescaled system with 6 = 0 


& = yl(—s + 2? + sy’), 
y = ybry, 


is Hamiltonian with the Hamilton function 


é sy” 
H(a,y) = 5y"! (: a? 4 a :) if0 £1, 
or 
s—2? 
A(2z,y)= aye t+sIny ifO=1. 
(Since s@ < 0, 0 =1 implies s = —1.) Draw the level curves of the Hamilton function H for 


different combinations of s and 0 with s0 < 0. 
(iii) Take s = 1 and 6 < 0. Following the ideas presented in Appendix A, show that, in this 
case, the heteroclinic connection in the perturbed («, y)-system happens if 


1 
y= —-K(0), 
Qa 3 (0) 


where the function K (h) is defined for h € Eo o| by the ratio 


= I3(h) 


K(h) hh’ 


where 
I,(h) =) yic® dy, k =1,3. 
A(x,y)=h 


Compute K (0) as a function of #. Derive from this information the approximation of the heteroclinic 
curve P in the original amplitude system on the (@;, 2)-plane. 

(iv) Prove monotonicity of K(h) with respect to h, thus establishing the uniqueness of the 
limit cycle in the truncated normal form. (Hint: See Chow, Li & Wang 1989a, 1989b.) 

(c) Consider the truncated amplitude system (8.116) for the “difficult” case of the Hopf-Hopf 
bifurcation 


eae £1 — 0&) + @&), 
& = &y(u2 + 6) — £2 + AE), 


with (9, 6) belonging to one of the cases I, I, or VI (when the Hopf bifurcation is possible; see 
Sect. 8.6.2). 
(i) Show that by introduction of new parameters a > 0 and (3, which parametrize the neigh- 


borhood of the Hopf curve 
d-1 
nes eee ie 


ataf, 
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and by a singular rescaling 


1 
fi =ar, & =ay, t=—T, 
a 
we transform the normal form into the system 
&=a(-l+a-6y+a0y’), 


5-1 
i= 0(F= + B+ 6x ytoas), 


(ii) Check that the system corresponding to a = 6 = 0 
z= au(-1+2- 6y), 
ae 6-1 “is 
yay d-1 c—YY), 


is orbitally equivalent for x, y > 0 to a Hamiltonian system with the Hamilton function 


1 g-1 
H= gPyd l+a4 2 
ne ( i i=") 


<a 1-0 
Ged! oak 


where 


(Hint: The time reparametrization factor is y(a, y) = aP—lyi-l ) 
(iii) Sketch phase portraits of the Hamiltonian system 


__ OH 
oe Oy" 
__ OH 
YS Toe 


for cases I, II, and VI. Verify that, in case VI (p, g > 0), closed level curves H = const fill a triangle 
bounded by a heteroclinic cycle H = 0. 

(iv) Consider case VI. Following the method of Appendix A, show that the rescaled system 
with a, 3 ~ 0 and the reparametrized time has a heteroclinic cycle if 


B=—-RO)a+ O(a’), 
where 


_ Th) 
~ Ip(h)’ 


R(h) 


and 


I(h) = (pox? Tyatl 4 gagPtlyd ') dx dy, 
H<h 


Io(h) = i qu?! yt! da dy. 
H<h 
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(Hint: Use Stokes’s formula and take into account that the divergence of a Hamiltonian vector field 
is equal to zero.) 

(v) Compute R(0) in terms of 6, 5, ©, and A, and derive the quadratic approximation of the 
heteroclinic curve Y. Verify the representation for Y given in Sect. 8.6.2. 

(vi) Show that the Hopf bifurcation curve H and the heteroclinic curve Y in the truncated 
amplitude system (8.116) have at least quadratic tangency at jj) = pu2 = 0. 


(15) (Poincaré normal form for Hopf-Hopf bifurcation) 
(a) Derive formulas (8.91)-(8.94) for the critical resonant coefficients of the Hopf-Hopf 
bifurcation using one of the available computer algebra systems. 
(Hint: The following sequence of MAPLE commands solves the problem: 


> readlib(mtaylor) ; 
> readlib(coeftayl) ; 


These commands load the procedures mtaylor and coeftay1, which compute the truncated 
multivariate Taylor series expansion and its individual coefficients, respectively, from the MAPLE 


library. 


P:=mtaylor (sum(sum(sum(sum ( 
g[j,k,1,m])*z*3*z1*k*u*1l*ul*m, 
j=0..3),k=0..3),1=0..3),m=0..3), 
[z,21,u,u1],4); 
Q:=mtaylor (sum(sum(sum (sum ( 
h[j,k,1,m] *z*j*z1*k*u*1l*ul‘*m, 
j=0..%53),k=0.-.3),, 1=0. .3),m=0...3), 
[2,21 1,4) % 
P1:=mtaylor (sum(sum(sum (sum ( 
g1l[j,k,1,m]*z1°j*z*k*ul*1l*u*nm, 
= 04.43), K=05.3) 7 1=0+-.3) ,M=0s.<3)s, 
[z,z1,u,ul],4); 
Q1:=mtaylor (sum(sum(sum (sum ( 
hi[j,k,1,m]*z1*j3*z*k*ul*1*u‘*m, 
3=0:..43) ,k=0%.3):) L043) ,mM=0s.<3):, 
[z,z1,u,ul],4); 
for jj from 0 to 1 do 
for kk from 0 to 1 do 
for ll from 0 to 1 do 
for mm from 0 to 1 do 
if jj+kk+1ll+mm < 2 then 
g(jj,kk,11,mm]:=0; h[jj,kk,11,mm] :=0; 
gl[j3,kk,11,mm]:=0; hl[jj,kk,11,mm] :=0; 
fi; 


od; 
od; 


VVV VV VV VOY VO VV VO VO VOVOVO VO VO VO VV VV VOY 


od; 
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> od; 
> g[1,0,0,0]:=I*omega; g1[1,0,0,0]:=-I*omega; 
> h[0,0,1,0]:=I1*Omega; h1[0,0,1,0]:=-I*Omega; 


By this, we have specified the right-hand sides of (8.89) and their conjugate expressions at 
the critical parameter value; z, z1,u,u1 stand for z, 21, 22, 22, respectively, while omega and 
Omega correspond to w; and w2, respectively. 


> R:=I*omega*v+G[2,1,0,0]*v°2*v1l + G[1,0,1,1] *v*w*wl1; 
> S:=1*Omega*wtH[1,1,1,0]*v*vl*w + H[0,0,2,1] *w*2*w1; 


These are the specifications of the right-hand sides of the normalized system (8.90) (up to and 
including order 3), where v, v1, w,w1 represent w1, W1, w2, W2, respectively. 


VV:=mtaylor (sum(sum(sum (sum ( 
Vij,k,1,m]*z*j*z1*k*u*1l*ul‘*m, 
j=0..3),k=0..3),1=0..3),m=0..3), 
[2,21,u,ul],4); 
WW:=mtaylor (sum(sum(sum (sum ( 
W[j,k,1,m]*z°j*z1*k*u*1*ul‘*m, 
j=0..3),k=0..3),1=0..3),m=0..3), 
[2,21,u,;0l],4)% 
VV1:=mtaylor (sum (sum(sum (sum ( 
V1l[3,k,1,m]*z173*z*k*ul*1*u*m, 
j=0..3),k=0..3),1=0..3),m=0..3), 
[2,21,u,;u0l1] ,4)? 
WW1:=mtaylor (sum(sum(sum (sum ( 
W1[3,k,1,m]*z17j*z*k*ul*1l*u*m, 
j=0..3),k=0..3),1=0..3),m=0..3), 
[2,21 ,0,0L] ,4) > 
for j from 0 to 1 do 
for k from 0 to 1 do 
for 1 from 0 to 1 do 
for m from 0 to 1 do 
if j+k+l+m < 2 then 
Vig,k,1,m):=0; V1[j,k,1,m]:=0; 
Wlj,k,1,m]:=0; W1[j,k,1,m]:=0; 
£5: F 
od; 
od; 
od; 
od; 
V[1,0,0,0]:=1; V[2,1,0,0]:=0; V[1,0,1,1]:=0; 
wWl0,0,1,0]:=1; W[1,1,1,0]:=0; W[0,0,2,1]:=0; 
V1[1,0,0,0]:=1; V1[2,1,0,0]:=0; V1[1,0,1,1]:=0; 


VVVV VV VV VO VO VOVOVO VO VV VOVOV VO VV VO VOY VV VV VOY 
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> W1[0,0,1,0]:=1; W1[1,1,1,0]:=0; W1[0,0,2,1]:=0; 


By these commands, the transformation (and its conjugate) that bring the system into the normal 
form is defined. Its coefficients have to be found. 


> Viz:=diff£(VV,z); V_zl:=diff(VV,z1); 
> Viu:=diff(VV,u); V_ul:=diff(VV,ul) ; 
> W_z:=diff(WW,z); W_z1:=diff (WW, z1); 
> W_u:=diff(WW,u); W_ul:=diff(WW,ul) ; 


:=R- (V_z*P+V_z1*P14+V_u*Q+V_u1*Q1) ; 
:=S- (W_z*P+W_z1*P1+W_u*Q+W_u1*Q1) ; 


Conditions D_1 = 0 and D_2 = 0 are equivalent to the requirement that the specified transfor- 
mation does the normalization. Now we should express D_1 and D_2 in terms of z, z1,u, and 
ul. This is achieved by 


> vi=VV; vl:=VV1; 
> w:=WW; wl:=WwW1; 


Now we can expand D_1 and D_2 as Taylor series with respect to z,z1,u,ul: 


> DB Lesmtaylor(D: 1, le -2l;0,ull, 4) 3 
» DD 22=mtaylor (D2, [e,2l,4,;ul 1493 


Everything is prepared to find the quadratic coefficients of the transformation. This can be done 
by equating the corresponding Taylor coefficients in DD_1 and DD_2 to zero, and solving the 
resulting equation for V[j,k,1,m] andW[j,k,1,m] with j+k+1+m=2: 


for j from 0 to 2 do 
for k from 0 to 2 do 
for 1 from 0 to 2 do 
for m from 0 to 2 do 
if j+k+1l+m=2 then 
V[j,k,1,m] :=solve ( 
coeftayl (DD_1, [z,z1,u,u1]=[0,0,0,0],[j,k,1,m])=0, 
V(j,k,1,m]); 
W[j,k,1,m] :=solve ( 
coeftayl (DD_2, [z,z1,u,u1]=[0,0,0,0], [j,k,1,m])=0, 
W[3j,k,1,m]); 
fi; 
od; 


> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> od; 
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> od; 
> od; 


Finally, we are able to find the coefficients of the resonant terms: 


2,1,0,0]:=solve( 
oeftayl (DD_1, [z,z1,u,ul 
1,0,1,1] :=solve ( 
oeftayl (DD_1, [z,z1,u,ul 


0,0,0,0],[2,1,0,0])=0,G[2,1,0,0]); 


ee 0,0, 0;01,[2,0,1,1])=0;,G11,0,1,11)) 3 
0,0,2,1]:=solve( 
oeftayl (DD_2, [z,z1,u,u1]=[0,0,0,0],[0,0,2,1])=0,H[0,0,2,1]); 
1,1,1,0]:=solve ( 


coeftayl (DD_2, [z,z1,u,ul 


VVvVVV VV VV 
mZTaenwanaa 


0,0,0,0],[1,1,1,0])=0,H[1,1,1,0]); 


The problem is solved.) 


(b) Extend the described program to obtain the coefficients of the fifth-order resonant terms. 


8.9 Appendix A: Limit Cycles and Homoclinic Orbits of 
Bogdanov Normal Form 


Consider the normal form for the Bogdanov-Takens bifurcation with s = —1: 
f= 6, 
: A.l 
(ar eee, oe 


Theorem 8.9 There is a unique, smooth curve P corresponding to a saddle homoclinic bifurca- 
tion in the system (A.1) that originates at (3 = 0 and has the local representation 


6 
P= {sid Bi = — 5582 + 082), 2 <0}. 


Moreover, for ||Q\| small, system (A.1) has a unique and hyperbolic stable cycle for parameter 
values inside the region bounded by the Hopf bifurcation curve H and the homoclinic bifurcation 
curve P, and no cycles outside this region. 


Outline of the proof: 

Step 1 (Shift of coordinates). The cycles and homoclinic orbits can exist only if there are two 
equilibria in (A.1). Thus, restrict attention to a parameter region to the left of the fold curve T (see 
Sect. 8.4.2). Translate the origin of the coordinate system to the left (antisaddle) equilibrium E, of 
(A.1): 

| f&o=mtn, 
& =m, 


where 


‘ fo +f - 461 


m= 2 
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is the 7)-coordinate of E;. This obviously gives 


mM = 72; 
A2 
fe = mm —v)— (nm +m), en 


where 
y= 6-41 
is the distance between the left equilibrium £ and the right equilibrium E>. 


Step 2 (Blowing-up). Perform a singular rescaling that makes the distance between the equilibria 
equal to 1, independent of the parameters, and introduce a new time: 


m ™m - 
=—, = , t= : A3 
G1 - Q Ar via (A.3) 
This rescaling reduces (A.2) to 
CG: 
: (A.4) 
{° = 00 — D - (MG + 920142), 
where the dots mean derivatives with respect to the new time 7 and 
— 70,-1/2 
ame , A.5 
{” = yl. (A.5) 


Only nonnegative values of 72 should be considered. Clearly, ~ — 0 as 3 — 0 inside the two- 
equilibrum region. The rescaling (A.3) acts as a “microscope” that blows up a neighborhood of the 
origin 7 = 0 (notice the difference in the expanding strength in the 7)- and 7-directions). System 
(A.4) is orbitally equivalent to a system induced by (A.2) with the help of (A.5) (see Chap. 2 for the 
definitions). Studing the limit cycles and homoclinic orbits of (A.4) for y 4 0 provides the complete 
information on these objects in (A.2). 


Step 3 (Hamiltonian properties). For ||y|| small, system (A.4) can be viewed as a perturbation 
of the system 


a =O, 
; A.6 
ae ae 
This system is a Hamiltonian system 
. _ OHO 
Coe © 
& = -2HO 
aa 
with the Hamilton (energy) function 
2 2 3 
goa 4e 27, (AD) 


Q° 2° 3 
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Fig. 8.33 Phase portrait of o 


the Hamiltonian system 
(A.6) 

[NS / 
WAN \ 


The Hamiltonian H is constant along orbits of (A.6), that is, H= 0, and these orbits therefore are 
(oriented) level curves H(¢) = const of the Hamiltonian of (A.7) (see Fig. 8.33). System (A.6) has 
two equilibria 


C1 


So = (0,0), S; = (0, 1), 


corresponding to the equilibria E; and E> of (A.1). The equilibrium So is a center surrounded by 
closed orbits, while the equilibrium Sj is a (neutral) saddle. The values of the Hamiltonian at these 
equilibria are 


1 
H(So) =0, H(S)) = Pa 


The saddle separatrices are described by the level curve H(¢) = é: Two of them, located to the left 
of the saddle, form a homoclinic orbit bounding the family of closed orbits around So. The segment 
0 < G <1 of the horizontal axis between Sp and S; can be parametrized by h € [0, él if we take 
as h the value of the Hamiltonian function H(¢,, 0), which is monotone for ¢; € [0, 1). 


Step 4 (Definition of the split function). Consider now system (A.4) for small but nonzero ||7|| 
when it is no longer Hamiltonian. Notice that So and S; are the equilibria for (A.4) for all 7. Since 
system (A.6) is highly structurally unstable, the topology of the phase portrait of (A.4) for y 4 0 
is totally different from that for (A.6): The family of the closed orbits disappears and the saddle 
separatrices usually split. 

Using the introduced parametrization of the segment of the €,-axis between So and Sj, take a 
point within this segment with h € (0, x) and consider an orbit I’ of (A.4) passing through this 
point (see Fig. 8.34). Any such orbit will intersect the horizontal axis (at least) once more, in both 
forward and backward times. Denote these intersection points by Z, and Z_, respectively. Now 
define an orbit split function A(h, y) by taking the difference between the Hamiltonian values at 
the points Z_ and Z_: 

A(h, 7) = H(Z_) — H(Z4). (A.8) 


Extend this function to the end points of the segment by taking A(0, y) = 0 and using the same 
formula (A.8) for h = , only now considering Z; and Z_ as points of the intersection of the 
unstable and stable separatrices ” and [°° of the saddle S; with the horizontal axis (see Fig. 8.33). 
Thus, AC, Y) is a separatrix split function as defined in Chap. 6. The function A is smooth in 
its domain of definition. In the Hamiltonian case, y = 0, A(h, 0) = 0 for all h € [0, al since the 
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Fig. 8.34 Definition of the @) 
split function 


Hamiltonian is constant of motion. The equation 


a(z.7)=0 
6°) oe 


with the constraint 72 > 0, defines a curve P on the (71, 72)-plane starting at the origin along which 
the system (A.4) has a homoclinic orbit. Similarly, the equation 


A(h, 7) = 9, 


with h € (0, i) specifies a curve £;, in the upper parameter half-plane 72 > 0 at which (A.4) has 
a cycle passing through a point between Sp and S; corresponding to h. 


Step 5 (Approximation of the split function). For y # 0, the Hamiltonian H(C¢) varies along 
orbits of (A.4) 


._ OH, , OH, nels 
H aq; q1 4 ee (m9 + 2C1¢5)- 
Therefore ’ 
es 
Ath, 1) = fit=u[ oai+nf aad, (A.9) 
tz4 T T 


where the orientation of I is given by the direction of increasing time. Clearly, for h = é the 
integrals should be interpreted as sums of the corresponding integrals along the separatrices T°. 
Formula (A.9) is exact but involves the orbit(s) [(I"""*) of (A.4), which we do not know explicitly. 
However, for small |||], the orbits of (A.4) deviate only slightly from the closed orbit (or the 
separatrix) of (A.6), and the integrals can be uniformly approximated by those taken along H(¢) = 
h: 


dtr ced + ot. 


adnan f 
H 
Denote the integrals involved in the last equation by 


nin = f od = [ dt dt, > 0 (A.10) 
H(Q)=h H(¢)<h 
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and 


bi i GG. (A.11) 
A(Q=h 


These integrals are certain elliptic integrals. 


Step 6 (Uniqueness of the limit cycle in (A.4)). By the Implicit Function Theorem, the curves 
£}, and P (introduced in Step 4) exist and have the representation 


In(h) 
I (h) 


y= - 72 + o(l721), 72 = 0, 


forh € (0, ) and h = é respectively. While h varies from h = 0 toh = é the curve £p;, moves in 
the (71, 72)-plane from the vertical half-axis {y : 71 = 0, y2 > 0} (since /2(0) = 0) to the homo- 
clinic curve P. If this motion is monotonous with h, it will guarantee the uniqueness of the cycle of 
(A.4) for parameter values between the vertical half-axis and P. The absence of cycles for all other 
parameter values yy is obvious since any closed orbit of (A.4) must cross the segment between So 
and S$). Thus, the monotonicity of the function 


(A.12) 


forh € [0, él is sufficient to prove the uniqueness of cycles. The function Q(h) is a smooth function, 
Q(0) = 0, and 


(see Exercise 14(a)). Meanwhile, the last equation leads to the following characterization for the 
homoclinic curve P in (A.4): 


1 
P= fon) 71 =—7 72 + allyl), 72 0}. (A.13) 


The graph of the function Q(h) computed numerically is presented in Fig. 8.35. It is clearly 
monotonous. This fact can be proved without computers. Namely, the following lemma holds. 


Lemma 8.17 Q'(h) > 0 forh € [0, alle 


Proof of Lemma 8.17: 


Proposition 8.1 (Picard-Fuchs equations) The integrals I,(h) and In(h) satisfy the system of 
differential equations 


i L) iy = (3n a) ni | xh, (A.14) 


6 
h(h—t) bh = —thh + thh. 


Proof: 
Take the equation H(¢) = h for the closed orbit of (A.6) corresponding to a value of h € (0, 9) 
(see (A.7)) 
Gg,G ¢ 
—+—=-—=h. A.15 
er ae (A.15) 
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Fig. 8.35 Graph of the 0.18 
function Q(h) 


Considering ¢2 as a function of ¢) and h, by differentiating (A.12) with respect to h, we obtain 


OQ 
—e=1. 
2 Dh 
Thus a 4 
ah _ i at (A.16) 
dh H(O=h 62 
and a q 
2 =] 1 or (A.17) 
dh HO=h 2 


On the other hand, differentiating (A.15) with respect to ¢; yields 


8a a _ 
1+ Oe Cy = 0. 


Multiplying the last equation by ¢)"¢, ' and integrating by parts, we get the following identity, 
which will actually be used only for m = 0, 1, and 2: 


m+2 m+1 

d d 

/ Gd = Sas mf CP1G de. (A.18) 
HO=h H@=h H(Q=h 


Using the definitions (A.10) and (A.11) of the integrals, and the identities (A.16), (A.17), and 
(A.18) for m = 1 and 0, we get 
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nf 
dh HO=h 62 


1 id 1 1 3d 
= / Gi 1 / b dc, es / Gi C1 
2JHO=h 2 JHO=h 3 JHO=h 


ae af Cd | Gi dd 
2 2JH@O=h 3 JHO=h 
eee 
2 6JHO=h © 3 
be 5, = | ¢1 di 
6 6 Jaan 
ap bee 
6 6 dh’ 


Similarly, but with m = 2, 1, 0 in (A.18), we have the following chain: 


dl d 
,t2 = nf G1 dQ 
HO=h 


1 dc 1 1 Ct dc 
= / 3 / Gea — 5 | 1 
2JHQ=h 2 JH(Q=h 3 JHQ=h 
ae | Gd | 2 | G1 doi 

6 JHQ=h 3JHO=h & 


1 
2 
2 
=intef CSF fede 
HO=h & 6 JA®=h 
i 
6 


nein tah 
-~ 61" 6 dh 


Taking into account the final results, we arrive at (A.14). 


Proposition 8.2 (Riccati equation) The function Q(h) defined by (A.12) satisfies the Riccati 
equation 
1\ . zi h 1 h 
hth = 4 ’ A.19 
( =) Q 36 2 (5 =) Q 6 ( ) 
Proof: 
Indeed, using (A.14), 


1 ‘ 1 b bh 
a(h a(t 
(5) o=a(+-5) (2-42) 
Al Thh bh((Sh 1\h , 7h 
6h 6h 6 6/h 36 


h 7h Sh 1 7 
by Tho (S14 79) 
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Substituting Q(h) = ah+ O(h?) into the Riccati equation (A.19) immediately gives a = 5, 
or 


. 1 
0)==>0. 
WO=s > 
The following proposition is also a direct consequence of (A.19). 
Proposition 8.3. For all h € (0, %), one has 0 < Q(h) < 4. 


Proof: 
The function Q(h) is positive for small h > 0. Suppose that he (0, é) is the first intersection 
of the graph of Q(h) with the h-axis, that is, Q(h) =O and Q(h) > 0 forall h € (0, h). Then 


a ae i re h 

h{h--= h)=-—= <0. 

i( z) Q(h) 6 < 
Therefore, O(h) > 0, which is a contradiction. 


Now suppose that he (0, é) is the first intersection of the graph of Q(h) with the line Q 
which means Q(h) = 4. Then 


-f{z 1\,.- 5 (1 = 
i(k!) om=3 (2-8) >0 


which implies O(h) < 0, acontradiction. The proposition is proved. J 


Compute, finally, the second derivative of Q(h) at a point 0 < h < a where Q is supposed to 
vanish, O(h) = 0. We have 


af= 1)\ «= 1 1 
h{h-= h => = 0. 
( 3) — ee 3 C :) . 


Thus, O(h) > 0 at any point where O(h) = 0 (e., all extrema are minimum points). This implies 
that such points do not exist since Q(0) = 0 and O(%) = ; = maxy_,-1 Q(h). Therefore, Q(h) > 
SMSG 


0 for h € [0, é). Lemma 8.17 is thus proved. 
Lemma 8.17 provides the uniqueness of the cycle in (A.4). 


Remark: 
Actually, the lemma also gives the hyperbolicity of the cycle, because one can show that Q’(h) > 
0 implies that the logarithm of the multiplier 


In pp = —721) (h) Q'(h) + 0(92) < 9, 


for small 72 > 0, and therefore, the multiplier jz of the limit cycle satisfies 0 < p< 1.0 


Step 7 (Return to the original parameters). To apply the obtained results to the original system 
(A.2) (and, thus to (A.1)), we have to study in more detail the map y = 7() given by (A.5). This 
map is defined in the region 

{8:46 < 83} € R’, 


bounded by the fold curve T and located to the left of this curve. It maps this region homeomor- 
phically onto the upper half-plane 
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{y:71 = 0} eR’. 
The inverse map is somewhat easy to study since it is smooth. From (A.5), we have 


fe _ 
5) 5) 172) 


65 — 481 = 3. 


By the Inverse Function Theorem, these equations define a smooth function G(y). One can check 
that this function has the expansion 


Bi = 173M +72) + otllyil4), 
A.20 
te = (271 +7) + o(1712). a) 


The map (A.20) maps the vertical half-axis of the (71, 72)-plane corresponding to h = 0 into the 
Hopf bifurcation line H in the (31, 32)-plane (as one could expect a priori since, as h > 0, the 
cycle in (A.4) shrinks to So). The homoclinic curve P given by (A.13) is mapped by (A.20) into 
the curve 


P= {id : B= — 5.3 + (6), fo < of 


from the statement of Theorem 8.9. The cycle in (A.2) is unique and hyperbolic within the region 


bounded by H and P. This completes the outline of the proof of Theorem 8.9. 
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The equilibrium structure of a two-parameter system near a triple equilibrium point (cusp bifurca- 
tion) has been known for a long time (see the survey by Arnol’d (1984)). Since any scalar system 
can be written as a gradient system 7 = —V,,(, «), the topological normal form for the cusp bifur- 
cation naturally appeared in the list of seven elementary catastrophes by Thom (1972), along with 
the fold (codim 1) and swallow-tail (codim 3) singularities and their universal unfoldings. 

Generic two-parameter bifurcation diagrams near a point where the first Lyapunov coefficient 
1, (0) vanishes were first obtained by Bautin (1949). Therefore, we call this bifurcation the Bautin 
bifurcation. Serebriakova (1959) computed the second Lyapunov coefficient /2(0) in terms of real 
Taylor coefficients of a general system and derived asymptotic formulas for the cycle-fold bifurcation 
curve near the Bautin point. Hassard, Kazarinoff & Wan [1981] present an expression for c2(0) in 
terms for the complex Taylor coefficients g;;(0) and some intermediate expressions. A compact 
formula expressing /2 (0) directly in terms of gj1 (0), which is equivalent to our (8.24), can be found in 
Bautin & Shil’nikov (1980) with a reference to Schuko (1968). The modern treatments of the Bautin 
bifurcation based on ideas from singularity theory and Poincaré normal forms are due to Arnol’d 
(1972) and Takens (1973). Takens has also studied higher degeneracies at the Hopf bifurcation with 
codim > 2 (e.g., the case /2(0) = 0). A nice presentation of Bautin and related bifurcations can be 
found in (Shilnikov et al. 2001, Sect. 11.5). 

The main features of the bifurcation diagram near an equilibrium with a double zero eigenvalue 
were known to mathematicians of the Andronov school in the late 1960s and were routinely used in 
the analysis of concrete models (see, e.g., (Bautin & Leontovich 1976, pp. 183—186)). However, the 
complete picture, including the uniqueness of the limit cycle, is due to Bogdanov (1976b) (his results 
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were announced by Arnold in 1972) and Takens (1974b). Their analysis is based on the Pontryagin 
(1934) technique for locating limit cycles in dissipatively perturbated Hamiltonian systems and on 
nontrivial estimates of certain resulting elliptic integrals. Dumortier & Rousseau (1990) found that 
one can establish the uniquness of the cycle in the Bogdanov-Takens normal form avoiding elliptic 
integrals by applying a theorem due to Coppel concerning Liénard planar systems. Although rather 
simple, this approach does not provide the local approximation of the homoclinic bifurcation curve. 
Annabi et al. (1992) proved that the conjugating homeomorphism depends continuously on the 
parameters. Our presentation of the double-zero bifurcation (Sect. 8.4 and Appendix A), closely 
follows the original Bogdanov papers. However, the proof of Lemma 8.17 in Appendix A, provided 
to the author by S. van Gils, is much simpler than Bogdanov’s original proof. Let us also point out 
that, in the otherwise perfect book by Arrowsmith & Place (1990), the Bogdanov-Takens bifurcation 
is called a “cusp” bifurcation because of the peculiar shape of the critical phase portrait, while the 
cusp bifurcation itself is lost. 

The analysis of the last two codim 2 bifurcations, namely, the fold-Hopf and Hopf-Hopf cases, is 
more recent. Their study was initialized in the late 1970s, and early 1980s by Gavrilov (1978, 1980), 
and by Langford (1979), Keener (1981), and Guckenheimer (1981). However, even the analysis 
of the truncated amplitude equations appeared to be difficult, and some hypothethes formulated 
in early papers and in the first edition of Guckenheimer & Holmes (1983) were proved wrong by 
subsequent analysis. The least trivial part of the analysis, namely proving the limit cycle uniqueness, 
was performed by Zoladek (1984, 1987). His proofs were later considerably simplified by Carr 
et al. (1985), van Gils (1985), Cushman & Sanders (1985), Chow et al. (1989a, b), among others. 
Detailed uniqueness proofs for all the codim 2 cases are presented by Chow et al. (1994). The study 
of nonsymmetric general perturbations of the truncated normal forms is far from complete. Let us 
refer to Broer & Vegter (1984), Kirk (1991, 1993), Gaspard (1993), Champneys & Kirk (2004), 
where the problem of Shil’nikov type saddle-focus homoclinic orbits is investigated. The interest to 
this problem has been revived recently; see Dumortier et al. (2013), Baldom et al. (2013); Baldoma 
et al. (2020). 

Our presentation of the fold-Hopf bifurcation is based on the paper by Gavrilov (1978). Lemma 
8.10 was formulated by Gavrilov without stating the nondegeneracy conditions, as well as without 
explicit formulas for the normal form coefficients. The Poincaré normal form coefficients for the 
fold-Hopf case are also derived by Gamero et al. (1993) and by Wang (1993). Our exposition of 
the Hopf-Hopf bifurcation also follows the general approach by Gavrilov (1980); however, we 
both derive a different normal form and formulate explicitly the relevant nondegeneracy conditions. 
Notice that the normal form for the Hopf-Hopf case we use is different but equivalent to that studied 
by Zoladek (1987). 

Explicit computational formulas for the normal form coefficients for all codim 2 equilibrium 
bifurcations in n-dimensional systems have been derived by Kuznetsov (1999) using the combined 
reduction/normalization technique by Coullet & Spiegel (1983). Some of these coefficients were 
obtained earlier by Kurakin & Judovich (1986), who gave explicit criteria for stability of equilibria in 
n-dimensional ODEs in some critical cases; see also Ipsen et al. (1998). The fifth-order coefficients 
for the Hopf-Hopf case can be found in Kuznetsov (1999). 

All codim 3 local bifurcations possible in generic three-parameter planar systems have been 
identified and studied. The relevant normal forms are presented and discussed in Bazykin et al. (1985, 
1989), while the proofs can be found in Takens (1974b), Berezovskaya & Khibnik (1985), Dumortier 
et al. (1987), and Dumortier et al. (1991). These codim 3 bifurcations are the following: (i) swallow- 
tail bifurcation; (ii) degenerate Bautin (Takens-Hopf) bifurcation; (iii) degenerate Bogdanov-Takens 
bifurcation with a double equilibrium; and (iv) degenerate Bogdanov-Takens bifurcation with a triple 
equilibrium (see Exercise 9). 
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Two-Parameter Bifurcations of Fixed Points 
in Discrete-Time Dynamical Systems 


This chapter is devoted to the study of generic bifurcations of fixed points of two- 
parameter maps. First we derive a list of such bifurcations. As for the final two bifur- 
cations in the previous chapter, the description of the majority of these bifurcations 
is incomplete in principle. For all but two cases, only approximate normal forms can 
be constructed. Some of these normal forms will be presented in terms of associated 
planar continuous-time systems whose evolution operator y! approximates the map 
in question (or an appropriate iterate of the map). We present bifurcation diagrams of 
the approximate normal forms in minimal dimensions and discuss their relationships 
with the original maps. In general n-dimensional situation, these results should be 
applied to a map restricted to the center manifold. We give explicit computational 
formulas for the critical normal form coefficients of the restricted map for all codim 
2 cases. 


9.1 List of Codim 2 Bifurcations of Fixed Points 


Consider a two-parameter discrete-time dynamical system 
ct f(a, a), (9.1) 


where @ = (21, %2,..., £2) € R", a = (a, a2) € R’, and f is sufficiently smooth 
in (a, «). Suppose that at a = a system (9.1) has a fixed point x = x° for which 
the fold, flip, or Neimark-Sacker bifurcation condition is satisfied. Then, as in the 
continuous-time case, generically, there is a bifurcation curve B on the (a, a2)- 
plane along which the system has a fixed point exhibiting the relevant bifurcation. 
More precisely, the fixed-point equation 


f(@,a)-—x=0 


and a bifurcation condition 
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Fig. 9.1 A bifurcation curve x 
I’ and its projection 6 


a2 


cy 
ge 
a 


W(x, a) = 0, 


which is imposed on the eigenvalues (multipliers) of the Jacobian matrix! f, eval- 
uated at (x, a), define a curve I’ in the (n + 2)-dimensional space IR"? endowed 
with the coordinates (x, a) (see Fig. 9.1). Each point (2°, a°) ET corresponds to 
a fixed point x° of system (9.1) satisfying the relevant bifurcation condition for the 
parameter value a°. The standard projection, 


T:(L%,a)h a, 


maps I’ onto the bifurcation curve 6 = zT in the parameter plane. 


Example 9.1 (Fold and flip bifurcation curves) 
Assume that at a = a? = (a°, ad) system (9.1) has an equilibrium x = x° with 
a multiplier 44 = 1. As in Example 4.1 in Chap. 4, consider the system of nonlinear 
equations 
f(z,a) -—x« =0, 
ae a) — In) =0. ve 


This is a system of n + | equations for the n + 2 variables (a, a1, a2). Generically, 
it defines a smooth one-dimensional manifold (curve) F C R"*? passing through the 
point (x°, a’, a). As in Chap. 8, “generically” means that the rank of the Jacobian 
matrix of (9.2) is maximal (i.e., equal to n+ 1). For example, if the genericity 


' Actually, the function 7) can be expressed directly in terms of the Jacobian matrix itself for all 
three codim | bifurcations. 
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conditions for the fold bifurcation are satisfied at a° with respect to a1 Or a2 (see 
Chap. 4), this condition is fulfilled. 

Each point (x, a) € I’ defines a fixed point x of system (9.1) with a multiplier 
j4 = 1 for the parameter value a. The standard projection maps I’ onto a curve 
B = qT in the parameter plane. On this curve, the fold bifurcation takes place. 

A similar construction can be carried out for the flip bifurcation. In this case, 
system (9.2) should be substituted by the system 

f(x,a) — x =0, 
det(fr(a, a) + I,) = 0. G3) 


System (9.3) is again a system of n + 1 equations in the (n + 2)-dimensional space, 
defining a curve P € R"*?, under the maximal rank condition. Each point (2, a) € T 
corresponds to a fixed point x of system (9.1) with a multiplier 4. = —1 for the 
parameter value a. The standard projection yields the flip bifurcation curve in the 
parameter plane (a1, a2). 0 


Example 9.2 (Neimark-Sacker bifurcation curve for planar maps) 
Consider a planar system 


rt> f(z,a), 2= (21,22) € R’, a = (a, a2) € R’, (9.4) 


having at a = a = (a°, a) a fixed point eo = (x9, x9) with a pair of (nonreal) 
multipliers on the unit circle: ju).9 = e*'”, 0 < 0) < 7. Now consider the following 
system of three scalar equations in R* with coordinates (x1, 22, a1, 2): 


f@,a)-x=0, 
{at fr(v,a) -1=0 (9.5) 


(notice the difference from (9.2); this construction has been already used in Chap. 4, 
Example 4.1). Clearly, (2°, a°) satisfies (9.5) since the determinant equals the product 
of the multipliers: det f, = ~1fz2 = 1. It can be shown that the Jacobian matrix of 
(9.5) has maximal rank (equal to 3) at (x°, a°) if the equilibrium x° exhibits a 
generic Neimark-Sacker bifurcation in the sense of Chap. 4 at a°. Therefore, system 
(9.5) defines a curve T’ in R* passing through (7°, a°). Each point on the curve 
specifies a fixed point of (9.4) with j),2 = e+, as long as the multipliers remain 
nonreal. The standard projection of I onto the (a1, a2)-plane gives the Neimark- 
Sacker bifurcation boundary 6 = aT’. 

Notice that the second equation in (9.5) can be satisfied by a fixed point with real 
multipliers 


1 
M=T, f2=—, 
T 


for which, obviously, js) p12 = 1. If 7 # 1, the fixed point is called a neutral sad- 
dle. The above construction allows for a generalization to higher dimensions (see 
Chap. 10). © 
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Let the parameters (a, @2) be varied simultaneously to track a bifurcation curve 
I (or B). Then, the following events might happen at some parameter value: 


(i) extra multipliers can approach the unit circle, thus changing the dimension of 
the center manifold W°; 

(ii) some of the nondegeneracy conditions for the codim 1 bifurcation can be 
violated. 


At nearby parameter values, we can expect the appearance of new phase portraits 
of the system, which means a codim 2 bifurcation must occur. Let us recall the 
nondegeneracy conditions for the codim | bifurcations (see Chap. 4 for the details). 
First, let us take a fold bifurcation curve Br. A typical point on this curve corre- 
sponds to a fixed point with a simple multiplier j4; = 1 and no other multipliers on the 
unit circle. The restriction of (9.1) toa center manifold W°, which is one-dimensional 

in this case, has the form 
Em €4+b2 + O(&). (9.6) 


By definition, the coefficient b is nonzero at a nondegenerate fold bifurcation point. 

If we follow a flip bifurcation curve B,, then a typical point corresponds to a fixed 
point with a simple multiplier jz; = —1 and no other multipliers on the unit circle. 
The restriction of (9.1) to the one-dimensional center manifold W° at a nondegenerate 
flip point has (in an appropriate coordinate) the form 


En —€4+c2+ 0(€, (9.7) 


with c 4 0. 

Finally, while tracing a Neimark-Sacker bifurcation curve By 5, we typically have a 
fixed point with a simple pair of nonreal complex-conjugate multipliers ju), = e+’, 
which are the only multipliers on the unit circle. In this case, the center manifold 
W° is two-dimensional, and the system on this manifold can be written in complex 
notations as 


zee ze (1+ dilz|*) + O((z/), (9.8) 


where d; € C!. The nondegeneracy conditions involved are of two types: 


(i) absence of “strong resonances”: 
et £1, q=1,2,3,4; 
(ii) “cubic nondegeneracy”: 
d= Red, £0. 
Degenerate points of the following eleven types can be met in generic two- 


parameter discrete-time systems, while moving along codim | curves (see Eqs. 
(9.6)-(9.8)): 
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(1) jx = 1, b= 0 (cusp): 
(2) p) = —1, c= 0 (generalized flip); 

(3) puy,2 = e*"%, d = 0 (Chenciner bifurcation), 

(4) py = 2 = 1 1:1 resonance); 

(5) py = 2 = —1 (1:2 resonance); 

(6) L12 = et! Oy = ou (1:3 resonance); 

(7) pra = e*™, 0) = 5 (1:4 resonance); 

(8) 44 = 1, ~w2 = —1 (fold-flip bifurcation); 

(9) 1 = 1, W233 = et (fold-Neimark-Sacker bifurcation); 

(10) wy = -1, fo3 = ett (flip-Neimark-Sacker bifurcation); 

(11) 12 = et? | 13.4 = eth (double Neimark-Sacker bifurcation). 


We leave the reader to explain which of the cases we could meet while following each 
of the codim 1 bifurcation curves. The bifurcations listed are characterized by two 
independent conditions (i.e., have codim 2). There are no other codim 2 bifurcations 
in generic discrete-time systems. The rest of this chapter contains results concerning 
cases (1)-(11) in the least possible phase dimension: n = 1 for (1) and (2), n = 2 
for (3)-(8), n = 3 for (9) and (10), and n = 4 for (11). Notice that (1)-(7) are the 
only cases possible if the map (9.1) is a Poincaré map associated with a limit cycle 
in a three-dimensional autonomous system of ODEs or a period return map of a 
time-periodic planar system of ODEs. In these cases, there are only two multipliers 
/41,2, and their product is always positive: 442 > 0. 

Our treatment of the bifurcations will be organized similar to that of the codim 2 
bifurcations in the continuous-time case and will proceed through studying truncated 
normal forms and discussing their relationship with the original maps in the minimal 
phase-space dimensions. In cases (4)—-(1 1), itis convenient to present the approximat- 
ing map for an appropriate iterate of the truncated normal form (or its composition 
with an involution) as the unit-time shift y' under the flow y' of a certain planar 
approximating system of autonomous differential equations. Although this approx- 
imating map contains important information on the behavior of any generic system 
near the corresponding bifurcation, neither it nor the truncated normal form provides 
a topological normal form since taking into account terms of arbitrary high-order 
results in topologically nonequivalent bifurcation diagrams. 

Similar to the continuous-time case, the obtained results can be applied to multidi- 
mensional systems with the help of the discrete-time versions of the Center Manifold 
Theorem and Shoshitaishvili’s Theorem (see Chap. 5). To determine the bifurcation 
scenario for a given map (9.1), the corresponding critical normal form coefficients 
have to be computed. In Sect. 9.9, we derive such coefficients for all the codim 
2 bifurcations using a variant of the combined reduction/normalization technique 
employed in Sect. 8.7 of the previous chapter. 
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9.2 Cusp Bifurcation 


Suppose a smooth scalar map 
th f(z,a), ceR', ae R’, (9.9) 


has at a = 0a fixed point for which the cusp bifurcation conditions are satisfied. The 
following lemma can be proved by performing both a parameter-dependent shift of 
the coordinate and a scaling, and by introducing new parameters, as in Sect. 8.2 of 
Chap. 8. 


Lemma 9.1 Suppose that a one-dimensional system 
re f(z,a), ceR', ae R’, 


with f smooth, has at a = 0 the fixed point x = 0 for which the cusp bifurcation 
conditions hold: 


b= f.(, 0) = 1, b= i faa(O, 0) = 0. 


Assume that the following genericity conditions are satisfied: 


(C.1) frre (0, 0) A 0; 
(C.2) (fox fra. = Fon Fra), 0) = 0. 
Then there are smooth invertible coordinate and parameter changes transforming 
the system into 
nr> nt Bi + boy + sn? + O(n"), (9.10) 


where s = sign fy. (0, 0) = +1. 


We leave the proof to the reader. 
Consider the truncated normal form corresponding to s = —1: 


ne nt G+ bn—n. (9.11) 


The equation for its fixed points, 


Ai + Bon — 1° =0, (9.12) 
coincides with that for the equilibria of the normal form for the cusp bifurcation in the 


continuous-time case. A fold bifurcation (fixed point “collision” and disappearance) 
happens on a semicubic parabola T in the ((), (32)-plane: 


T = {(G1, 62): 463 — 2767 = 0} 


(see Fig. 9.2). The curve T has two branches, 7; and T7, which meet tangentially at 
the cusp point (0, 0). As in the continuous-time case, the resulting wedge divides the 
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Fig. 9.2. Bifurcation diagram of the normal form (9.11) 


parameter plane into two regions. In region 1, inside the wedge, there are three fixed 
points of (9.11), two stable and one unstable; while in region 2, outside the wedge, 
there is a single fixed point, which is stable. A nondegenerate fold bifurcation (with 
respect to the parameter (3) takes place if we cross either 7, or T, away from the 
origin. If we approach the cusp point from inside region 1, all three fixed points 
merge together into a triple root of (9.12). 

The case s = | can be treated similarly. In this case, the truncated map typically 
has either one unstable fixed point or one stable and two unstable fixed points which 
can pairwise collide and disappear through fold bifurcations. 

System (9.10) with the O(7*) terms truncated provides a topological normal form 
for the cusp bifurcation. 


Lemma 9.2. The map 


nr Gon) =n+ B+ han £7 + O(n) 


is locally topologically equivalent near the origin to the map 


nH gn =n+ f+ nt. 


The lemma means (see Chap. 2) that there exists a local homeomorphism of 
the parameter plane y, and a parameter-dependent homeomorphism hg of the one- 
dimensional phase space,” such that 


? Recall, the homeomorphism /ig is not assumed to depend continuously on the parameter (3. 
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G.«a)(n) = (hj! © gg 0 ha)(n), 


in some neighborhood of (7, 3) = (0, 0). Proving that Gg and gg have the same 
number of fixed points in corresponding (diffeomorphic) parameter regions is easy 
using the Implicit Function Theorem. The complete proof of the topological equiva- 
lence (i.e., the construction of yy and hag) is not difficult (since both Gg(7) and gg(n) 
are strictly increasing near 7 = 0 for all sufficiently small ||3||) and is omitted here. 
Summarizing, we can formulate the following theorem. 


Theorem 9.1 (Topological normal form for the cusp bifurcation) 
Any generic smooth two-parameter map 


rr f(z, a), ceR', aeR’, 


having at a = 0 a fixed point x = 0 exhibiting the cusp bifurcation, is locally topo- 
logically equivalent near the origin to one of the normal forms 


ne n+ fh) + ontr’. 


Of course, “generic” here means “satisfying conditions (C.1) and (C.2).” 


9.3. Generalized Flip Bifurcation 


Consider a smooth scalar map 
re f(x,a), cE R', a e€ R’, (9.13) 
that has at a = 0a fixed point « = O with multiplier w = f,,(0,0) = —1. As in Sect. 


4.5 of Chap. 4, we can assume that x = 0 is a fixed point for all sufficiently small 
||| and write 


f(z, a) = p(a)x + a(a)x’ + b(a)a? + e(a)a* + g(a)a? + O(2°), 


where ju(0) = —1 and all the functions involved are smooth in a. By performing a 
smooth change of coordinate: 


t=yt+ day’ + O(ay’, (9.14) 


where 6 and @ are properly chosen smooth functions, we can transform (9.13) into 
the Poincaré normal form 


yr> wlayy + clay? + d(a)y? + O(y°), 
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for some smooth c and d. The functions 6(@) and 6(q) are selected exactly in order 
to annihilate the quadratic and fourth-order terms of the map. As seen in Chap. 4, 


setting 
a(a) 


ee ee 
> eens 


eliminates the quadratic term and results in the following expression for c: 


2a7(a) 


1) EO Be) — He) 


(9.15) 


If 
c(0) = b(0) + a2(0) = sles. 0)? + a foax(0, 0) 40, 


then, by definition, we have a nondegenerate flip bifurcation. At a generalized flip 
bifurcation point, we simultaneously have 


(0) = —1, c(0) =0; 
thus, the fifth-order coefficient d enters the game. One can check that 


1 
120 


1 1 
a0) = (0) + 34(0)e(0) — 2040) = ( fas + ye do det stfal') 


(x,a)=(0,0) 


provided that c(O) = 0. At this point, it is useful to introduce new parameters. If the 
map 
(a1, a2) > (u(a) + I, e(a)), 


where c is given by (9.15), is regular at a = 0, we can use 


(ee —(u(a) + 1), 
y2 = c(a), 


as new parameters and consider a as a smooth function of y. If d(0) 4 0, then a 
nonsingular scaling of the coordinate and the new parameters brings the studied map 
into the form 

nr —(1+ Bin + fan’ + 87° + O(n), 


for s = sign d(0) = +1. Thus, the following lemma is proved. 


Lemma 9.3 Suppose that a one-dimensional system 


rr f(z, a), ceR', ae R’, 
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with f smooth, has for all |\a\| small the fixed point x = 0, and let the generalized 
flip bifurcation conditions hold: 


1 1 
= fo(0,0) = —1, e= Fl foo, or + G fear, 0) =0. 


Assume that the following genericity conditions are satisfied: 


(GF.1) DO) = (A fis + 4 fefc4 — fel") 0, 0) 4 0; 
(GF.2) the map a+> (ua) + 1, c(@)) is regular at a = 0, where c(a) is given 
by (9.15). 


Then there are smooth invertible coordinate and parameter changes transforming 
the system into 
nee (+ Bin + Ban? + 81° + ON), (9.16) 


where s = signD(O) = +1. 


System (9.16) without O(n°) terms is called the truncated normal form for the 
generalized flip bifurcation. Actually, it provides a topological normal form for the 
bifurcation. 

Consider the normal form corresponding to s = 1: 


n> gan) = — + Ai)n+ fa? +7”. (9.17) 
Analyzing its second iterate, 
BO) = 1+ 26) ++-)9— CBee yp = Ba MP be 


we obtain the bifurcation diagram presented in Fig. 9.3. In region 1, the map (9.17) 
has a single stable fixed point 7 = 0 in a sufficiently small neighborhood of the origin. 
The iterates approach this point, “leap-frogging” around it. Crossing the upper half 
Ee of the line 


F = {(61, 62) : Bi = 0} 


(corresponding to {2 > 0) implies the flip bifurcation, leading to the creation of a 
stable period-two cycle (two distinct fixed points of J)» while the fixed point at the 


origin becomes unstable (region 2). Crossing the lower flip half-line FO generates 
an unstable period-two cycle, while the trivial fixed point regains stability. In region 
3, two different period-two cycles coexist, a “big” stable one and a “small” unstable 
one. These two period-two cycles collide and disappear via the fold bifurcation of 
Ge at the half-parabola: 


TP = { (1.5) [A= — 16. br < of , 
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@.#" 


To 


Fig. 9.3. Bifurcation diagram of the normal form (9.16) for s = 1 


thus leaving a unique stable fixed point at the origin. In summary, the codim 2 point 
on the flip curve F“) is the origin of an extra codim 1 bifurcation locus, namely the 
fold bifurcation curve of period-two cycles T°. The curve 7 meets F) at 3 = 0, 
with a quadratic tangency. 

The next lemma, which we give without proof, states that higher-order terms do 
not alter the picture obtained for (9.17). 


Lemma 9.4 The map 


ne —U+ Bi)n + Bor + 7° + O(n) 


is locally topologically equivalent near the origin to the map 


nee —(L+ fin + fan +7. 


Now we can formulate the final theorem. 


Theorem 9.2 (Topological normal form for the generalized flip) 
Any generic smooth two-parameter map 


rr f(z, a), ceR', wae R, 


having at a = 0 the fixed point x = 0 exhibiting the generalized flip bifurcation, is 
locally topologically equivalent near the origin to one of the normal forms 


nee —(1+ Bin + fan +n. 
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Fig. 9.4 A cycle 
corresponds to a period-two 
orbit of the Poincaré map 


Remark: 

One might have noticed that there is a close similarity between the bifurcation 
diagrams of generalized flip and Bautin (generalized Hopf) bifurcations. 

This is not a coincidence since there is a deep analogy between flip and Hopf 
bifurcations. For a Poincaré map defined on a cross-section passing through a focus, 
a limit cycle is a period-two orbit, thus, a Hopf bifurcation for a flow implies a flip 
bifurcation of the map so defined (see Fig. 9.4). > 


9.4 Chenciner (Generalized Neimark-Sacker) Bifurcation 


Consider a discrete-time system 
zh f(r,a), 2 € R’, ae R’, (9.18) 
with a smooth right-hand side f, having at a = 0 a fixed point « = 0 for which 


the Neimark-Sacker bifurcation condition holds. That is, the multipliers of the fixed 
point are simple and are located on the unit circle |jz| = 1: 


[12 = et! ; 


As seen in Chap. 4, system (9.18) can be written, for small ||a||, using a complex 
variable as 
zh UWa)z+ g(Z, Zz, a), 


where 4, w, and g are smooth functions of their arguments, 


pa) = r(aje™, 


r(0) = 1, 0(0) = 4, and formally 


2 1 = 
g(Z, 2Z,a) = > Taal 
k+l>2 
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for certain smooth complex-valued functions g,i(@). 


Lemma 9.5 (Poincaré normal form for the Chenciner bifurcation) 
The map 


ze wa@e+ DTZ gn a2 z+ O(\z)°), (9.19) 
ee” : 


where p(a) = r(ajye®™, (0) = 1, and 9 = 6(0), is such that 
(CH.0) eM £1, gq=1,2,...,6, 


can be transformed by an invertible smoothly parameter-dependent change of the 
complex coordinate: 


zewt Dog OL “w!, hai (a) = hao(a) = 0, 
acertes * : 


for all sufficiently small |||, into the map 


wr p(ajwt c (a)w|w|? + o(a)wlw|* + O(\w!®) 
ec (r(a) + di(a))|w/? + (a) |w|*)w + O(\wl®). (9.20) 


The lemma can be proved using the same method as for Lemma 4.7 in Chap. 4. 
By that lemma, we can assume that all the quadratic and nonresonant cubic terms 
in (9.19) have already been eliminated: goo = gi1 = 902 = 930 = 912 = 921 = O and 
5921 = c,. Then, by a proper selection of h;; with 1+ 7 = 4, we can “kill” all the 
terms of order four in (9.19), keeping the coefficient of the resonant cubic term c; (a) 
untouched but modifying the coefficients of the fifth- and higher-order terms. Finally, 
we can remove all the fifth-order terms except the resonant one shown in (9.20). 

The coefficients c; (a) and cp (a) (as well as d; (a) and d2(a@)) are smooth complex- 
valued functions. Recall that c;(@) can be computed by formula (4.26) from Chap. 
4. We do not give the formula for c2(@) here. In Sect. 9.9.3, the critical normal form 
coefficients of the map restricted to the center manifold at the Chenciner bifurcation 
will be derived for n-dimensional maps with n > 2. At a nondegenerate Neimark- 
Sacker bifurcation point, d = Re d,(0) = Re(e7¢ (0)) #0. 

Suppose that at a = 0 we have simultaneously 


M2 =e", d= Red,(0) = 0, 


indicating that a Chenciner (generalized Neimark-Sacker) bifurcation takes place. In 
this case, a neighborhood of the point a = 0 can be parametrized by new parameters, 
namely 
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Coe 
G2 = Re dj(a), 


provided that 
(CH.1) the map (a), a2)  (r(a) — 1, Re d;(q@)) is regular at a = 0. 


A zero value of (3, corresponds to the Neimark-Sacker bifurcation condition, while 
the simultaneous vanishing of (2 specifies a Chenciner point. Given (CH.1), one can 
express a in terms of (3, thus obtaining the map 


wre OU + By + (G2 + iDi(B)) wl? + (D2(8) + 1£2(8))|wl*)w 
+ We(w, w), (9.21) 


where Wy = O(\w|°); and D,(3) = Imdi(a(B)), D2(B) = Re da(a(3)), and 
E2(3) = Im dz(a(Z)) are smooth real-valued functions of @. Here 0(@) is used 
instead of @(a()) to save symbols. The map (9.21) is a “normal form” for the 
Chenciner bifurcation. Truncating O(|w|°) terms gives the map 


wre MOL + B+ (> +4D1(B))lwl? + (D2(B) + £2(8))|wl*)w. (9.22) 


Using polar coordinates (p, y), z = pe'”, we obtain the following representation 
of the truncated map (9.22): 


Co 0.23) 
pre p+ (8) +p’ O(p, A), 
where L2(3) = ESET Di(8) + D2(@), while R and Q are smooth functions. Clearly, 


the first mapping in (9.23) is independent of — and can be studied separately.* The 
yp-map describes the rotation through a p-dependent angle that is approximately 
equal to #(3). Any fixed point of the p-map corresponds to an invariant circle of the 
truncated normal form (9.22). 

To say something definite about the p-map in (9.23), we have to assume that 


1 ~i6 2 -i6 
(CH.2) L7(0) = 5 [Ime °e1(0))] + Re(e”cn(0)) £ 0. 


This is an extra nondegeneracy condition for the Chenciner bifurcation. 

Suppose, to begin with, that L,(0) < 0. Then, there is a neighborhood of the 
origin in which the p-map has at most two positive fixed points of opposite stability 
(and the “outer” one of them is stable). These points branch from the trivial fixed 
point p = 0 at the curve 


N = {(G1, G2) : Gi = O}, 


3 Actually, we have studied the similar map 93 in Sect. 9.3 devoted to the generalized flip bifurcation. 
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Fig. 9.5 Chenciner bifurcation in the truncated map (9.22) for L2(0) < 0 


corresponding to a nondegenerate Neimark-Sacker bifurcation if G2 4 0. The part 
N_ of N corresponding to (2 < 0 gives rise to the creation of a stable fixed point 
when crossed from left to right. This is a supercritical Neimark-Sacker bifurcation 
producing a stable invariant circle. Crossing the upper part N. of N at some 32 > 0 
in the opposite direction generates an unstable fixed point (invariant circle) via the 
subcritical Neimark-Sacker bifurcation. These two fixed points collide and disappear 
at the bifurcation curve 


1 


T. = {1 8) (B= 413) 


B+ 0(83), Bo > of, 


resembling a half-parabola. For parameter values corresponding to the curve 7,, the 
truncated normal form (9.22) exhibits a collision and disappearance of two invariant 
circles. The resulting bifurcation picture illustrating the behavior of the truncated 
map is shown in Fig. 9.5. Notice that even for the truncated normal form, this picture 
captures only the existence of the invariant circles but not the orbit structure on them, 
which, generically, varies with the parameters and exhibits rational and irrational 
rotation numbers (see Chap. 7). 

The case L2(0) > 0 can be treated similarly. The only difference is that now the 
“outer” circle is unstable, while the “inner” one is stable. 

A natural question is how much of the above picture remains if we consider the 
whole map (9.21) with generic higher-order terms. A short answer is that adding such 
terms results in topologically nonequivalent bifurcation diagrams. The Neimark- 
Sacker bifurcation curve is clearly independent of these terms. The nondegeneracy 
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Fig. 9.6 Heteroclinic 
structure near a Chenciner 
bifurcation 


conditions for this bifurcation are also independent of these terms, provided that 
(2 & 0, and thus remain valid for the map (9.21). Therefore, small closed invariant 
curves of corresponding stability do exist near the line N for this map due to Theorem 
4.6 (see Chap. 4). Moreover, these curves are smooth near N and exist outside a 
narrow neighborhood of the collision curve 7, as for the truncated map. 

The situation is more complicated near the curve 7,. Generically, there is no 
single parameter curve corresponding to the collision of the closed invariant curves. 
Moreover, such invariant curves are not always present and might destruct, thus 
avoiding collision. It can be shown that there exists a parameter set in an exponentially 
narrow region containing 7, for which the map (9.21) has a unique closed invariant 
curve, stable from the outside and unstable from the inside. Points of this set are 
limit points of an infinite number of parameter regions inside which there is a single 
(stable or unstable) invariant closed curve, and a sufficiently high iterate of the map 
(9.21) has saddle and stable (or unstable) fixed points (see Fig. 9.6). The stable and 
unstable invariant manifolds of the saddle points intersect and form a homoclinic 
structure, while the “inner” or “outer” closed invariant curve loses its smoothness 
and disappears without collision with its counterpart. Thus, there is an infinite number 
of appearing and disappearing high-periodic orbits of the map for parameter values 
near T,. More details can be found in the literature cited in this chapter’s appendix, 
but the complete picture seems to be unknown. 


9.5 Strong Resonances 


9.5.1 Approximation by a Flow 


When dealing with strong resonances, we will repeatedly use the approximation 
of maps near their fixed points by shifts along the orbits of certain systems of 
autonomous ordinary differential equations. This allows us to predict global bifur- 
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cations of closed invariant curves happening in the maps near homo- and heteroclinic 
bifurcations of the approximating ODEs. Although the exact bifurcation structure is 
different for maps and approximating ODEs, their usage provides information that is 
hardly available by analysis of the maps alone. The planar case (n = 2) is sufficient 
for our purposes, but we shall give a general construction here. 

Consider a map having a fixed point 7 = 0: 


gh f(a) = Act fO(2) + fO@ +---, c eR", (9.24) 


where A is the Jacobian matrix, while each f is a smooth polynomial vector-valued 
function of order k, f(x) = O((|la||"): 


(Bi) poy (k) ji pe Ry 
fi @) = ye eo a 
Jitjate t+ jn=k 


Together with the map (9.24), consider a system of differential equations of the same 
dimension having an equilibrium at the point 7 = 0: 


& = F(x) = Ac+ F? (x) + FO (x) +---, ceER", (9.25) 


where A is a matrix and the terms F“) have the same properties as the corresponding 
f™ above. Denote by y' (x) the flow associated with (9.25). An interesting question 
is whether it is possible to construct a system (9.25) whose unit-time shift :p' along 
orbits coincides with (or, at least, approximates) the map f given by (9.24). 


Definition 9.1. The map (9.24) is said to be approximated up to order k by system 
(9.25) ifits Taylor expansion coincides with that of the unit-time shift along the orbits 
of (9.25) up to and including terms of order k: 


f(z) = v(x) + O((lz||**"). 


System (9.25) is called an approximating system. 
Let us attack the approximation problem by constructing the Taylor expansion of 
y' (x) with respect to x at x = 0. This expansion can be obtained by Picard iterations. 
Namely, set 
2 (4) = eta, 


the solution of the linear equation « = Ax with the initial data x, and define 
t 
Ot) = ett + / AD (FO (a (r)) +--+ FFP (@ (7))) dr. (9.26) 
0 


A little thought shows that the (k + 1)st iteration does not change O((||z||!) terms 
for any | < k. Substituting t = 1 into x“ (t) provides the correct Taylor expansion 
of y! (a) up to and including terms of order k: 
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g! (a) = etn + g(a) + g(a) +--+ 9) + O((al|**"). (9.27) 

Now we can require the coincidence of the corresponding terms in (9.27) and (9.24): 
eA=A, (9.28) 


and 
g™(@) = f@), k=2,3,..., 


and then try to find A and the coefficients of g“ (and, eventually, the coefficients of 
F“)) in terms of those of f (i.e., OF rade). This is not always possible. It is easy 
to see that even the linear problem might cause difficulties. Take, for example, the 


planar linear map 
-1 0 
fia) = Az, a= ( 0 a 


There is no real matrix A satisfying (9.28). Indeed, such a matrix must be diagonal, 
having the same eigenvectors as A, 


A, 0 
0 r»2/)’ 


and one should thus have 


The second equation gives A7 = 0, while the first one is unsolvable within real 
numbers. Therefore, the map f cannot be approximated by a flow. Notice, however, 
that its second iterate, 


P(a) = Ae, ea, Hi 


allows for the approximation. Actually, f?(a) = 2 is the identity map, that is, a shift 
along orbits of the trivial equation « = 0, with A = 0. One can prove that any map 
sufficiently close to the identity map can be approximated up to any order by a flow 
shift. 

As we shall see later, it is possible that terms of order k < 1, for some / fixed, can 
be approximated by a system of differential equations, while those of order / cannot. 
An example is provided by a planar map 


f(x) = Raa + f(a) +---, ce R’, 


where R3 is a matrix describing the planar rotation through the angle an The linear 


part of this map can be represented by the unit shift along the orbits of a linear 
system, while the quadratic terms f(x) do not allow an approximation by a flow 
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(see below). In this case, 1 = 2. Notice, however, that the third iteration fP can be 
approximated by a planar system of ODEs up to any order since it is close to the 
identity map near the origin. 

It is worthwhile noticing that, even if a map allows for approximation by a flow 
up to any order, it may not be a unit-time shift of an ODE system itself. This flat 
property is strongly related to the divergence of the approximating series and the 
appearance of homo- and heteroclinic structures for small perturbations of the maps. 
Examples will follow. 


9.5.2 1:1 Resonance 


Consider a smooth planar map 
zh f(t,a), « €R’, we R’. (9.29) 


Suppose that (9.29) has at a = 0 a fixed point x = 0 with a double unit multiplier 
(1:1 resonance), /4;.2 = 1. Write (9.29) at a = 0 in the form 


xt> Apx + g(x), (9.30) 


where Ap = f,(0,0), and g(x) = f(x, 0) — Aga = O((|2||*) is smooth. Assume 
that there exist two real linearly independent vectors, go, € R2, such that 


Aogo = %, Aog = 1 + 4.- (9.31) 
The vector qo is the eigenvector of Ag corresponding to the eigenvalue 1, while q, is 


the generalized eigenvector of Ay corresponding to the same eigenvalue.* Moreover, 
there exist similar adjoint eigenvectors po,; € R* of the transposed matrix Aj: 


Agp1 = Pi, AgPo = po +P. (9.32) 
We can always select four vectors satisfying (9.31) and (9.32) such that 


(po, 9o) = (p1,%) = 1, 


where (-, -) stands for the standard scalar product in R? : (x, Y) = £1Y1 + L2y2. The 
Fredholm Alternative Theorem implies 


(Po, 71) = (Pi; Go) = 0. 


4 Note that this situation is more generic than the case where Ao is semisimple; that is, having two 
independent eigenvectors Agqg = qo, Ao™i = %1- 
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If go and q are selected, then any vector x € R? can be uniquely represented as 


T= Y1G0 + ¥2q, 


where new coordinates (y1, y2) are given by 


Yi = (po, 2), 
(% = (p1, 2). (9.33) 


In the coordinates (y;, y2), the map (9.30) takes the form 


Yi 1 1\(m (po, 9(yig0 + Y2%1)) 
a + ‘ 9.34 
(") ({ i) () Caen oe) 
Using the same coordinates (y1, y2) for all a with ||a|| small, we can write the 
original map (9.29) as 


yl (po, f(y1do + y2q1, &)) 
@ i“ (3 fQ190 + ym, ) , (9.35) 


which reduces to system (9.30) for a = 0. As in the analysis of the Bogdanov-Takens 
bifurcation in Chap. 8, expand the right-hand side of (9.35) as a Taylor series with 
respect to y at y = 0, 


Yi b> Yt yo + ao0(@) + aio(@)y1 + Aoi (@)Y2 

+ far (a)yz + ai(a)yiy2 + 5a02(a)y3 + Rily, a), 
Yy2 > yr + bona) + bio(a)y + boi (@)y2 

+ tbo(a)yt + bii(a)yiya + Fb02(a)y3 + Roly, a), 


(9.36) 


where a4 ;(@), by (a), and Ry 2(y, a) = O(Ilyll) are smooth functions of their argu- 
ments. Clearly, 


aoo(0) = a10(0) = ao1 (0) = boo (0) = b10(0) = boi (0) = O. 


The functions a;;(@) and b,;(a@) can be expressed in terms of the right-hand side 
f (a, a) of (9.29) and the vectors go,1, Po,1. For example, 


feu 
an9(@) = By Po f(yivo + y2r1,@))} 
YY y=0 
fan 
boo (a) = Bo Pe F(Y1% + Y2t1,))} 
Yj y=0 
2 
bii(a@) = >——(p1, f(yiv0 + y2u1, @)) 
Oy Oyo y=0 
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The following lemmas show that we can transform (9.36) into a simpler form by 
smooth invertible transformations that depend smoothly upon parameters. We begin 
with a result from linear algebra. 


Lemma 9.6 (Deformation of Jordan block) For any matrix 


— (Atala) 1+ aoi(a) 
(a) = ( bio(a) eee) 


with ajo(0) = ao, (0) = b19(0) = bo; (0) = 0, there is a matrix P(a), P(O) =I, 
such that 


P-'(a)L(a) P(a) = ee ee) 
where €,(0) = €2(0) = 0. 
Proof: The matrix 
P(@) = (’ + ao (qa) ') 


—ayo(Q) 


does the job, with 


E1() = bio(@) + ao1(@)b10(@) — ajo(a)boi (a), €2(a) = ayo(a) + boi (@). 


The matrix P(q) is as smooth in a as L(a). 
The nonsingular linear coordinate transformation 


y = P(aju, 


where P is given above with \ = 1, reduces the map (9.36) for sufficiently small 
||| into 


ur > ut + U2 + goo(a) 

oP $920 (aut + gi (a)uju2 + $go2(a)us + Si(u, a), 
Ug F> u2 + hoo(@) + €1(@) uy + €2(ar)u2 

+ $hoo(a)ut + hii(a)uruz + Fho2(a)uz + S2(u, a), 


(9.37) 


where S}.9(u, @) = O(||u||*) and all introduced functions are smooth. We also have 


€,(0) = €2(0) = O and 
goo(a) \  y-1 ao(Q) 
(Foe co (5): 


so that goo(0) = hoo(0) = 0, as well as gxi(0) = ayi(0), hyi(O) = byi(0) for 
k+l=2. 
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Lemma 9.7 (Normal form map for 1:1 resonance) Assume that 


by9 (0) A 0. 


Then, there is a smooth invertible change of coordinates, smoothly depending on the 
parameters, that transforms (9.37) for all sufficiently small ||a|| into the map 


& +h 3 
(eek wee) Ol Sy 


for smooth functions V\,9(a@) and A(a), B(a) such that 
1 (0) = 12(0) = 0 


and 


1 
A(O) = 73 20(0), B(O) = ay9(0) + 11 (0). (9.39) 


Proof: 
First, consider the case a = 0, when (9.37) reduces to 


(9.40) 


~ 1 1 3 

dy = Uy + U2 + Fanquy + ay usu2 + 54023 + O((lull?), 

o 1 1 
tig = u2 + Zbo0ut + bi usu2 + Fbo2u5 + O(\ull?), 


where all a;; and b;; should be evaluated at a = 0. Introduce a polynomial transfor- 
mation 


(* = £1 + 4Gné} + Gui, O41) 


ug = & + 5 Hf} + Mi6ih, 


where Grog, G11, Hoo, and Hj; are unknown coefficients. We select these coefficients 
so that (9.40) written in the €-coordinates will take the form 


ae eee (9.42) 


£o = & + ACE + BO)EE. + O(lE||?). 


Substituting (9.41) into (9.40), we express the components of % in terms of those of 
€, while substituting (9.42) into 


| iy = & + $Gn8? + GiGi, (0.43) 


ily = & + 5 Hoo&}? + M181, 
which is equivalent to (9.41), we get another expression for the components of Ww. 


Comparing the coefficients of the €?-, €:€-, and €5-terms in the expressions for 
and the coefficients of the &-term in U2, we obtain the following linear system for 


9.5 Strong Resonances 463 


the coefficients of the transformation (9.41): 


0 0-1 0 Gr a20 
10 0-1 Gi _ Q11 
12 0 0 Ax ~ ao2 
00 1 2)\Ay boo 


This system is nonsingular and has the unique solution 


1 1 
Gy = 5020 + ayy + 302» (9.44) 
1 1 1 1 
Gu = qa — sil + 5 02 402 (9.45) 
An = —20, (9.46) 
1 1 
Ay, = 7 020 + bor: (9.47) 


Taking into account (9.46), we obtain by comparing the remaining two quadratic 
terms in U2 the expressions (9.39) for A(O) and B(O). Notice that we have not used 
the assumption bzy 4 0 yet. 
To prove the lemma for all a with sufficiently small ||a||, consider a parameter- 
dependent polynomial transformation 
ee = £1 +£0(a) + SGa(Q)E + Gu (MEL, (9.48) 
uz = & + 6o(a) + d (ME, + bx (WE + 5 Ao (MEF + Ar (WEL, , 


which reduces to (9.41) when a = 0. The requirement that (9.37) in the €-coordinates 
has the form (9.38) translates into a system of algebraic equations 


Ro (Eo, 50, 61, 52, 1, ¥2, G20, Gi1, Hoo, Hii, A, B) = 0, 


where R, : R'? + R" results from equating the corresponding Taylor coefficients. 
For the Jacobian matrix J of this system evaluated at a = 0, when 


9 =b0 =O, = = My =r =0 


and the values of other variables are given by (9.44)-(9.47) and (9.39), we have 
det(J) = 8b29(0) 4 0 by assumption. Therefore, the Implicit Function Theorem 
guarantees the local existence and smoothness of the coefficients of the transfor- 
mation (9.48) and the map (9.38) as functions of a. 


To use (1, 2) aS new parameters, assume that the following transversality con- 
dition is satisfied: 


Ov 
(R1.0) det (x) +0. 
Oa 


a=0 
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Then, the Inverse Function Theorem allows one to consider a as a smooth function of 
vy for small ||v||, such that a(0) = 0. When b29(0) 4 0, condition (R1.0) is equivalent 
to the regularity of the map 


G(u, a) — u 
ri(S)e tr G,(u, a) —2 
7 det G,,(u, a) — 1 


at the point (u, aw) = (0, 0). Here G is the map defined by (9.37). Indeed, one can 
show by direct computation that at (u, a) = (0, 0) 


Ov 1 OT 
— & ~~ b9(0) . (5 =) 


Moreover, since (9.37) and the original map (9.29) are related by a nonsingular linear 
transformation, one can check the regularity of the map 


f(z,a)—2 
(;) rH | tr f,(v,a) —2 
det f,(z,a) — 1 


at (x, w~) = (0, 0). 
Using (|, 2) as the new parameters, we can write (9.38) in the form 


j £1 al + & ' 
ue (@) ad ic + +282. + AER + Sane) + OIE), (9.49) 


where A;(v) = A(a(v)) and B;(a@) = B(a(v)) are smooth functions of v. Our next 
task is to approximate the normal form (9.49) by a flow. 
Denote ag = A,(0) = A(O), bp = B,(O) = BO). 


Lemma 9.8 The map (9.49) can be represented for all sufficiently small ||v|| in the 
form 

NE) = 9, €) + O(lull?) + OCIEIP? ID + OCIEIP), 
where (pi, is the flow of a smooth planar system 


€=F(é,v), €€R’, ve R’, (9.50) 


with F(€,v) = Fo(v) + F\(&, v) + Fo(&), where 


Fv) = (“2" ) 
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f+ (—$a0 + +o) Me, + [(4a0 = =) Wy +V| &2 
Fi(€, V) = 2 ca 1 a 
(Fao +o) | +[( ga + +o) Vy +12] & 


Fé) = —Sao£{ + (Za — $00) 1&2 + (—hao + 4b0) & 
° age? + (—ao + bo)Erés + (4a 1) 


Proof: 

Let us prove the lemma in detail for v = 0 by explicitly constructing F(€, 0) = 
F,(€,0) + Fx(€) in (9.50). 

Clearly, the linear part of (9.49) at v = 0, 


eu) 


is the unit-time shift along the orbits of the linear system 


(2)=(¢0) (8), 


which is the linear part of the Bogdanov-Takens critical normal form. Introduce, 


therefore, 
0 1 
rece 


Suppose that at v = 0 system (9.50) can be written as 


| & = + pAa0€t + Angie + 3An€5, (9.51) 


& = 1 Boe? + By E16 + U Boré?, 


where A;, and By; with k + 1 = 2 are unknown coefficients to be defined. Let us 
perform two Picard iterations as described in Sect. 9.5.1. We have 


EY (7) — efor eg _ G ate ™) 
9) 


and using (9.26) we obtain 


EQ) = © + & + San9€} + an€i& + ) 
£2 + dba ft + bi €1& + 5b} , 


where 
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1 
a29 = Ary + 3 Bao 


1 1 1 
ayy = Aq + 5 A20 + g Bu + 5 Bu, 


1 1 1 1 
=A —A A B B Boo, 
a2 2+ 3 20 + ur a5 20+ 3 ut; 02 
boo = Bao, 


1 
by, = By + 5 Bao. 


1 
bo2 = Bo2 + 3 Ba + Bi. 


These quantities should be interpreted as quadratic Taylor coefficients of (9.49) so 
that 


429 = A11 = Ao2 = bong = 0, by = 2a9, bi, = bo. 


Solving the equations for Azo, Ai1, Ao2, Boo, Bi1, and Boz, we get 


1 
A290 = G29 — 7 O20 = —40, 
1 1 1 2 1 
Ai = b by, = bo, 
n= ay 720 T 3 20 ~ 5911 370 770 
1 1 2 1 1 2 
Ag b b hig a Sago = Bp. 
02 = a2 + 6°20 ai 6 20 + 3 ll 5 02 30 T 3 0 
Boy = bay = 2a0, 
1 
By = by - 5 20 = —ay+bo, 


1 1 
Bor = bo2 + 5020 bi = 370 bo. 


These formulas explicitly specify the quadratic part of system (9.51), whose time-one 
flow approximates (up to and including order 2) the map (9.49) at v = 0. 
For v 4 0 with small ||v||, we construct y', as the first two components of the 


flow : 
XH A (X= Gay X= (5) ER’, 


Vv 


generated by a four-dimensional system with the parameters considered as constant 
variables: 


X= Y(X). (9.52) 


Here Y(X) = JX + Y2(X) + Y3(X) +--+, where 
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1) = ee 


oococoeo 
CoO RNIF 
oococo 


i= 
0 
0 
0 


and each Z;, is an order-k homogeneous polynomial function from R* to R? with 
unknown coefficients. This trick is needed to assure that X = 0 is the equilibrium of 
(9.52), so that we can approximate the map 


Xe M(X)= oo) 


near its fixed point X = 0 by the flow of (9.52), ie., 
M(X) = $'(X) + O((|X|I’). 


To find the vector field Y explicitly, two Picard iterations for (9.52) are sufficient. 
We start with setting X(t) = e/'X. Then, the linear part of M(X) coincides with 
X(1) = eX (check!). 

Since we know how the result X(t) of the second Picard iteration should look, 
we set some coefficients of Y2 equal to zero immediately: 


Ajo10€111 + Aoi0€21 + A1oo1€1¥2 + Aoioi€2!2 
— | Broro€11 + BorioS21 + Bioor€i¥2 + Boioi E22 
0 


5 Aroo0€t + Arsoo€ié2 + 4 Ao200€3 


+ 5 Baooo€t + Biroo€ié2 + 5 Borook} 
0 
0 


We leave the reader to complete the proof by computing 


1 
x9) = ex+ [ ety (X) (7) dr 
0 


and comparing it with M(X). Notice that A299 = Azo, Atio0 = Ai, and Agooo = 
Ag2, while Boo09 = B29, Bi1oo = B11, and Bo290 = Boz, where Aj, and Bj, are as 
given above. 


The behavior of the approximate map y}, is described by the Bogdanov-Takens 
theory (see Chap. 8). As we know from Chap. 8, any generic system (9.50) is locally 
topologically equivalent to one of the normal forms 
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™m =), 
9.53 
ie = Bi + bom +7 + 8mm, 7 


where s = +1. The genericity conditions of Theorem 8.4 include the nondegeneracy 
conditions (BT.0)-(BT.2) and transversality (BT.3) with respect to the parameters. 

Condition (BT.3) for the system (9.50) is easy to verify. Indeed, the determinant 
of the Jacobian matrix of the map 


é F(é,v) 
( ) re | tr Fe(€,v) 
7 det Fe(€, v) 


evaluated at € = v = 0 is equal to 2ag. Therefore, we should assume that 2a9 = 
Boo # 0. Since eventually we want to apply all results to the original map that depends 
on a, we have to assume that the transversality condition (R1.0) also holds. 

The nondegeneracy condition (BT.0) holds automatically, while the conditions 
(BT.1) and (BT.2) for (9.50) at v = 0 (or, equivalently, for the system (9.51)) can be 
written as 

An + By, #0, Boy #0. 


Under these conditions, 
8 = sign[ Bo9(A29 + Bi,))]. 


Using the formulas derived above, we can express the quantities involved in the 
nondegeneracy conditions as 


Ax + By, = BO) — 2A(0) = ay9(0) + bi, (0) — b29(0), Bag = 2A(O) = ba9(0). 


Therefore, the following nondegeneracy conditions should be imposed on the Taylor 
coefficients of the map (9.36) at the 1:1 resonance: 


(R1.1) a9 (0) + B11 (O) — b29(0) F 0; 
(R1.2) by(0) 4 0. 


Notice that the second condition coincides with the assumption of Lemma 9.7 and 
simultaneously guarantees the transversality of the Bogdanov-Takens bifurcation. 
Thus, the expression for s reads 


8 = sign[b29(a20 + bi; — b29)](O) = £1. 


The bifurcation diagram of system (9.53) with s = —1 was presented in Fig. 8.8. 
That bifurcation diagram therefore describes the bifurcations of the approximate map 
| if we take into account the correspondence between (€, v) and (7, 3). Equilibria 
correspond to fixed points, while limit cycles should be interpreted as closed invari- 
ant curves. Moving around the origin of the G-plane clockwise, we encounter the 
following bifurcations of the map vy). A pair of fixed points, a saddle and a stable 
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one, appear when crossing the curve T_ from region 1 to region 2. The stable fixed 
point becomes unstable, producing a stable closed invariant curve along curve H, 
which now corresponds to a Neimark-Sacker bifurcation. The closed curve exists in 
region 3 and is destroyed via a homoclinic bifurcation at P. Finally, the saddle and 
unstable points collide and disappear via a fold bifurcation at T,.. Recall once more 
that all this happens in the approximating map. 

What can be said about bifurcations of a generic map (9.29)? Certain features of 
the bifurcation diagram do survive, namely those related to /ocal bifurcations. More 
precisely, there are bifurcation curves T and H , corresponding to the curves T and H, 
on which the map has a fold and a Neimark-Sacker bifurcation, respectively. These 
curves meet tangentially at the codim 2 point. A closed invariant curve bifurcating 
from the stable fixed point exists for parameter values close to H. 

However, even if a closed invariant curve exists for the original map, the orbit struc- 
ture on it is generically different from that for y!. For the approximate map, all orbits 
in the curve are either periodic or dense, while for the original map, phase-locking 
phenomena occur that create and destroy stable and unstable long-period orbits as 
parameters vary inside region 3. Actually, an infinite number of narrow phase-locking 
Arnold tongues are rooted at the Neimark-Sacker curve H. These tongues are delim- 
ited by fold bifurcation curves corresponding to a collision between stable and saddle 
periodic orbits. Some other bifurcations of the original map are not present in the 
approximating flow. These bifurcations take place near the homoclinic curve P for 
the approximate map. The coincidence of the stable and unstable manifolds of the 
saddle at P occurring for (p} is generically replaced by their transversal intersection, 
giving rise to a homoclinic structure implying the existence of an infinite number of 
saddle cycles (see Chap. 2). The transversal homoclinic structure exists in an expo- 
nentially narrow parameter region around P bounded by two smooth bifurcation 
curves, P and P, corresponding to homoclinic tangencies (see Fig. 9.7 and Sect. 
7.2.1 of Chap. 7). The fold curves delimiting the phase-locking tongues accumulate 
on Pig (see Fig. 9.8, where only one tongue is shown schematically). The complete 
picture includes other bifurcations (i.e., flips) and seems to be unknown (see the 
bibliographical notes in the appendix). 


9.5.3 1:2 Resonance 


In this case, we have a smooth planar map 
2 2 
rt> f(z,a), cE R’, ae R’, 
having at a = 0 the fixed point x = 0 with multipliers j1;, = —1 (1:2 resonance). 
Since 4 = | is not an eigenvalue of its Jacobian matrix, we can assume that x = 0 


is a fixed point for all sufficiently small ||a|| and write our map as 


tre A(a)jx+ F(a, a), (9.54) 
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ey 


Bi 


Fig. 9.7 Homoclinic tangencies along the curves P, and Py 


Fig. 9.8 An Arnold tongue 
rooted at a resonant 
Neimark-Sacker bifurcation 
point 


By 


for some smooth A(a), F(x, a) = O((||x||7). Let Ag = A(O), and assume that there 
exist two real linearly independent vectors, go,1 € R?: 


Aoq = —4, Aou =—%1 + 40- (9.55) 
The vector qo is the eigenvector of Ag corresponding to the eigenvalue —1, while q is 


the generalized eigenvector of Ap corresponding to the same eigenvalue. Moreover, 
there exist similar adjoint eigenvectors po,1 € R? of the transposed matrix A} : 


Ajpi =—pi, Agpo = —Po + Pi. (9.56) 
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We can always select four vectors satisfying (9.55) and (9.56) such that 


(qo, Po) = (M1, P1) = 1, 


where (-, -) stands for the standard scalar product in R? : (x, Y) = £1Yy1 + L2y2. The 
Fredholm Alternative Theorem implies 


(41, Po) = (Go, P1) = 9. 
If vp and v; are selected, then any vector « € R* can be uniquely represented as 
L=Yido + Y2H; 
where new coordinates (y;, y2) can be computed explicitly by 


{' = (po, Z), 
y2 = (pi, 2). 


In the coordinates (y;, y2), the map (9.54) takes the form 
YI —l+aj(a) 1+ao(a)\ (m gly, &) 
57 
(%:) = ( bila) —1+bola)) ye) targa)? 9°? 
where 


gly, &) = (po, F(yigo + yom, @)), Ahly, a) = (pi, F(yido + y2mH, @)), 


and 
a\o(@) = (po, [A(a) — Ao]qo), @o1(@) = (po, [A(@) — Aola), 


bio(@) = (pi, [A(a@) — Algo), bo1(@) = (pi, [A(@) — Aola). 


Clearly, 


19(0) = ao1 (0) = b10(0) = boi (0) = 0. 
The nonsingular linear coordinate transformation 
y = Plaju, 


where P is given in Lemma 9.6 with \ = —1, reduces the map (9.57) for sufficiently 
small ||c|| into 


ut -1 1 Ul 1 g(P(a)u, a) 
("") re ee —I1+ a) i) + P~'(a) Cae |) » (9.58) 
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where 

14 (a) = big(@) + a1 (@)b10(@) — Ay9(@)bo1(@), V¥2(a) = ay9(@) + boi (@). 
Assume that 


Ov 
(R2.0) det (5) 


Under this transversality assumption, we can use v to parametrize a neighborhood 
of a = 0: 


#0. 


a=0 


4(Q), 


C 
Bo = V2(Q). 


We can express a as a function of 3 and write the map (9.58) as 


Ul —l 1 U1 G(u, B) 
(eG see a 
where G, H = O(|\ul|). Notice that G(u, 0) = g(u, 0), H(u, 0) = Au, 0). 


Having performed these preliminary linear transformations, we can now make a 
nonlinear change of coordinates to simplify the map (9.59). 


Lemma 9.9 (Poincaré normal form map for 1:2 resonance) There is a smooth 
invertible change of coordinates, smoothly depending on the parameters, that trans- 
forms (9.59) into the map 


1 = ! f 0 : 
(«) ~ ( f —1 ‘e) ({:) ' (core + oete) + OUI) 
(9.60) 


for smooth functions C(3) and D(). 


Proof: 
Expand G and 4 into Taylor series with respect to u: 


G(u, 8) = D> gix(Byujus + O(\iull*), 


2<j+hk<3 


H(u,B)= D> hyx(Byujus + O(lull*). 


2<j+k<3 


Let us try to find a transformation 


uy = €) + bj (Beek, 


2<j+k<3 


wm=ht > vee, 


2<j+k<3 
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with 
$03(8) = Yo3(B) = 0, 


that annihilates all terms of order two and three except those displayed in (9.60). 

First, fix a = 0 and find the corresponding $;7,(0), 7;,(0). This is sufficient to 
compute C(0) and D(0). To simplify notation, drop the argument of $j; and wjx. In 
the coordinates (£,, &), the map (9.59) for 3 = 0 will have a form 


&=-Gth+ Yo y+ oe, 
7 2<jtks3_ 
&=-h+ D> oni + Odell, 


2<j+k<3 


where ;;, and oj; are certain functions of gj, hj, and Ox, Wjr- 
By a proper selection of @jx, Wjx with j + k = 2, we can eliminate all quadratic 
terms in the map (£1, £2) > (€1, &). Indeed, the vanishing of all these terms means 


Y20 = 11 = Yor = 920 = O11 = 902 = O 


is equivalent to the linear algebraic system 


2 0 0-1 0 O 20 920 
—2 2 0 O-!1 0 Pi Dil 
1-1 2 0 0-1 o2 _ GJo2 
0 0 0 2 0 0 woo | | h20 
0 0 0-2 2 O;] dy hai 
00 0 1-1 2) \do his 


This system has a unique solution since its determinant obviously differs from zero. 
Then, we can use its solution 


1 
= —ha, 9.61 
$20 5 920 + qh (9.61) 
eee ee (9.62) 
1 = 7920 ha 2 20 4 11> : 
ee ge ee ee (9.63) 
02 = qo 5 902 8 20 4 11 A 02> : 
1 
Vo = 5 h20 (9.64) 
a eee (9.65) 
11 = Zhao + shu, : 
1 1 
ee 9.66 
Wo2 ri ae 02 (9.66) 


to eliminate all the quadratic €-terms at G = 0. 
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The next step is to “kill” cubic terms. Actually, it is possible to annihilate all but 
those terms displayed in (9.60). Namely, the vanishing conditions 


Y21 = V12 = 73 = 30 = F122 = 903 = O 


yield the linear system for $j%,, Wj of the form 


0 $30 

1 pai 

0 giz | 

0 w30 a Rig, hj, 
0 wa 

1 Wr 


where R[g, h] is a certain vector-valued function of g;;., hj, 7 +k = 2, 3. This sys- 
tem is also solvable, thus specifying the cubic coefficients of the transformation. 
Explicit solution of this system (using (9.61)—(9.66)) leads to the following formulas 
for the coefficients in (9.60): 


1 1 

C(O) = h3o(0) + 920(0)h20(0) + 5200) + 5 h200)h11 (0) (9.67) 
and 
1 5 
D(O) = hai (0) + 3930(0) + 7920(0)h11 0) So qh200)h1 (0) 
5 5 
+ hyo (O)ho2(0) + 3959 (0) + 7920 (0) hoo (0) + 7911 O)h2o (0) 
1 

+ h3o(0) + shi ©). (9.68) 
Small || || 4 0 causes no difficulties since the above linear systems will be sub- 


stituted by nearby linear systems. Because the original systems at 3 = 0 are regular, 
these new systems are uniquely solvable. We leave the details to the reader. 


Remark: 
It is insufficient to make only the quadratic transformation with coefficients given 
by (9.61)-(9.66) to compute D(O) since this quantity depends on 239(0). > 


Denote the normal form map (9.60) by € + I'g(€). Our next task would be to 
approximate this map by a flow. Clearly enough, this is not possible since its linear 


part for 6 = 0 
&1 -l 1)\/& 
(2) Co -i)(8) 


has negative eigenvalues. However, the second iterate, 
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En THO), 


can be approximated by the unit-time shift of a flow. The map V4 has the form 
&1 ( Lap Br =2+ fh )(E) V(g, B) 
, (9.69 
G | 26,4 Bi 1+-2h+B)\e) tT wEew) °° 


VE, B) = C(B)E} + D(B)ETEr 
and 


WE, 8) = (-2C(B) + A D(B) + HC(B))E 
+ (3C(B) — 2D(8) — 26, D(B) + BDB))EEs 
+ (—3C(8) + 2D(8) + 8, D(B) — 2D(B) HE 
+ (C(B) — D(B) + D(B))G + O(Ell*. 


Lemma 9.10 The map (9.69) can be represented for all sufficiently small || || in the 
form . ; 4 
M3(E) = y3(f) + OUell), 


where y', is the flow of a planar system 


E= Agf + UE, B), (9.70) 
where ; 
Ag = cae i *) + OUliGll’), 


and U (€, (3) is a homogeneous cubic vector-polynomial in €. 


Proof: 
Start with G = 0. The linear part of (9.69) at G = 0, 


{1 Pe \ fot 
a ; 
© 0 1/\& 
is the unit-time shift along orbits of the planar linear system 


£ = Aof, 


0 —2 
ao=(9-2). 


where 
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Suppose that the approximating cubic system é = Ao£ + U(E, 0) has the represen- 
tation . 
[ 
& 


Let us perform three Picard iterations (9.26) for (9.71). Since the system (9.71) has 
no quadratic terms, we have 


—26 + AzoG? + Ari? + AEG + Avs, 


9.71 
Bay€} + Buy €?br + ByEi&} + Bosk3. ae. 


eY(r) = €%(r) = ee = & ra . 


The third iteration yields 


EO) = G — 2&) + azo€} + ari€pés + a1281G} + 7) 
£5 + b30€} + ba E7bo + biG + bos} ; 


where aj;z,, bj; are expressed in terms of A;;,, Bj, by the formulas 


a30 = A30 —_ B30, 
a2, = —3A30 + Ad + 2 B30 — Bo, 


4 
@\2 = 4A39 — 2A2) + Ajy2 — 2B39 + 3 Ba — By, 


4 4 2 2 
a3 = —2A39 + 342 — Ajo + Ao3 + 5 B30 3 Ba + 3 Bi2 Bos, 


b30 = B30, 
bo, = —3B39 + Bay, 
by2 = 4B39 — 2Bo, + By, 


4 
bo3 = —2B39 + 3 Ba — By. + Bo. 


Solving the above equations for Ajj, Bj, and using (9.69), we obtain 


A390 = 439 + 639 = —C(0), 
Ao = 3a39 + az) + 4639 + 623 = —2C(0) — D(O), 
8 4 
Aj2 = 2a39 + 2a21 + ai2 + 4639 + yon + biz = —C(O)— oo 


2 8 4 4 
Ag =r b b b b 
03 i 30 F 3921 F 3012 + 03 


1 1 
= ~75 OO a qe?) 
B3y = b39 = —2C(0), 
Bo, = 3b39 + 621 = —3C(0) — 2D(0), 
Biz = 2639 + 2b2; + bin = —C(O) — 2D(0), 
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2 1 
Bo = 32 + by +b = =a iO): 


This proves the lemma and gives explicit formulas for the coefficients of the approx- 
imating system (9.70) at G = 0. 

For small ||3|| 4 0, we can verify the formula for the linear part of A = Ag given 
in the lemma statement by first taking three terms in the expansion 


1 
ef = 0) + > aa 
k=1 


Then, Picard iterations produce expressions for a,j;,(3), bj, (3) that, if we set 3 = 0, 
coincide with those obtained above. 


The map (9.70) can be simplified further. 


Lemma 9.11 Jf we perform an invertible smoothly parameter-dependent transfor- 
mation of variables, system (9.70) can be reduced to the form 


™m 01\/(m 0 4 
. |= O ‘ 9.72 
(".) € a ery aes we me 


for smooth functions 7,2 = 7\,2(2), 


es = 48, + OI), 
2(8) = 2/3) — 262 + O(IIBII7), 


and smooth C, = C,(@), D, = D,(@), such that 
C,(0) =4C(0), D,(0) = —2D(0) — 6C (0). 


Proof: 
For 3 = 0, the desired transformation of (9.71) is given by 


m = € + x30) + x26? + x218, 
m = —2f2 + bs0€} + db + oniS, 


where 
= ++. oT) +tp 22) 
X30 = é 21 12 12, X21= 4 12 4 03, X12 = ) 03> 
and i 
$30 = A30, G21 = = 5 Bu, d12 = — Bos. 


Making this transformation and using the above formulas for B39, B21, and Azo, one 
ends up with the coefficients C;(0) and D; (0) as in the lemma statement. 
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The case 3 4 Ois left to the reader. Notice that the map G +> yis regular at 6 = 0; 
therefore, (71, y2) can be used as new parameters near the origin of the parameter 
plane. 


By combining the two previous lemmas, we can formulate the following theorem. 


Theorem 9.3 (Normal form flow for 1:2 resonance) The second iterate of the 
smooth map, 


1 —l 1 &1 0 F 
({) _ ( A -1 so) ) i (ewe + oes) + O(Nell’), 


can be represented for all sufficiently small ||G\| in the form 
Er> yy (6) + OLIEl*), 


where gt, is the flow of a planar system, that is smoothly equivalent to the system 


m) _ 0 1 ™m 0 
(‘) 7 (W 58) ) + (ced df bie) (9.73) 


where 


eee = 48, + O(I|?), 
2(8) = —2/8) — 262 + O(IIBII7), 


and 


C,(0) = 4C(0), Di (0) = —2D(0) — 6C (0). 


Now consider the bifurcations of the approximating system (9.73), assuming the 
following nondegeneracy conditions: 


Ci(0) #0, Di) £9. 


These conditions can be expressed in terms of the normal map coefficients: 


(R2.1) C(O) 4 0; 
(R2.2) D(O) + 3C(O) 4 0; 
and effectively verified for a given map using (9.67) and (9.68). We can also assume 


that 
D,(0) < 0; 


otherwise, reverse time and substitute 7; +> —7,. Under these assumptions, we can 
scale the variables, parameters, and time in (9.73), thus obtaining the system 
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G =, 
© =e tor + 8G} -— 7, oe) 


where s = sign C(O) = +1. 

The bifurcation diagrams of (9.74) for s = 1 and s = —1 are presented in Figs. 
9.9 and 9.10, respectively. The important feature of the approximating system is that 
it is invariant under the rotation through the angle 7 


Ch -C. 


Using the terminology of Chap. 7, we say that it is Z2-symmetric. The system always 
has the equilibrium 
Eo = (0, 0). 


Two other possible equilibria are located on the horizontal axis ¢ = 0, 
E\. = (¥/—s61,0), 


and bifurcate simultaneously from the trivial one via a pitchfork bifurcation along 
the line 
F® = {(€1, 62): €1 =O}. 


The nontrivial equilibria exist for e¢; < Oif s = 1, and fore; > Oifs = —1. 

Consider the case s = 1 (Fig. 9.9). In region 1, there is a single trivial equilibrium 
Eo, which is a saddle. Crossing the lower branch of F“ implies a pitchfork bifurca- 
tion generating a pair of symmetry-coupled saddles £2, while the trivial equilibrium 
becomes a stable node. This node turns into a focus somewhere in region 2 and then 
loses its stability upon crossing the half-line 


H® = {(e1, €0) : 62 =0,€) < O}, 


via a nondegenerate Hopf bifurcation. In region 3, a unique and stable limit cycle 
exists.> Crossing the curve 


1 
C= {tere a= ~56! + o(€1), €1 < of 


leads to the disappearance of the cycle through a heteroclinic bifurcation (see Exercise 
5). Due to the Z2-symmetry, the heteroclinic orbits connecting the saddles FE; and 
E» appear simultaneously, forming a heteroclinic cycle upon crossing C. In region 
4, the totally unstable trivial equilibrium E9 coexists with the saddles E,.5. All three 
of these equilibria merge at the upper branch of the pitchfork bifurcation line F“” as 
we return to region 1. The most difficult fact to prove is the uniqueness of the limit 


5 In the terminology of Chap. 7, this cycle is an S-cycle. 
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Fig. 9.9 Bifurcation diagram of the approximating system (9.74) for s = 1 


cycle in region 3. This can be done using singular rescaling, the Pontryagin method 
of Hamiltonian perturbations, and estimation of elliptic integrals in a similar way to 
that described in Appendix A to Chap. 8 for the Bogdanov-Takens bifurcation (see 
Exercise 5 for some of the details). 

The bifurcation diagram in the case s = —1 is slightly more complicated (Fig. 
9.10). In region 1, there is a single trivial equilibrium Ep that is now a stable point 
(either a node or a focus). It undergoes a nondegenerate Hopf bifurcation on the 
half-line H) given above, giving rise to a stable limit cycle. Two unstable nodes 
(later becoming foci) branch from the trivial equilibrium when we cross the upper 
half-axis of F“) from region 2 to region 3. In region 3, all three equilibria, Ep, E,, 
and E>, are located inside the surrounding “big” limit cycle that is still present. At 
the half-line, 

H® = {(€1,€2): €2 =€1, €1 > O}, 


the nontrivial foci E; > simultaneously undergo Hopf bifurcations. These bifurcations 
lead to the appearance of two “small” unstable (symmetry-coupled) limit cycles 
around the nontrivial equilibria. The equilibria themselves become stable. Therefore, 
in region 4, we have three limit cycles: a “big” one and two “small” ones. Along the 
curve 


4 
P= {(e1.e2) 62 = 5°! + o(€1), €1 > of 5 
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Fig. 9.10 Bifurcation diagram of the approximating system (9.74) for s = — 


Z, 
_— 


the “small” cycles disappear via a symmetric figure-eight homoclinic bifurcation (see 
Exercise 5). Along this curve, the saddle Ey has two homoclinic orbits simultane- 
ously. These orbits are transformed one into another by the rotation through 7. The 
figure-eight is unstable from both inside and outside. Crossing the curve P from 
region 4 to region 5 implies not only the destruction of the “small” cycles, but also 
the appearance of an extra unstable “big” limit cycle. Thus, in region 5, we have 
two “big” cycles: The outer one is stable, while the inner one is unstable. These two 
“big” cycles collide and disappear along the curve 


K = {(€1, €2) : €2 = koe, + O(€1), 1 > Of, 


where ko = 0.752.... This is a fold bifurcation of cycles. After the fold bifurcation, 
no limit cycles are left in the system. In region 6, we have three equilibria, the trivial 
saddle and two stable nontrivial foci/nodes. The nontrivial equilibria collide with the 
trivial one at the lower branch of the line F@, as we return back to region 1. We 
conclude the description of the bifurcation diagram in this case by pointing out that 
the most difficult part of the analysis is proving that there are no extra limit cycles 
in the system (see the bibliographical notes and Exercise 5). 

We can now interpret the obtained results, first in terms of the approximating 
map p} and second in terms of the original map near the 1:2 resonance. Let ps 
be the unit-time shift along orbits of the normal form (9.74). For this map, the 
equilibria become fixed points, the pitchfork bifurcation retains its sense, while the 
Hopf bifurcations turn into the Neimark-Sacker bifurcations since the limit cycles 
become closed invariant curves of corresponding stability. Recall now that the map 
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(a) (b) 


Fig. 9.11 Homoclinic structures near 1:2 resonance: (a) s = 1; (b) s = —1 


yp) approximates the second iterate ie of the original map Ig near the 1:2 resonance. 
For the map I's, the trivial fixed point of y} is a fixed point placed at the origin, 
while the nontrivial fixed points correspond to a single period-two orbit. Therefore, 
the pitchfork turns into a period-doubling bifurcation, which is natural to expect near 
a double multiplier j4;,. = —1. One can prove that bifurcation curves similar to the 
curves F), H, and H exist for the corresponding s in Tg. 

On the contrary, curves analogous to the heteroclinic curve C, as well as to the 
homoclinic and cycle fold curves P and K, do not exist for the original map with 
generic higher-order terms. As for the Chenciner bifurcation and the 1:1 resonance, 
complex bifurcation sets exist nearby. The “instant collisions” of the saddle invariant 
manifolds and closed invariant curves are substituted by infinite series of bifurcations 
in which homoclinic structures are involved (see Fig. 9.11(a,b)). Such structures 
imply the existence of long-period cycles appearing and disappearing via infinitely 
many fold bifurcations as one crosses the corresponding bifurcation set. There is also 
an infinite cascade of flip bifurcations. The complete bifurcation picture is unknown. 


Remark: 
System (9.73) has a fundamental meaning if we consider it in the class of smooth 
planar Z-symmetric systems, invariant under the rotation x +> Za = —x. Any such 


system has the form 


(9.75) 


&y = 2G, (27, x5, a) + 22G2(2x7, 75, a), 
2 >= x Ay ee, ee a) +e x2 Hp(rt, a; @). 


Assume that the origin z = 0 is an equilibrium with a double zero eigenvalue A;,2 = 0 
and that the Jacobian matrix has at least one nonzero element. Similar to Lemma 
9.11, one can show that any system (9.75) is smoothly orbitally equivalent to the 
system 
th =m +mP(np. 8) + m¥2(my,. 1, 5), 
th = Bim + Bom + Ci(B)ni + Di(B)ntm (9.76) 
+ mPi(nj, 73, 8) + mP2(nt, 73, 8), 


where %,, ®, = O(||7 \I3), k, = 1, 2. Ithas been proved that, under conditions (R2.0)— 
(R2.2), system (9.76) is locally topologically equivalent to system (9.73). Moreover, 
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the homeomorphism hg identifying the phase portraits can be selected to commute 


with TZ: 
hgoLT=Tohg.O 


9.5.4 1:3 Resonance 


Consider now the case when a planar smooth map 


rr f(z, a), ce RR’, ae R’, 


has at a = 0 the fixed point x = 0 with simple multipliers 4. = e* for Oy = or 


As with the 1:2 resonance, we can assume that x = 0 is the fixed point of the map 
for all sufficiently small ||a:|| and write the map as 

rt> A(P)x + F(a, a), 
where F(a, ~) = O(||a||?). Since the multipliers are simple, there is an eigenvector 
g(a) € C?: 

A(a)q(@) = u(a)q(a), 
for each ||a!|| small, such that (0) = e”%. As usual, introduce the adjoint eigenvector 
p(a) € C’, satisfying 

A’ (a)p(a) = ji(a)p(a), 
which is normalized according to 

(p,q) = 1. 
Now any vector x € R? can be represented in the form 
v= 2zq4+ 2q, 

and the studied map can be written in the complex form 


zh Ua)z+ g(%, Z, a), (9.77) 


where 


1 b 
g(2, 2, 0) = (p(@), f(zq(a) + 2G), ) = YP Ze gu(ay2X2. 
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We can proceed in the same manner as when studying the Neimark-Sacker bifurca- 
tion in Chap. 4 (see Sect. 4.7). 


Lemma 9.12 (Poincaré normal form map for 1:3 resonance) The map (9.77) can 
be transformed by an invertible smooth and smoothly parameter-dependent change 
of variable, for all sufficiently small ||a||, into the form 


CH Tal(Q = wae + Bay? + C(ayelc)? + O(c), (9.78) 
where 
B(a) = 2), (9.79) 
and 
Cla) = 220G (A) 2u(a) + fla) = 3) lio)? G21) 9 90) 
(f(a) — 1)(p2(a) — pa) (a) |? — (a) 2 
Proof: 


The proof is essentially contained in the proofs of Lemmas 4.5 and 4.6 in 
Chap. 4. As in Lemma 4.5, we can try to eliminate quadratic terms in (9.77) by the 
transformation 
P20 42 7 


h 
z=wt + hurwid + a", 


where hyj=hx (a) are certain unknown functions. Exactly as in Lemma 4.5, we can 
annihilate the coefficients in front of the w*- and ww-terms by setting 


hin = 920 1 gu 

=") 1 = ’ 

we — pb Iul? — pw 

since the denominators are nonzero for all sufficiently small ||a||. However, an 
attempt to “kill” the w-term of the resulting map by formally setting 


Go2 


ey 


hoz = 


(as in Lemma 4.5) fails spectacularly because 
je (0) — w(0) = "(1 — e*™) = 0. 


Thus, the w-term cannot be removed by a transformation that depends smoothly on 
a. Therefore, set hg2(@) = 0, which gives 


Jo2 (0) 


B(O) = 5 


(9.81) 
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The next step is to annihilate cubic terms. This can be done exactly as in Lemma 
4.6 by performing an invertible smooth transformation 


vee 720 63 4 "Ce + a 


with smooth hz; = hy(a). Since p?(0) 4 1 and p4*(0) ¥ 1, the transformation 
removes all cubic terms in the resulting map, except the ¢|¢|?-term. To compute 
the coefficient C(a), we need to only make the transformation 


1 = 
Z2=€4 5 h20(a)e? + hi(aycc, 


with hoo and 1; given above, and find the resulting coefficient in front of the ¢ a0 - 
term. This gives the expression (9.80). The critical value C (0) is then provided by 


= 2 
C0) = g20(0) 911 (0) (1 — 2440) i, 1911 (0)| 4 g2i(0) (9.82) 


2(19 — Ho) 1 — fio 2 


where jo = (0) = e’, Formula (9.82) can be obtained by merely substituting 
go2(0) = 0 into (4.27) from Chap. 4. The lemma is proved. 


We would like to approximate the map (9.78) by a flow. Its linear part 


Cre wane, (9.83) 


which describes the rotation through the angle + at a = 0, provides no difficulties. 
Writing ju(@) in the exponential form 


u(a) _— eo) +i0(a) 


where €(0) = 0 and 6(0) = 0) = =, we can see immediately that (9.83) is the unit- 
time shift along orbits of the near equation 


€=Xadé, 


for \(a@) = €(a) + 76(a@). However, an attempt to approximate the quadratic term in 
I, by a flow fails. Clearly, an approximating equation should have the form 


C= XC + Gene? + O(IC1?) 
for some unknown function Go2 = Go2(q@). Perform two Picard iterations (9.26): 


OmM=e"%, 
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2 (e—?A = 1) 


2 Got: 
\—2) 026 


691) = eC + 


The coefficient in front of c > vanishes at a = 0 since 


eX O)-210) _. 63% _ 


at the 1:3 resonance. Therefore, we cannot approximate Ip with B(0) ¢ O by the unit- 
time shift of a flow. The same is true for its second iterate r2 (check!). Fortunately, 
the third iterate 3 allows for approximation by a flow. 


Lemma 9.13 The third iterate of the map (9.78) can be represented for all sufficiently 
small ||a|| in the form 


PAC) = vas + O11), 
where ¢y', is the flow of a planar system 
C= wae + Braye? + Ci(a)cicl’, (9.84) 
where w, B,, and C, are smooth complex-valued functions of a, w(0) = 0, and 


Bi (0) = 3/0 B(O), (9.85) 
C1(0) = —3|B(0)? + 348CO), (9.86) 


with lo = e’, and B(O) and C(O) are given by (9.81) and (9.82), respectively. 


Proof: 
The third iterate of I’, has the form 


T3(Q = C+ (we? + Blu? + py) BC 
+ [2m + 2 + lel1B? + 20 + lel? + lel] Cle? + Odcl). 


Since 3(0) = 1, we can represent p> near a = 0 in the form 


w(a) 


(a) =e 


for some complex function w(qa) such that w(0) = 0. This gives the linear term in 
(9.84). 

For small ||| the map T°? is close to the identity map id(¢) = ¢. As we have 
mentioned, such maps can always be approximated by flow shifts. To verify (9.85) 
and (9.87), let us first perform three Picard iterations for (9.84) at a = 0: 


OM=ée, 
C%(r) = C+ BiO)C?7, 
CP (1) = C+ By (0)C? + (|B, (0)? + C10) CIC? + OIC). 
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Comparing the coefficients in ¢° (1) with those ey [* sot a = 0, one gets the expres- 
sions (9.85) and (9.86) by taking into account = ie = [ol = 1. 


Let us consider the real and imaginary parts of w as new unfolding parameters 


(G1, G2): 
w(a) = 81 (a) + 782(a). 


We have 

B\(a) = 3e(a), 

3(a) = 30(a) (mod 27). 
Assuming 
(R3.0) det (S) # 0, 


at a = 0, we can use (3 to parametrize a neighborhood of the origin on the parameter 
plane and write (9.84) as 


C= (G1 + 1y)6 + (DC? + a (BCIC?, (9.87) 
for b;(3) = By(a(P)), c1(B) = C\(a(Q)). If the complex number 
(R3.1) b; (0) = B, (0) £0, 
where B; (0) is given by (9.85), then we can scale (9.87) by taking 


C= 7(8)n, y(B)€C'," 


with ; 
1D = BGO (a. : 
The scaling results in 
7) = (Bi + 182) + HP + e(B)nlml”, (9.88) 
where 
me ae 


Writing (9.88) in polar coordinates 7 = pe’”, we obtain 


P= Bip + p* cos 39 + a(B)p?, 
~ = bo — psin3y + b(B)p", (9.89) 
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with smooth real-valued functions a(3) = Re c(2), 6(3) = Im c(B). We now intro- 
duce the final assumption concerning the approximating planar system, namely we 
suppose 


a(0) £9, 
which is equivalent to the nondegeneracy condition 
(R3.2) Re C,(0) £ 0, 


where C; (0) is given by (9.86). 

Under the nondegeneracy conditions assumed, the bifurcation diagram of the 
approximating system (9.89) for a(0) < 0 is presented in Fig. 9.12. 

Notice that the system is invariant under the rotation R3 through the angle y = 
I = 2n Such systems are called Z3-symmetric. 

The system always has a trivial equilibrium Eo with po = 0. For all sufficiently 
small ||3|| 4 0, there are also three nontrivial symmetric equilibria, 


De A 


Fig. 9.12 Bifurcation diagram of the approximating system (9.88) for a(0) = Re c(0) < 0 
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Ex = (0s, 9s,k), k= 1,2, 3, 
all located on a circle of radius r,, 
r= Bi +B + OCIA), 


and separated by the angle 0) = = in y-coordinate. 

The nontrivial equilibria are always saddles and do not bifurcate for small || G|| 4 
0. The trivial equilibrium is obviously stable for 3; < 0 but becomes unstable for 
(3, > O undergoing a supercritical Hopf bifurcation at 3, = 0 due to the assumption 
a(0) < 0. Therefore, a unique and stable limit cycle appears in (9.89) if we cross the 
Hopf bifurcation line 


N = {(81, 62) : G; = 0} 


from left to right at a point with 3. 4 0. 

What happens with this limit cycle later? It can be proved that the system (9.89) can 
have no more than one limit cycle for all sufficiently small || 3], if the nondegeneracy 
conditions (R3.1) and (R3.2) are satisfied (see the bibliographical notes). One can 
show that there is a bifurcation curve 


H = { (Gi, Br): = -5 53 + 08D} 


at which the limit cycle disappears via a heteroclinic bifurcation (see Exercise 6). 
For parameter values on the curve H, the system has a heteroclinic cycle formed 
by coinciding stable and unstable separatrices of the nontrivial saddles. All three 
saddle connections happen simultaneously due to the symmetry. The heteroclinic 
cycle resembles a triangle and is stable from the inside. Thus, the limit cycle exists 
in two disjoint regions adjacent to the Hopf line N. We leave the reader to make a 
trip around the origin for the bifurcation diagram in Fig. 9.12, as well as consider 
the case a(0) > 0. 

Let us briefly discuss the implications that result from the preceding analysis for 
the original map I’, near the 1:3 resonance. The map always has a trivial fixed point 
undergoing a nondegenerate Neimark-Sacker bifurcation on a bifurcation curve cor- 
responding to the Hopf curve N in the approximating system (9.89). The Neimark- 
Sacker bifurcation produces a closed invariant curve surrounding the trivial fixed 
point. For all parameter values close to the codim 2 point, the map I", has a saddle 
cycle of period three corresponding to the three nontrivial saddle fixed points of T, 
which, in turn, correspond to the saddles E;,., k = 1, 2,3 of (9.89). Instead of the 
single heteroclinic bifurcation curve H, the map I’, with generic higher-order terms 
possesses a more complex bifurcation set. The stable and unstable invariant manifolds 
of the period-three cycle intersect transversally in an exponentially narrow param- 
eter region forming a homoclinic structure (see Fig. 9.13). This region is bounded 
by two smooth bifurcation curves T;,2 at which the manifolds are tangent, obtain- 
ing a nontransversal homoclinic orbit. The intersection of these manifolds implies 
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Fig. 9.13 Homoclinic 
structure near a 1:3 
resonance 


the existence of Smale horseshoes and, therefore, an infinite number of long-period 
orbits (see Chap. 1). These orbits appear and disappear via fold and flip bifurcations 
near the curves 7;,2. The closed invariant curve born at the Neimark-Sacker bifurca- 
tion loses its smoothness and is destroyed as it approaches the homoclinic structure. 
The complete picture is unknown. 


Remark: 
Adding any Z3-invariant higher-order terms to system (9.89) does not qualitatively 
change its bifurcation diagram. > 


9.5.5 1:4 Resonance 


Consider a planar smooth map 
rt> f(@%,a), rE R?, ae R’, 


having at a=0 the fixed point x =0 with the simple multipliers ju).(0) = 


exp ( z) = +7 (1:4 resonance). Write the map, for sufficiently small ||a||, as 


rr A(a)jx+ F(x, Q), 
where F(x, a) = O(|\2||7). Since the eigenvalue j4;(0) =7 of A(O) is simple, 
there is a nearby smooth eigenvalue ju(@), (0) = 72, of A(a) for all sufficiently 
small ||a||. As usual, introduce the corresponding ordinary and adjoint eigenvec- 
tors: g(a), p(a) € C’, 

Aq= pq, A’ p= hip, 


and normalize them according to 
(p,q) = 1. 


Now, any vector « € R? can be represented in the form 
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v= 2zq4+ 2q, 
and the map can be written in the complex form 
zh> ula)z+ g(z, Z, a), (9.90) 


where 


9(2, 2,0) = (p, f(zq(a) + 24a), 0)) = )> OLE 

k+1>2 
By Lemma 4.5 from Chap. 4, we can make a smooth transformation, eliminating all 
quadratic terms in (9.90) for small ||a|| since 4g A 1 and ne # 1, for 4y = 2. The 
transformation will change the cubic terms. Then, as in Lemma 4.6, we can try to 
annihilate as many cubic terms as possible. Denote the new complex coordinate by 
¢. Then, from the proof of Lemma 4.6, we immediately see that only two of the 
four cubic terms can be “killed” in the present case. Namely, attempts to remove 
¢|¢|?- and C3-terms fail because |,i9|7 = tis = |. Simple extra calculations prove the 
following lemma. 


Lemma 9.14 (Poincaré normal form map for 1:4 resonance) The map (9.90) 
can be transformed by an invertible smooth change of variable, smoothly depending 
on the parameters, for all sufficiently small ||a||, into the form 


6H Ta = w(@6 + C(adel¢? + Dade? + O(c), (9.91) 


where C and D are smooth functions of a : 


1+ 3:1 1-2 1+2 1 
C(O) = 4200) 911 0) + lg? — —Ig02(0)? + 5921(0), 
(9.92) 
i-1 1+2 _ 1 
D(O) = 9119) G02(0) — 902(9).G20(O) + 503 (0). (9.93) 
The next aim is to approximate I", by a flow. The linear part of (9.91), 
Cr> pane, (9.94) 


is a rotation through the angle > at a = 0 and is easy to handle. Writing j.(q) in the 
exponential form 

(a) -_ eX (OFIH(0) 
where €(0) = 0 and 6(0) = a we can immediately verify that (9.94) is the unit-time 
shift along orbits of the linear equation 


€=X(a)¢, 
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for \(a@) = €(a) + 76(a). However, if we are interested in nonlinear terms, only the 
fourth iterate of ', allows for approximation by a flow. 


Lemma 9.15 The fourth iterate of the map (9.91) can be represented, for all suffi- 
ciently small ||a||, in the form 


Pa(C) = vat + OIC), 
where (p', is the flow of a planar system 
C= ware + Ci(aycle? + Dila)?’, (9.95) 
where w, C,, and D, are smooth complex-valued functions of a, w(0) = 0, and 
C,(0) = —4iC(0), Dj, (0) = —42D(0), (9.96) 


with C(O) and D(O) given by (9.92) and (9.93), respectively. 


Proof: 
The fourth iterate of I’, has the form 


MO = C+ eer + Dal + Neer + G@+ ry + pple 
+ O(\¢|*). 


Since y:*(0) = 1, we can represent y* near a = 0 in the form 


wa =e, 
for some smooth complex-valued function w(a@) such that w(0) = 0. This gives the 
linear term in (9.95). 

For small ||a|| the map : is close to the identity map id(¢) = ¢ and can therefore 
be approximated by the unit-time shift of a flow. To verify (9.96), let us first perform 
three Picard iterations for (9.95) at a = 0: 


Mm=O@ = G 
CP) = C+ C,OCICP + DO) + O((C|. 


Comparing the coefficients in ¢ (1) with those in 4 for aw = 0, we get the expres- 
sions (9.96), after taking into account p(0) = 7. 


As for the 1:3 resonance, consider the real and imaginary parts of w as new 
unfolding parameters (3,, (32): 


w(a) = §1(a) + 7f2(a). 


We have 
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Bi(a) = 4e(a), 
Bo(a) = 40(a) (mod 27). 


Assuming 


(R4.0) det ($=) 40 
Oa 


at a = O, we can use (3 to parametrize a neighborhood of the origin on the parameter 
plane and write (9.95) as 


C= (Bi t+ib)O+ a(ACMCP +d (AC, (9.97) 
for c,(G) = C\(a(@)) and d,(3) = D,(a(Q)). If the complex number 
(R4.1) d,(0) = D,(0) £0, 
where Dj (0) is given by (9.96), then we can scale (9.97) by taking 


C= 7(8)n, VB) €C’, 


with 

(8) = ——— exp (a ae ’) 

V1di(9)| , 

The scaling results in 

7 = (81 + i)n + AWB)nInl? +7, (9.98) 
where (3) 

Cl) 
A(@) = : 
@ ld (9)| 


Notice that the system is invariant under the rotation R4 through the angle 6) = 5, 


(i.e., the transformation 7 +> e”7). Such systems are called Z4-symmetric. Perhaps, 
the symmetry of the system is more visible if we present it in polar coordinates 
n = pe®: 

p= Bip + a(8)p° + p’ cos4y, 

: > 9 (9.99) 

= fr + B(B)p" — pr sindy, 


where a(3) = Re A(G), b(3) = Im A(@). 

The bifurcation analysis of system (9.98) is more complicated than that of the 
approximating systems in the previous sections and requires numerical techniques. 
The bifurcation diagram depends on A = A(0) = (a(0), b(0)), so the (Re A, Im A)- 
plane is divided into several regions with different bifurcation diagrams in the 
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(31, G2)-plane.® Fortunately, all the bifurcation diagrams are formed by straight lines 
originating at 3 = 0, thus we can completely describe them by making a roundtrip 
along the unit circle on the 3-plane and detecting bifurcation points on it. This is 
equivalent to setting 

By + io =e", ae [0, 27), 


and considering sequences of one-parameter bifurcations in (9.98) as ~ makes the 
complete circle. Crossing a boundary on the A-plane implies the appearance of new 
codim | bifurcations in the bifurcation sequence or the changing of their order. 
Therefore, these boundaries are the projections of codim 2 bifurcation curves in 
(a, A)-space onto the A-plane. Unfortunately, only three of them correspond to 
bifurcations of equilibria and can be derived analytically. The others involve degen- 
erate heteroclinic bifurcations and can be computed only numerically. As one can 
see, the boundaries on the A-plane are symmetric under reflections with respect to the 
coordinate axes. Thus, it is sufficient to study them in one quadrant of the A-plane. 
Assume 


(R4.2) Re A 40 
and 
(R4.3) Im A 40, 


and take the quadrant corresponding to 
a=ReA <0, b=ImA <0. 


The partitioning of the A-plane into regions with different bifurcation diagrams is 
given in Fig. 9.14. Some curves are known analytically, while others have been 
computed numerically (see the discussion ahead). 

The system always has a trivial equilibrium 7 = 0, that is stable for 4, < 0 and 
repelling for 3, > 0 (see the first equation in (9.99)). At G,; = 0 a Hopf bifurcation 
takes place; thus, a limit cycle appears/disappears when a passes through a = +5, 
which is stable because we assumed a < 0. Notice that for 32 4 0 the orbits spiral 
into or out of the origin depending on the sign of (3 (see the second equation in 
(9.99)). For G2 = 0 (i.e., a = 0 and a = 7), the direction of rotation near the origin 
reverses. 

Possible nontrivial equilibria 7 = pe"” satisfy the complex equation 


fey 


— = A(s) +e*”, 
p 


© This resembles the situation with the Hopf-Hopf bifurcation in Chap. 8, where the bifurcation 
diagrams were different in different regions in the (0, 6)-plane. 
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0 


—2 
Im A 
-3 
4 
; : : 
=A = = a4 0 
Re A 


Fig. 9.14 Partitioning of the A-plane into regions with different bifurcation diagrams of (9.98) 


which can be approximated for small || || by 
ef dip 
Se Ae; (9.100) 
p 


where A = A(0). The left-hand side of (9.100) specifies (by fixing @) a ray on the 
complex plane parametrized by p > 0, while the right-hand side defines a circle of 
unit radius centered at the point A, which is covered four times while y makes one 
full turn (see Fig. 9.15(a,b)). Any intersection (p, y) of the ray with the circle gives 
four symmetric equilibria of (9.98). Based on this geometrical construction, we can 
conclude that the system can have either none, four, or eight nontrivial equilibria. 
Indeed, if |A| < 1, then the origin of the complex plane is located inside the circle; 
thus, any ray out of the origin has exactly one intersection with the circle (see Fig. 
9.15(a)). This gives four symmetric equilibria S;, k = 1, 2,3, 4, in (9.98). As one 
can show in this case, the equilibria S; are saddles (see Fig. 9.16(a)). On the contrary, 
if |A| > 1, the origin of the complex plane is outside the circle. Therefore, a typical 
ray out of the origin has either none or two intersections with this circle (see Fig. 
9.15(b)), giving in the latter case eight equilibria S;, E,, k = 1, 2, 3, 4, in (9.98). The 
equilibria S;, closer to the origin are saddles, while the remote ones E;, are attractors 
(see Fig. 9.16(b)) or repellers. As the ray rotates with a and becomes tangent to the 
circle, the equilibria S;, and E;, collide pairwise and disappear via fold bifurcations. 
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Sk} 


(a) (b) 
Fig. 9.15 Construction of the equilibria of (9.98): (a) |A| < 1; (b) |A| > 1 


Es 


(a) (b) 


Fig. 9.16 Equilibria of (9.98): (a) |A| < 1; (b)|A| > 1 


Thus, for |A| > 1, there is an interval of a-values within which the system has eight 
nontrivial equilibria. The interval of their existence is contained between the fold 
bifurcation values of the parameter a. 

Clearly, the case |A| = | is exceptional and should be avoided: 


(R4.4) |A(0)| 4 1. 


Another exceptional case is when the circle is tangent to the imaginary axis of 
the complex plane, namely Re A = —1 within the considered quadrant (see Fig. 
9.17). In this case, two different bifurcations happen simultaneously at a = — 5: the 
Hopf bifurcation of the trivial equilibrium EF and the collision of the nontrivial ones 
S;, E;,. Thus, suppose 


(R4.5) [Re A(O)| 4 1. 
Depending on the value of A, the equilibria FE), remain stable for all a or they 


change stability at a Hopf bifurcation. The curve in the A-plane separating these two 
cases is the projection of the Bogdanov-Takens bifurcation curve BT in (a, A)-space: 
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Fig. 9.17 Exceptional case 
Re A= -—1 


1+ 


|b = ——— 
1— a? 


’ 


where a= Re A, b=Im A. The curve BT emanates from —i and asymptotes to 
the line a = —1 within the selected quadrant of the A-plane (see Fig. 9.14). Above 
this curve the equilibria E; remain stable, while below the curve they exhibit a 
nondegenerate Hopf bifurcation. Therefore, assume the following nondegeneracy 
condition: 


1 + (Re A(0))” 


/1 — (Re A(0))2 


Other possible codim | bifurcations involve limit cycles of (9.98). “Small” limit 
cycles born via Hopf bifurcations from the nontrivial equilibria E;, die at homoclinic 
bifurcations when the separatrices of the saddles S; form “small” homoclinic loops 
(see Fig. 9.18(a)). The separatrices of the saddles S$; can also compose heteroclinic 
cycles. There are two possible types of these cycles, namely a “square” heteroclinic 
cycle around the equilibrium Eo (Fig. 9.18(b)) and a “clover” cycle surrounding 
all the equilibria E,, k = 0, 1, 2,3, 4 (Fig. 9.18(c)). All four connections appear 
simultaneously due to the Z4-symmetry. The bifurcation is similar to the standard 
homoclinic bifurcation studied in Chap. 6, where a single saddle was involved. Denote 
by oo the saddle quantity of the saddle: og = tr A(S;,). The “square” cycle is always 
stable from the inside (og < 0), while the “clover” one is stable or unstable from 
the outside depending on whether og < 0 or og > 0. When the parameter a passes 
a value corresponding to a “square” heteroclinic cycle with oo 4 0, a limit cycle 
of the relevant stability appears for nearby parameter values. This cycle surrounds 
the trivial equilibrium Eo and has any existing nontrivial ones outside. Passing a 
value corresponding to a “clover” heteroclinic cycle with oo 4 O brings in a limit 
cycle of the corresponding stability that surrounds all the equilibria of the system. 
If there is a limit cycle with no equilibrium outside, it is stable since Re A < 0. 
There is strong computer evidence that the system can have at most two “big” limit 
cycles surrounding all the nontrivial equilibria, and no more than one “small” limit 
cycle around each of the nontrivial equilibria. Another codim | bifurcation in which 


(R4.6) [Im A(O)| A 
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(a) (b) ©) 


Fig. 9.18 (a) “Small” homoclinic loops; (b) “square” heteroclinic cycle; and (c) “clover” hetero- 
clinic cycle 


Fig. 9.19 Saddle-node 
heteroclinic connections 


a “big” limit cycle can be involved is a heteroclinic cycle formed by the center 
manifolds of the saddle-node equilibria at the fold bifurcation (see Fig. 9.19). All 
four connections exist simultaneously due to the Z4-symmetry. This bifurcation is 
similar to the homoclinic orbit to a single saddle-node studied in Chap. 7. When 
we cross a corresponding parameter value, a “big” limit cycle appears while the 
nontrivial equilibria disappear. 

The remaining boundaries shown on the A-plane correspond to degenerate het- 
eroclinic bifurcations. More precisely, in the (a, A)-space there are curves corre- 
sponding to the presence of one of the heteroclinic cycles described above, having 
an extra degeneracy. There are three types of such codim 2 cases, defining three 
curves in Fig. 9.14. The “clover” heteroclinic cycle can involve saddles that all have 
09 = 0 (neutral saddles). This implies that there can exist both stable and unstable 
“big” limit cycles, which can “collide.” The corresponding boundary on the A-plane 
is marked by e. It looks like an ellipse passing through A = —7 if considered in the 
whole A-plane.’ The other two boundaries correspond to degenerate saddle-node 
connections when the center manifold of a saddle-node (its “unstable separatrix”’) 
tends to another saddle-node along a noncenter direction (along the boundary of the 
“node sector’). 


7 There is a symmetric one passing through A = i. 
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(a) (b) 


Fig. 9.20 Degenerate saddle-node heteroclinic orbits: (a) “square”’; (b) “clover” 


There are two possible such degeneracies: a “square” (see Fig. 9.20(a)) or a 
“clover” (see Fig. 9.20(b)). The corresponding boundaries on the A-plane are marked 
by ci,2 and d. 

Analytically and numerically found boundaries divide the A-quadrant under con- 
sideration into twelve regions, denoted for historical reasons by I, II, III, II(a), IV, 
TV(a), V, V(a), V(b), VI, VII, and VUI. Each region is characterized by its own 
bifurcation sequence when a varies from, say, a = —5 toa = sn increasing (coun- 
terclockwise). We have, therefore, three nondegeneracy conditions: 


(R4.7) A €e, 
(R4.8) A¢ci2, 
and 

(R4.9) Aéd, 


that have no analytical expression. Summarizing the previous discussion, we can 
encounter a number of the following codim | bifurcations, if A is fixed inside one 
of the regions of the negative quadrant: 


7 


A - Hopf bifurcation of the trivial equilibrium Eg. The first (ata: = — >) generates 
a stable limit cycle, while the second one (at ~ = 5) implies its disappearance. 

T - tangent (fold) bifurcation of nontrivial equilibria. At the corresponding param- 
eter values eight nontrivial equilibrium points E;, S,, k = 1, 2,3, 4appear/disappear. 
Actually, there are three possibilities for them to appear: either inside, on, or outside 
a “big” cycle if it exists when this bifurcation takes place. We will distinguish these 
possibilities by writing Tin, Ton, or Tout. 
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Hi, - Hopf bifurcation of the nontrivial equilibria E;,, k = 1, 2,3, 4. Four “small” 
limit cycles bifurcate from the nontrivial antisaddles F;. 

L - “small” homoclinic loop bifurcation. The “small” cycles born via the Hopf 
bifurcation disappear via orbits homoclinic to the nontrivial saddles S;. 

Cs - “square” heteroclinic cycle. A stable limit cycle bifurcates from the orbit. 

Cc - “clover” heteroclinic cycle. Depending on the sign of the saddle quantity oo, 
it generates either a stable or an unstable “big” limit cycle. We denote these cases by 
Ce and Cé, respectively. 

F - fold (tangent) bifurcation of “big” limit cycles. Two “big” cycles, the outer 
of which is stable, collide and disappear. 


The following symbolic sequences allow one to reconstruct completely the bifur- 
cation diagrams of system (9.98) that are believed to exist in the corresponding 
regions on the A-plane. The numbers correspond to the phase portraits presented 
in Figs. 9.21 and 9.22, while the symbols over the arrows mean the bifurcations. 
In region I, we start just before a = —F with only a stable trivial equilibrium Eo 
and four symmetric nontrivial saddles S;, & = 1, 2, 3, 4. In all the other regions, we 
start with a single globally stable trivial point Eo. The first bifurcation is always the 
supercritical Hopf bifurcation. 


ict 4h er, 
ie 49-4 190 3 ew. 
iit: 4 5 24 9 3 1 8 Ss ye, 
Migs 4k 5S gp St So we, 
ve 4 1 So Ss i 
Wee 4-35 StS 0S Sa e 
Vets. ee 10 se 
Vanes 52 e810 1s a 
vii4 46 SsSoS5nSiSBvoe 
Wil as 6 eS a 
Viet 25 $86 259 Se S60 SSS 


A sequence of typical phase portraits in the simplest region I is given in Fig. 9.21. 
Notice that we have presented three pairs of topologically equivalent phase portraits 
(1(1'), 2(2’), and 3(3’), which differ only in the direction of rotation around the origin 
to facilitate the understanding of the sequence. A label between two phase portraits 
corresponds to the bifurcation transforming one into the other. The most complicated 
sequence of phase portraits corresponding to region VIII is depicted in Fig. 9.22. We 
recommend the reader to reconstruct all the other possible bifurcation sequences. 


Se Sa) Se 
; Est, , 9 10 
Ch gh 'H 
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(a) (b) 


Fig. 9.23 Homoclinic structures near 1:4 resonance: (a) “small”; (b) “square”; and (c) “clover” 


What do the obtained results imply for a generic map I", exhibiting 1:4 resonance? 
Clearly, the trivial equilibrium of the approximating system corresponds to the trivial 
fixed point of the map, while four nontrivial Z4-coupled equilibria of the system 
correspond to a single period-four cycle of the original map. One can prove that 
tangent and Hopf bifurcations of the nontrivial equilibria give rise to tangent and 
Neimark-Sacker bifurcations of the nontrivial fixed points of the map. As usual, 
homo- and heteroclinic connections in the approximating system become heteroclinic 
structures of the map (see Fig. 9.23). 

They are formed by intersections of the stable and the unstable invariant manifolds 
of the nontrivial saddle period-four cycle. These structures imply the existence of 
an infinite number of periodic orbits. Closed invariant curves corresponding to limit 
cycles lose their smoothness and are destroyed, almost “colliding” with the saddle 
period-four cycle. Individual bifurcation sequences become dependent on ||| and 
involve an infinite number of bifurcations. The complete details are likely to remain 
unknown forever! 


9.6 Fold-Flip Bifurcation 


Consider a smooth discrete-time planar dynamical system 

rh f(t,a), «€R’, we R’, (9.101) 
having at a = 0a fixed point x = 0 with multipliers 4; = 1 and 42 = —1. These are 
two bifurcation conditions for a fold-flip bifurcation. 


Expand f in x at x = 0 for any small ||a'||: 


f(z, a) = y(a) + A(a)x + R(a, a), 
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where y(0) = Oand R(x, a) = O(||x \|7). The bifurcation conditions imply the exis- 
tence of two eigenvectors, q1,2(@) € IR?, such that 


A(a)qi(a) = Ai(a)qi(a), Ala)q(a) = A2(a)q (a), 
where A, (0) = | and \2(0) = —1. Note that, due to the simplicity of the eigenvalues 


+1 of A(O), A1,2 depend smoothly on a, and q;,2 can also be chosen such that they 
are smooth functions of a. Any x € R? can now be represented for all small ||a|| as 


z= iq (a) + (a), 
where € = (€;, &)’ € R*. One can compute the components of € explicitly: 
£1 = (p1(@), t), & = (p2(@), 2), 


where 
A’ (a)pi(a) = Ai(a)pi(a), A’ (a)p2(a) = A2(a)p2(a), 


and (p1(@), q1(@)) = (p2(@), 2(@)) = 1. Since (p1 (a), G2(@)) = (p2(@), m1 (@)) 
= 0, the map f, when expressed in the €-coordinates, takes the form 


1 o(a) + M(@)Ei + Si(E, a) 
(2) re Gee + Ar(a)E. + S2(E, a) ’ (9.102) 


where 


on(Q) = (pela), YQ)),  Se(E, a) = (pe (er), R(Ergi (@) + €2q2(@), a) 


for k = 1,2. Expanding S;,2(€, a) further, we can write (9.102) as 


1 _ 
o\(a) + Ay (a)E, + > Afi OE 


(é) a = a | 4 0lel).  @.103) 
02(a) + A2(Q)E. + > hij (ayeigs 
ys oe 


First consider map (9.103) for a= 0 when o;(0) = o2(0) = 0 and 4,(0) = 
—2(0) = 1. 


Lemma 9.16 (Critical hypernormal form) Suppose a smooth map Fy : R? > R? 
has the form 


504 9 Two-Parameter Bifurcations of Fixed Points in Discrete-Time Dynamical Systems 


1 a 

¢ g1 + ye Tigi 
(f)r men fF ome (9.104) 

+ 0 asia 


i+j=2,3 7" 


and hi, 4 0. Then Fo can be transformed by an invertible smooth change of variables 
into the form 


i) = (” + a(0)n? + bO)nz + cO)n} + dO)mn} 


+ O(\InlI), (9.105) 
"2 —t + mM 


where 


920 1 1 3 
0) = — ., 010) = =qo2hi, 0) = — | @ =gh : 9.106 
a(0) hi (0) 5 Goats c(0) on, (s0+ zal ») ( ) 


3go2(horh2o + 2h21 — 2g11h20) — go0(3hj2 +2h03) 15 «1 
d(0) = 
( ») hi hal + 7912 
1 1, 1 
+ qaiihor 5 M02 3/03. (9.107) 
Proof: 


Step 1 (Quadratic terms) Applying to (9.104) a polynomial coordinate transfor- 
mation 
€) =m + $Go0nt + Gumm + 4Go2n}, 


1 i" i . (9.108) 
£2 =m + 5 Aeon + Mumm + 527, 
we obtain 
mH m+ So20n¢ + (gu + 2Giudmm + $9025 +++, 
M2 > —m + 3(h20 — 220) nt + hirmm + (hor — 2Ho2)n3 +--+ 5 
where dots stand for higher-order terms. By setting 
Gu= : H. lh A =i (9.109) 
11S ZI 20° 5) 20> 2.= 5) 02> : 


we eliminate as many quadratic terms as possible. The remaining quadratic terms 
are called resonant. 

Step 2 (Cubic terms) Assume now that Step J is already done, so that (9.104) has 
only resonant quadratic and all cubic terms. Consider a polynomial transformation 
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€) =m + £Ga0n} + Gainin + 4Gromns + ZGosn3, 


(9.110) 
f= m+ + 397} + 5 Aainin =f 5 Aymins + + Ho3n3. 


Obviously, it does not change the quadratic terms. After this transformation, we get 


mem+ $0M% 7h +9023 
+ 29301) + $(g21 + 2G21)nim + $m n3 a 2 (Jos + 2Go3)n3 +--+: 


and 


™m > —Mm + humm 
+ §(h30 — 2Hbo)n} + Shainin + 5 (hie — 2Ai2)mn3 + hos + °° - 


By setting 


Gu= — 59 Go = — 5 503 Ay = shh Ay = sh, 
we eliminate four cubic terms. The remaining cubic terms are also called resonant. 
They are not altered by (9.110). 
Step 3 (Hypernormalization) The coefficients H1;, G20, and Go2 of (9.108) do 
not affect the quadratic terms of (9.104) but alter its cubic terms. Taking into account 
(9.109) while computing the cubic terms of the transformed map, we obtain 


m +> m + So20nt + 4.90203 + £ (930 + $911h20) mF 
+ $ (290211 — 902G20 + (920 + 2h11)Go2 + F911h02 + 912 — 94) m3 + °° 


and 


m > —m + humm + 5 (g20H1 + hi1G20 — giihao + $horh20 + hai) nim 
+4 (3902Hi1 + 3Go2hi1 + hos + 3Nop) Mee, 


where only the resonant cubic terms are displayed. Thus, we can try to eliminate 
three altered terms by selecting Hj;, Goo, and Go. This requires solving the linear 
system 


2902 —go2 2hi1 + 920 Ay —$9ithor — 912 + 911 
goo hn 0 Gr | = | githoo — Zho2h20 — hai 
3902 +O 3hit Go2 —ho3 — 3hGp 


Its matrix has zero determinant. However, using the nondegeneracy condition h,; 4 
0, we can eliminate the resonant cubic terms in the second component of the normal 
form. Thus, we set 

My, =0 (9.111) 
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and from the above linear system obtain 


1 1 1 1 1 
Gos —-= [Lh -h2,), Go = — hag — hoy — =horh2 ). (9.112 
02 ie (5 oa +5 :) 20 = 7 (a 20 — far — 5 Moa ») ( ) 


Step 4 (Final transformation) Transform now the original map (9.104) using 
(9.108) with the coefficients defined in Step J and Step 3. This results in a map with 
resonant quadratic terms, nonresonant cubic terms, and only two remaining resonant 
cubic terms in the first component. Transformation (9.110) from Step 2 then allows 
elimination of all nonresonant cubic terms while keeping unchanged all remaining 
quadratic and cubic resonant terms. Finally, perform the linear scaling 


mre 
ice 
hi 


to put the coefficient in front of 772 in the second component equal to one. 
This results in the expressions (9.106) and (9.107) for the critical normal form 
coefficients. 


Theorem 9.4 (Parameter-dependent normal form) Consider a planar map 
depending on two parameters 


Ew F(é,a), €€R*,a€cR’, 


where F : R2 x R? — R? is smooth and such that 


(F.1): Fo: € t+ Fo(€) = F(E, 0) satisfies the assumptions of Lemma 9.16; 
(F.2): The map T : R* x R? > R? x R x R defined by 


( ) rt T(E, a) = | det e(E,a) +1 (9.113) 
o tr Fe(€, @) 
is regular at (€, a) = (0, 0). 


Then F can be transformed by an invertible smooth change of variables, smoothly 
depending on the parameters, and a smooth invertible change of parameters, for all 
sufficiently small ||a\|, into the form 


) _, (8+ G+ Bm + a(B)nj + BOB} + eB)n} + AB)nin 
Up) —N2 + M2 


+ O(n’), (9.114) 


where all coefficients are smooth functions of 3 whose values at 3; = (2 = 0 are 
given by (9.106) and (9.107). 
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Proof: 

We want to put (9.103) in the form (9.114) by means of a smooth coordinate 
transformation that depends smoothly on the parameters. Consider the change of 
variables 


& =m + €0(a) + e1(a)m + $Gr2(a)nt + Gii(a@)mm + $Go2(a) 5+ 
$G21(a)nim + £Go3(a)n}, 

6 = m + o(a) + 51(a)m + 5 Hoo(a)nt + 5 Hor(a)ni+ 
£H39(a)n3 + 4 Ay2(a)mn5, 

(9.115) 
where all coefficients are as yet unknown smooth functions of a such that ¢;(0) = 
6;(0) = 0 for i = 0, 1. Obviously, for a = 0 (9.115) reduces to the transformation 
introduced in Step 4 of the proof of Lemma 9.16 just before the final scaling. 

Require now that the Taylor expansion of (9.103) in the 7-coordinates takes the 


form 
("") ee 
= 
12 —mN 


" (“en + B(a)n} + C(a)n} + D(a)mn} 


O ee 
ae + O(linll*) 


where 4;(0) = 42(0) = O. After all substitutions, this requirement translates into a 
system of algebraic equations 


Q.(E0, Els 60; 1, A, Bo, 
G2, Gi1, Go2, G21, Go3, H20, Hor, H30, Hi2, A, B, C, D, E) = 0, 


where Q,, : R?° > R” results from equating the corresponding Taylor coefficients. 
For the Jacobian matrix J of this system evaluated at a = 0, when 


eo=e ==) =f, = =0, 


we have det(J) = —147456 h?, #0. Therefore, the Implicit Function Theorem 
guarantees the local existence and smoothness of the coefficients of the transfor- 
mation (9.115) as functions of a. 

The scaling 


Ly bP = Bie Bi 
E(a)’ E(a)’ 


where E(a@) = h1,(0) + O(|la]l), gives finally (9.114). Obviously, the critical coef- 
ficients are the same as in Lemma 9.16. 
Moreover, one can show that 
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OB 
det | — 
Ge) 
where T is the map (9.113) written in the (7), w)-coordinates, i.e., for the map (9.103). 


Thus, if h1,(0) 4 0, the regularity of (9.113) at the origin is equivalent to that of the 
map a@ +> 73, and we can use (3; and (32 as the new parameters. 


Can) 
= det 
a-0 4/11 (0) O(n, a) 


, 
n=a=0 


Discard the O(||7||*)-terms in (9.114) to obtain the truncated normal form 


> 


Xr —%2 + 41 2X2 


(: ) ad (* + (1+ fa)er + a(B)aj + 0(B)23 + e(B)a} + d(B)x123 


(9.116) 
where (x1, £2) are used again instead of (71, 772). Denoting this map by z +> Ng(x), 
we see that 

RNg(x) = No(R2), 


where 
1 O 2 
R= G a) Re =h. (9.117) 


This implies that phase portraits of (9.116) are invariant under the reflection in the 
%1-axis. 
Denote the critical values of the normal form coefficients by 


ao = a(0), bo = b(0), co = C(O), do = d(0). 


To study bifurcations of (9.116), we will approximate this map by a flow. As in 
the study of the strong resonance 1:2, one could consider the second iterate N3 and 
approximate it by the unit-time shift along orbits of a planar continuous-time system. 
However, it is more convenient to look for a flow that approximates the composition 
of Ng with the reflection x +> Ra, where R is the matrix defined by (9.117). 


Theorem 9.5 The truncated normal form (9.116) satisfies 


RNg(x) = vp(x) + O(NNGI) + Ola BID + Oxi), (9.118) 


where ys, is the flow of the planar system 


| b1 = Bi + (—aohi + G2) a1 + aoxt + byez + dey + deez}, 149) 


dy = 5 A\x2 — 2122 + d3axjr2 + dyx}, 
dy = Co — 5, dp = do — abo + bo, dz = 5 (a0 — 1), da = xbo. 
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Proof: 
As in the analysis of 1:1 resonance, we shall construct ’; as the first two compo- 


nents of the flow 
Xp @(X)= (>). x= 6 eR‘, 


generated by a four-dimensional system with the parameters considered as constant 
variables: ; 
X=Y¥(X)=IX+¥(X)+¥3,(X)+---, XER*. (9.120) 


Here 


, YX) = ae? 


w 
Il 
oooo 
oooo 
ooor 
Soo S'S 


where each Z;,, is an order-k homogeneous polynomial function from R* to R? with 
unknown coefficients. Define 


M(X) = Gs 


and introduce the 4 x 4 block-diagonal matrix 


where R is given in (9.117). We look now for a vector field Y such that SMW(X) = 
o'(X) + O((|XII4). 

To find the vector field Y explicitly, perform three Picard iterations for (9.120). We 
start with setting X(t) = e/'X. Then, clearly, the linear part of SM(X) coincides 
with X (1). 

Since we know how the result X(t) of the second Picard iteration should look, 
we set some coefficients of Y, equal to zero immediately: 


Ajo 12) + Aoi G22) + 5A202} + 5A0223 
By x12 + Bio Gi x2 
0 
0 


Then 
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t 
AO =e" x +f ey, (X(7))dr = 
0 


xy, +tPy (Aiot + 5 Anot?) 3121 + Aoi foxit + 5 Aoxit + $Aqrx3t 
x2 Bix, x7t + (5 Byt? + Biot) 3122 
+ 
py 0 
Bo 0 
+ O(\I6l). 


Comparing quadratic terms of SM(X) and X (1), we find 
1 
Ato = —a9, Azo = 2a9, Aor = 1, Aoz2 = 2b0, Bio = 5 By =-l. 


Passing on to the cubic part, we remark that we are only interested in cubic terms in 
x. Therefore, we put 


and get 


1 
XO) = e7X+ / e789 [¥o(X (r)) + ¥a(X(r))] dr = 
0 


a + 3B, + Boas + agay + box5 
Ey — L\L2 
By 
165) 

(4A30 + a5) 2] + 5A212722 + (aobo — bo + Ar) 2123 + 2 Ao3x3 
7 Byot} + 5(—a9 + 1+ Boi )atar + 5 Bix 23 + 5 (F Bos — bo) 23 
0 
0 


-+- 


+ O(II6lI?) + O(|zl7 1161). 
Comparing cubic terms of SM(X) and X (1), we find the coefficients of Y3: 
Azo = 6(co — a5), Aoi = 0, Air = 2(do — abo + bo), Aos = 0, 


B3) = 0, Boy = a9 —1, Biz = 0, Bo3 = 3bo. 


This gives (9.119). 
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Let us describe bifurcations of the approximating system (9.119) in a small neigh- 
borhood of the origin for small parameter values (see Figs. 9.25, 9.26, 9.27, and 9.28). 
The bifurcation diagrams resemble those of the truncated amplitude system (8.83) 
for the fold-Hopf bifurcation studied in Chap. 8. Since the substitution 72 > —2x2 
leaves (9.119) invariant, its phase portraits are symmetric with respect to the x-axis 
and we sketch them only in the upper half-plane. 

In all cases, the system has no more than three equilibria with x2 > 0. If 


(FF. 1) ao #0, 


then two trivial equilibria with x2 = 0 appear via a nondegenerate fold bifurcation 
on the curve 5 
= 3 — 2 
F = } (G1, G2): ) = —+ + 0(85)¢. 


4ao 


The curve F has two branches, F, and F_, corresponding to 3) > 0 and (2 < 0, 
respectively. Provided that 


(FF.2) by £0, 


one of the trivial equilibria undergoes a nondegenerate pitchfork bifurcation along 
the line 


P = {(81, G2) : BG; = O}, 


giving rise to a nontrivial equilibrium with 22 > 0. Moreover, when bo > 0, the 
nontrivial equilibrium exhibits a Hopf bifurcation at the bifurcation curve 


2b d 
NS = { (ai bo): a = Sor a Lesh Bie of . 


One can check that the corresponding first Lyapunov coefficient 
I = eysCy + 0(8)), 
where C, > 0 and 
Cvs = 3b9co — ao(2anbo + 3bo + do). (9.121) 


Therefore, the Hopf bifurcation is nondegenerate and generates a single limit cycle 
if 


(FF.3) 3boco — ag(2anbo + 3b9 + do) #0. 


If ag and bo are both positive, then two trivial equilibria of (9.119) are saddles, 
which are always connected by a heteroclinic orbit along the x;-axis. There exists 
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Fig.9.24 Heteroclinic tangencies appearing in the lines h1 2 together with a transversal heteroclinic 
structure between them 
another heteroclinic connection when the parameters belong to the curve 


2ao(aobo + aodo + do) + 3bo(ao + co) 
boag(3 + 2ag) 


J= {os 2): Po = Ai + 0(f1), Ai =o} . 


(9.122) 

What do these results mean for the truncated normal form map (9.116)? The orbits 
of the map jump from the lower to the upper half-plane and back. This can be easily 
understood from (9.118), which implies that (9.114) is approximated by the compo- 
sition of the unit-time shift ph along the orbits of (9.119) with the reflection (jump) 
R. Notice that the unit shift gives only an approximation of the truncated normal form 
composed with R. However, as usual, the trivial equilibria of (9.119) correspond to 
fixed points of (9.116). The nontrivial equilibrium corresponds to a period-2 cycle 
of the map, while the limit cycle of (9.116) corresponds to a closed invariant curve 
or a more complicated invariant set existing nearby. The fold bifurcation of trivial 
equilibria gives rise to a fold bifurcation of fixed points in the x1-axis, the pitchfork 
bifurcation becomes a period-doubling (flip) bifurcation of the fixed points, and the 
Hopf bifurcation of the nontrivial equilibrium assures a Neimark-Sacker bifurcation 
of the period-2 cycle. One can show that the corresponding bifurcation curves have 
the same asymptotic expressions as for the bifurcations of equilibria. Moreover, the 
bifurcations are nondegenerate under the same conditions. The presence of the J- 
curve for (9.119) implies for the map (9.116) the existence of two curves, along 
which heteroclinic tangencies occur (see curves 1,2 in Fig. 9.24). Between these 
two curves, a heteroclinic structure exists. 

Let us now go around the origin in the (11, /t2)-plane and discuss the bifurcations 
of the truncated normal form map (9.116). We have four cases with two subcases in 
the first two of them. These are determined by the signs of ao, bo, and cys. 

Case 1 (ao > 0, bo > 0): In region 1 (Fig. 9.25), orbits merely jump to the right. 
Crossing F, implies the appearance of two fixed points on the horizontal axis. In 
2, one of these fixed points is totally unstable, while the other is a saddle. While 
crossing curve P, from 2 to 3, the unstable fixed point becomes a saddle and an 
unstable period-2 cycle appears. If cys > 0, an unstable invariant curve “around” 
the period-2 cycles appears via the Neimark-Sacker bifurcation on NS; when we 
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Fig. 9.25 Case 1: ap > 0, bp > O 


go from 3 to 4+. The invariant curve disappears through a series of bifurcations 
associated with the heteroclinic bifurcations near J, if we come to 5. If cys < 0,a 
stable closed invariant curve emerges in 4— through a series of bifurcations associated 
with the heteroclinic structure. This stable invariant curve exists until we cross NS_, 
where the stable period-2 cycle becomes attracting in 5. Next we cross P_ and the 
period-2 cycle disappears, leaving us with a stable fixed point and a saddle in 6. 
These two collide if we return back to 1. 

Case 2 (ap < 0, bg > 0): Fix a phase domain near the origin. Now we start with 
the two fixed points, one stable and one unstable, on the axis in region 1 (Fig. 9.26). 
Then, crossing the flip curve P, to 2, one fixed point exhibits a period doubling and a 
period-two cycle appears. The fixed points on the horizontal axis collide at the curve 
F',, which separates region 2 from region 3, where a stable period-2 cycle exists. If 
cys > O, then an unstable invariant curve appears when we cross the Neimark-Sacker 
bifurcation curve N S,. This invariant curve grows until it blows up and disappears 
from the selected fixed phase domain at some curve B,. Actually, the invariant curve 
can lose its smoothness and disappear before touching the boundary of the domain. 
If cys < 0, then we first encounter the “boundary bifurcation” curve B_, where a 
big stable invariant curve appears in our fixed phase domain. The transition from 4— 
to 5 destroys the curve via the Neimark-Sacker bifurcation. Finally, crossing of the 
fold curve F_ produces two fixed points in 6 and through the flip bifurcation on P_ 
the period-two cycle disappears again as we go back to 1. 

Case 3 (ao > 0, bo < 0): We start with a period-2 saddle cycle in 1 (Fig. 9.27). 
Entering 2 through the fold curve F, creates two fixed points on the horizontal axis, 
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Fig. 9.26 Case 2: ag < 0, bo > 0 
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Fig. 9.27 Case 3: ap > 0, bo < 0 
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Fig. 9.28 Case 4: ap < 0, bo < 0 


a saddle and a repelling one. Then, while crossing the flip curve P, to 3, the period-2 
cycle is destroyed and we get two saddles on the x;-axis. Passing P_ one saddle 
becomes stable and a period-2 cycle in 4 is created. Finally, the fixed points on the 
horizontal axis collide on F_ and we are in region 1 again. 

Case 4 (ap < 0, bp < 0): Starting in region 1 (Fig. 9.28) we have, as in case 3, 
a period-2 saddle cycle but also a stable and an unstable fixed point on the x-axis. 
The unstable one becomes a saddle when we enter 2 through the P; curve. Then 
nothing special appears except for a “saddle-like flow” in region 3 after the saddle 
and the stable point collided on F',. Going from 3 to 4 we get a saddle and an unstable 
point through the fold bifurcation on the curve F_. We are back in 1, when the flip 
bifurcation creates the period-two cycle on P_. 


The diagrams give a rather detailed description of the bifurcations of the trun- 
cated normal form (9.116). However, this description remains incomplete due to the 
presence of closed invariant curves and heteroclinic tangencies. Indeed, the rotation 
number on the closed invariant curve can change infinitely many times from rational 
to irrational and, moreover, the invariant curve can lose smoothness and disappear. 
Near a heteroclinic tangency, infinite series of bifurcations happen, including cas- 
cades of flips and folds. 

Adding higher-order terms to the truncated normal form (9.116), i.e., restoring 
(9.114), complicates the bifurcation picture further. One can prove that for || || 
sufficiently small, the map (9.114) has the same bifurcations of fixed points and 
period-2 cycles as (9.116) with the same asymptotics for arbitrary higher-order 
terms. Therefore, we know what to expect locally. In particular, in cases | and 
2, closed invariant curves appear. Moreover, the unit shift along the orbits of the 
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Fig. 9.29 A transversal 
heteroclinic structure near 
the horizontal axis 


vector field (9.119) composed with the reflection approximates (9.114) as good as 
(9.116). This implies that (9.114) in case | also has two bifurcation curves along 
which heteroclinic tangencies occur. Between these curves, a heteroclinic structure 
is present. Higher-order terms in (9.114) do affect these curves, but both remain 
tangent to the curve (9.122). 

There are more differences between the phase portraits of (9.116) and a generic 
(9.114), which are related to other heteroclinic tangencies. For example, in the trun- 
cated normal form (9.116), the x-axis is always invariant. Therefore, in cases | and 
3, we have the heteroclinic connections between the saddles located on the horizontal 
axis. However, generically, the higher-order terms in (9.114) break the reflectional 
symmetry, and the heteroclinic connection along the x-axis is lost. This allows for 
heteroclinic structures caused by intersections of the invariant manifolds of the sad- 
dles near the horizontal axis. These intersections can be either transversal (as in Fig. 
9.29) or tangential. Therefore, in the first three cases, the bifurcation diagrams of 
(9.116) and a generic (9.114) are not locally topologically equivalent. 


9.7 Fold-Neimark-Sacker Bifurcation 


Consider a smooth discrete-time dynamical system 


zh f(r,a), «€R’, ae R’, (9.123) 


having at w = 0 a fixed point 2 = 0 with multipliers 4; = 1 and juz.3 = e+" with 
0 < 4 < a. Thus, we have a fold-Neimark-Sacker bifurcation. 
Expand f in x at x = 0 for small ||a||: 


f(x, a) = a(a) + A(a)x + R(x, a), 


where a(0) = Oand R(x, a) = O(||z/|*). The bifurcation conditions imply the exis- 
tence of two eigenvectors, qi (a) € IR? and q2(a) € C, such that 


A(a)q (a) = Ai(adqi(a), Al(a)q@(a) = A2x(a)qm (a), 


where (0) = 1 and A2(0) = e™. Note that, due to the simplicity of the eigenvalues 
of A(O), A1,2 depend smoothly on a, and q),2 can also be chosen such that they are 


9.7 Fold-Neimark-Sacker Bifurcation 517 
smooth functions of a. Any x € R? can now be represented for all small ||a| as 
x = & (a) + (a) + pla), 
where € = (£1, &) € R! x C!. One can compute €;,2 explicitly: 
1 = (pi(a@), &), & = (p2(a), 2), 
where p;(a) € R? and p2(a) € C? are such that 
A’ (a)pi(@) = Ai(a)pi(a), A” (a)p2(@) = Ax(@)p2(a), 


and (p1(@), q1(@)) = (p2(@), q2(a)) = 1. Since (p1(@), q2(@)) = (p2(@), 11 (@)) 
= 0, the map f, when expressed in the €-coordinates, takes the form 


& o1(a) + AV(ME1 + Si (Ei, &, é. a 
(2) ee + Ar(a)Er + S2(E1, €2, €2, |) , (9.124) 


where o;,(a) = (pxg(a@), ¥(@)) and 
Sk(E1, &, &, @) = (pela), R(Ein(a@) + pa) + Hla), a)), 


for k = 1, 2. Expanding $1 0(&1, &, &, qa) further, we can write (9.124) as 


(M+ MOE+ YO gms 


oa 


(f)r — | + ouel), 
: x(a) + (a)&+ >> Suhel 
j+kql=2,3 0" 
, (9.125) 


where gj4(a@) and hj,;(@) are complex-valued smooth functions of a, while ||€ \? = 
& + |&|*. Since the first component in (9.125) is real, we have Qjri(@) = Gjtk(Q). 

First consider the map (9.125) at the critical parameter value a = 0, when a; (0) = 
02(0) = 0, A1(0) = 1, and A2(0) = e”. 


Lemma 9.17 (Critical Poincaré normal form) Suppose that e'* 4 1 for k= 
1, 2,3, 4. The map 


oe Fanon ee 


(E)+ enna foul, = @.126) 
Wat DT am hwsl be 


i+j+k=2,3 
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where [Ls = e and Gjkls jet € C! with Gjkt = Gjik, is locally smoothly equivalent 
near the origin to 


(2) = (* + Goox? + Goiz? + Gar? + Giir2z 


4 
z pz + Ayyoxz + Ho9a2z + Hon 222 ) + O(N, ZI"), 


(9.127) 
where (x, z) € R! x C! with ||(a, z)|? = 27 + |z|’. The coefficients Gj € R and 
Ayr € C! have the following expressions: Gro = $9200; Gou = go, Aii0 = 


Aino, F 
oo 9300p. { guoha00 . 
6 ual 
Cream (ae Iguiol” 4 aunt) 
pop pol” pel 
Hoo = haio hous h200 ho20h200 ” lhio1 i i. g110h200° 
2 2-1) 2-1) p-p p-l 
ie hon . (L—2p)Rorohor — Iho? |hoo2|* hio1 9020 
021 = = - . 
2 2u(u — 1) B-1 ) 2@?-p 2G? -1) 
Proof: 


Perform a nonlinear change of variables in (9.126) 


x= € + 4Vo2063 + 5 Voor€? + Vitoliés + Vior€ré2, 


z= £4 + 4Woo€j + 4 Works + 3 Works + Wioikiér 
+ Woii€2&2, 


(9.128) 


where Vj;, and W;;; are coefficients to be defined. This transformation is invertible 
near € = (0, 0) and reduces (9.126) into the form (9.127) up to third-order terms if 
we take 


020 Jo02 gi10 Ji01 
Vi SS a vi RI | V; = ’ Vv. = ’ 
020 m1? 02 m1 M0 pear a= 
and 
Woe = h200 _ ho20 hoor 
200 = ~~ 7» Wo20 G1? Wor = 
hioi hou 
Wio1 _ a) Wo1 = : 
Lb Bat 


These coefficients are selected exactly in order to annihilate all the quadratic terms 
in the resulting map except those present in (9.127). 
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The obtained transformation changes the coefficients of the cubic terms, so that 
we get the above expressions for G3o9, Gi11, H119, and Ho21. Then, one can eliminate 
all not displayed in (9.127) cubic terms. 


Theorem 9.6 (Parameter-dependent hypernormal form) /f 
(FNS. 1) Goi1G200 4 9, 


then, for sufficiently small ||a||, the map (9.125) is locally smoothly equivalent near 
the origin to the map 


(2) Pi(a) + 2+ 2" + sz? + C@x? 
2)" \ 0+ h(a) Os + Alo)az + B(a)a2z 


+ O(|(x, z)II4), (9.129) 


where (3;(0) = 22(0) = 0 and 0(0) = 9, while 


Ai 10 G300 
AQ) = —", CO) = =, s = sign (GrGor) = +1, 
00 200 
1 1 F 
B(O) = ——_.— (Gon ta + Aro (Feu +Re (Hoe) = Gotha ; 
Go11 Goo 2 
Proof: 


When a = 0, the map (9.125) is locally smoothly equivalent to the critical normal 
form (9.127) given by Lemma 9.17. 
Make the transformation 


2 
U=x+ Yr02", 
w= z+ 0x2, 


where (299 € R! and 149 € C! are to be defined. In the new variables (u, w) € 
R! x C!, the map (9.127) can be written as 


2 7 3 = 
Uy, ( UT go00u" + gorww + gso0u" + guluww 
w ew + Aijouw + haiou>w ae hon ww 


)+ O(l\(u, w)II*), 


(9.130) 
where 9200 = G200, Jor = Gor, hi1o = A110, 9300 = G2oo, but 


gin = Gir + 2 Gor 200 — Gor 110 — Gor Yrr0, 
hon = Hon +e Gouvuo, 
hoo = Ho10 + e GrooWi110 — Hi10%20- 


Since Goi; 4 0, we can set 
e~% Hopi 


V0 = — 
Gon 
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to ensure ho; = 0. With this choice, we obtain 


e Ho 
gin = Gin + 2 Gor Y200 + 2 Gor Re | ———— 


Gon 


which vanishes if we properly select ~299, namely 


Git R (Gm) 
200 = e : 
2Gou 


Finally, we get 


Gin Ai10 e 
hoio = Ao1o + ——— + AioRe 
2Gou1 


(9.131) 


The map (9.130) becomes 


W 


(‘) >({® + Gru? + Gors|wl? + Gsoou? 
pw + Ayouw + h2iou?w 


+ O(|u, wll), @.132) 
where /oj9 is given by (9.131). The linear scaling 


av z 


w= ——, v= —— 
G00 V1Gx00Goul 


results in (9.129) at the critical parameter value a = 0. 
To prove the theorem for small ||a||, we rewrite (9.125) as 


1 


Hay +A+vaat Sl gine 
(E)r eae [Foust 
: wa) t+ pa&+ >> wen (EEE 


2<jtktl<3 

(9.133) 

where y(0) = (0) = 0, w(0) = 0, uO) = e’>_. Then, using the Implicit Function 

Theorem, it is possible to prove the existence of the parameter-dependent transfor- 
mation 


c= tH +AME +H M+ M+ D> Gijn(MElée, 


2<j+ktl<3 


2 = & + Ao(a) + Al(@)Ei + Ar(MO+ AME+ Yo vig (MEGE, 
2<j+k+I<3 
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where 5;(0) = A;(0) = 0 for j = 0, 1, 2, 3, that transforms (9.133) after a linear 
scaling to the parameter-dependent normal form (9.129), provided the specified non- 
degeneracy conditions hold. 


Suppose that the map at G(a) = (21(a@), G2(a@)) is regular at ap. Then the 
components of 7 can be used as the new unfolding parameters, and we first study 
the truncated normal form 


‘i e+ B+ 274+ slz\? +c(B)x3 
i) ae es (1 + Bo + a(B)x + a) , (9.134) 


where a, b,c, w are smooth functions of @ such that a(0) = A(O), b(0) = B(O), 
c(O) = C(O), while w(0) = 69. Notice that a() and b(3) are still complex-valued. 
Introducing z = re’? we can see that, according to (9.134), 


phe yptw(P)+..., 


which is close to a rigid rotation. Meanwhile the dynamics of (a, r) generated by 
(9.134) is independent of y and is defined by the planar map 


x r+ By + 22 + sr? + e(B)23 
: Al 
Oe oe) (9.135) 


This map can be written as 
(ar) > No(a,r) + OBI?) + OSI I@, TI?) + O(a, r)II*), 


where 


(9.136) 


r+ 3, +27? + sr*+ cox? 
Ng(a, r) = 2 
r+ (or+dorr+ dar 


with i 
do = Re a(O), d} = 5 [Im a(0)]* + Re b(0). 


The planar map (9.136) is called the amplitude map. It is Z2-symmetric, i.e., the 
transformation r +» —r does not change the map. The line r = 0 is invariant. To 
study bifurcations of Nz, we derive an approximating system, such that the unit shift 
along its orbits approximates this map. 


Theorem 9.7 For all sufficiently small \|(\|, the map (9.136) can be represented 
near (x, 7) = (0, 0) as 


No(x,r) = yp(a,r) + O(IGI) + OUI @, r)I7) + O (I1@, r)II*), @.137) 
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where ys is the flow of the approximating planar system 


a _ 2 2 = 3: | 2 
east Bix +2? + sr? + (co — Da? — s(do + Dar’, (0.138) 


r= (3 _ 5d (31) r+doxrr+ (di _ 5d(do + 1) ver — 5sdor?. 


Proof: As in Sect. 9.6, we construct ys, as the first two components of the flow 


t x 
Pe (x, r) r 
Xr A(X) = By , X= 3 € ie, 
Bo By 
2 


generated by a four-dimensional system with the parameters considered as constant 
variables: 


X =Y(X). (9.139) 
Here 
0010 
YO=IK+HOO+UQ+--, S= ee On), 
0000 


where each Z;, is an order-k homogeneous function from R* to R* with unknown 


coefficients. Define 
Ng v,7 


We look for a vector field Y such that M(X) = ¢!(X) + R(X), where 


R(X) = O(IIGI7) + OCI (a, TI?) + OCMI(a, ry). 


To find the vector field Y explicitly, we perform three Picard iterations (9.26) 
for (9.139) as described in Sect. 9.5.1. We start with setting X(t) = e/'X. Then, 
clearly, the linear part of M(X) coincides with X“ (1). 

Since we know how the result X(t) of the second Picard iteration should look 
like, we set some coefficients of Y2 equal to zero immediately: 


Ao10t 31 + A2000x? + Aozoor? + Aoo2037 
Boioi? G2 + Boror Bi + Biioorr 
0 
0 


Y= 


Then 
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XO) =e" X + fi el ¥(XV(7)) dr 
«+ tB, + x Aaooot + t (Aroo0t + Aioio) Bix + Aozoort 
r+ Bioorta + 3t (Buoot + 2 Boro) 721 + G2Boroitr 


By 
Bo 
\ 2 2 
+t (2 Arooot” + 3 Aroiot + 6 Aoo20) 3 
0 
0 
0 


Comparing quadratic terms in M(X) and X“ (1), we find the coefficients of Y> 


1 do 
Aoo20 = 6 Ao200 = 8, A1o10 =—1, A2000 = 1, Boroi = 1, Boiw=—F> Bi\00 = do. 


With this setting, we have 


gt+t@, +2°t+t(t— 16,24 srt 
r+dorta + Sdot(t — 1)r6, + Gtr 
£0 @= 
Bi 
Bo 


To find the critical cubic coefficients in Y3, we perform the third Picard iteration with 
(3, = Bo = 0. Thus we look for Y3 in the form 


Azo002° + Ar200277 
Boioot?r + Bosoor? 
0 
0 


Y3 = 


Then 
XO) = eX + fy FY [¥o(XO(r)) + ¥3(X(1))] dr 
c+, +27 + sr’ 
r+dorx+ Gor 
0 
0 
(A3000 + La? + (Ai200 + 8 + Sdo)ar? 
(Brio + $do(do + 1)) a?r + (Boso0 + $8do) 7° 
0 


+ 


0 
+ O(IBI7) + O@, PIP) + OC, TI). 
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Comparing cubic terms in M(X) and X (1), we find the coefficients of Y3: 


1 1 
A3000 = Co — 1, A1200 = —S8(do + 1), Boioo = dy — 7 to(do + 1), Bo3s00 = — 7 8do- 


This gives the approximating system (9.138). 


Note that the unit-time flow of (9.138) approximates the map (9.135) with the 
same accuracy and has the same Z-symmetry as (9.136). 

We first describe bifurcations in the approximating planar system (9.138). Since 
this system is invariant under the involution r +> —r, it is sufficient to present its 
phase portraits for r > 0. One can verify that for small ||G|| the system (9.138) has 
two curves 


F = {(G1, 2) € R’: 6 = 0} 
and 


2 
P= { (i. eR’: 6, = 2 +08). 
0 


on which equilibria with a zero eigenvalue exist. Here we have to assume that 
(FNS.2) do £0. 


On the curve F, the fold bifurcation generates two trivial equilibria on the x-axis. 
On P, two symmetric equilibria with r ¢ 0 branch from an equilibrium point on the 
x-axis. The approximating system also exhibits a Hopf bifurcation of a nontrivial 
equilibrium at the curve 


H = {(51, ) € R? : Bp = doi + (1), 541 < O}. 
The first Lyapunov coefficient that determines stability of the bifurcating limit cycle 
is given by 
I, = Cy Cws + o(f1), 
where C, > 0 is some positive constant and Cys is defined by 


Cws := [3do(co + do) — 2(do + d1)]do. (9.140) 


Thus, the Hopf bifurcation is nondegenerate and produces a hyperbolic limit cycle 
if 


(FNS.3) [3do (co + do) = 2(do + d,)]do # 0. 
If s = 1 and dp < 0, then the approximating system (9.138) has two saddles, 


which are always connected by a heteroclinic orbit along the x-axis. Moreover, there 
exists a heteroclinic orbit with r > 0 connecting these saddles when the parameters 
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Fig. 9.30 Case 1: By By 
Bifurcation diagram of RF F, 
(9.137) for s = 1, dy < 0. @ |** @ 
The phase portraits are the @ 
same as in Fig. 9.25 


Fig. 9.31 Case 2: 
Bifurcation diagram of 
(9.137) for s = —1, dy > 0. 
The phase portraits are the 
same as in Fig. 9.26 but with 
time direction reversed 


P. 


Fig. 9.32 Case 3: 

Bifurcation diagram of ® Fy. 
(9.137) for s = —1, dp < 0. P, 

The phase portraits are the 
same as in Fig. 9.27 


belong to the curve 


(9.141) 


3d — 2d 
J = | (61.9): = “SOO . 


23d, Bi +o(f1), Bi <0 


If the linear approximations to the Hopf and heteroclinic bifurcation curves coincide, 
this implies Cys = 0, which is excluded by (FNS.3). 

The bifurcation diagrams of the approximating system (9.137) are very similar 
to those of the approximating system (9.119) in Sect. 9.6 devoted to the fold-flip 
bifurcation. There are four cases corresponding to different combinations of signs of 
s and do, which are presented in Figs. 9.30, 9.31, 9.32, and 9.33. 
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Fig. 9.33 Case 4: By 
Bifurcation diagram of 

3) 
(9.137) for s = 1, do > 0. Py ® 
The phase portraits are the = 
same as in Fig. 9.28 but with @ 
time direction reversed 0 By 


- @) | F 


In all cases, the approximating planar system (9.138) has at most two trivial 
equilibria with r = 0 and one nontrivial equilibrium with r > 0. The trivial equilibria 
can collide and disappear via the fold bifurcation at curve F'., while the nontrivial one 
branches from a trivial one via a pitchfork bifurcation at curve P... In cases | and 2, 
the nontrivial equilibrium exhibits a (sub- or supercritical) Hopf bifurcation on curve 
Hz. The fate of the generated single limit cycle, however, is different in these cases. 
In case 1, it disappears via a global heteroclinic bifurcation on the corresponding 
curve Ji, while in case 2 it leaves a small fixed neighborhood of the origin at some 
curve Bx and is no longer described by the local theory. On the contrary, in cases 3 
and 4, the nontrivial equilibrium is a saddle that does not bifurcate. 

As usual, the transition from the smooth hypernormal form (9.129) to the approx- 
imating system (9.138) involved several steps: 


(1) neglecting the O(||(z, z) \|*)-terms that results in the symmetric truncated normal 
form (9.134); 

(2) splitting the planar amplitude map Ng given by (9.136), as well as assuming 
rigid rotation around the r-axis; 

(3) neglecting the difference between Ng and the time-1 shift along orbits of the 
approximating planar ODE. 


Each step implies some loss of information about the dynamics. 

The fold bifurcation of the trivial equilibrium points in the approximating system 
(9.138) corresponds to a fold bifurcation of the trivial fixed points both in the planar 
amplitude map (9.136) and in the normal form (9.129). The pitchfork bifurcation in 
the approximating ODE corresponds to the same bifurcation in the amplitude map, 
but—taking into account rotation in the y-coordinate—generates a closed invariant 
curve both in the truncated normal form (9.134) and in the full normal form (9.129). 
This is clearly a Neimark-Sacker bifurcation near the fold-Neimark-Sacker codim 
2 bifurcation in the original map. As usual, the appearing invariant curve is only 
(finitely) smooth and exists only near the NS bifurcation, while the orbit structure on 
it depends on higher-order terms and exhibits an infinite number of fold bifurcations 
of long-periodic cycles confined to this curve. 

The Hopf bifurcation in the approximating system (9.138) implies a Neimark- 
Sacker bifurcation in the planar amplitude map (9.136) and corresponds to a quasi- 
periodic bifurcation of a model three-dimensional map 
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‘ xt Bi +27 + sr* + cox? 
rloe |] rt+thrtdartdar |, (9.142) 
0 6 + w(B) 


that is obtained by appending the rigid rotation to the map Ng. The closed invariant 
curve in (9.142) changes stability and a two-dimensional invariant torus bifurcates 
from it. In the full non-symmetric normal form (9.129), the quasi-periodic bifur- 
cation also happens but generically leads to much more complicated bifurcation 
phenomena near the curve H. In particular, resonance tongues originating at weak 
resonance points in the Neimark-Sacker curve (approximated by P) extend through 
the quasi-periodic bifurcation set (near H) and generate there so-called “bubbles” 
containing Neimark-Sacker bifurcation curves of the corresponding period. There 
are also resonance tongues in the two-dimensional torus emerging from the quasi- 
periodic bifurcation. 

The heteroclinic bifurcation in the approximating system (9.138) gives rise to het- 
eroclinic tangencies of the one-dimensional invariant manifolds of the trivial saddle 
fixed points in the planar amplitude map (9.136) and splitting of the corresponding 
two-dimensional invariant manifolds of the saddles in (9.142) and in the full map 
(9.129). Thus, infinitely many fold and period-doubling bifurcations of long-periodic 
cycles occur, which generate nontrivial invariant sets near curve J. Moreover, the line 
r = Oisno longer invariant for the full map, which further complicates its bifurcation 
diagram. 

Thus, while bifurcations of fixed points and some global features of the bifur- 
cation diagram of the normal form (9.129) for the fold-Neimark-Sacker bifurcation 
are correctly captured by the above analysis, the fine structure of the bifurcation 
diagram is fractal and depends on higher-order terms (see bibliographical notes in 
Appendix C). 


9.8 Flip-Neimark-Sacker and Double Neimark-Sacker 
Bifurcations 


Here we study two remaining codim 2 bifurcations of fixed points of maps, having a 
pair of simple complex-conjugate eigenvalues on the unit circle together with either 
a simple eigenvalue —1 or another such a pair. In some unfoldings of these cases, the 
appearing 2-dimensional tori bifurcate once more, into higher-dimensional ones. We 
give a rather complete description of these bifurcations by deriving approximating 
ODEs and making the right correspondence with the amplitude systems for the double 
Hopf bifurcation. 
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9.8.1 Poincaré Normal Forms 


Consider a smooth map 
ze f(rz,a), cE R", aER’, 


having the fixed point z = O that exhibits one of the above bifurcations at a = 0. 
Since 4 = | is not a multiplier of the critical fixed point, we can assume without loss 
of generality that the origin is a fixed point for all nearby parameter values, so that 
the map can be written as 

tre A(a)jx+ F(a, a), 


where F(x, a) = O(||2||?). Working in the minimal dimensions, we assume that 
n = 3 for the flip-Neimark-Sacker bifurcation, and n = 4 for the double Neimark- 
Sacker bifurcation. 

In the flip-Neimark-Sacker case, we write any vector x € R? as 


t= qn (a) + nla) + Sota), 


where qi (a) € R? is the eigenvector of A(q) corresponding to the eigenvalue j1; (a) 
with (0) = —1, while @(a) € C3 is the eigenvector of A(q@) corresponding to the 
eigenvalue ji2(@) with ~2(0) = 0 < 09 < 1. The eigenvectors can be selected 
to depend smoothly on the parameter. Using € = (€, £2) € R! x C! with ||€|? = 
e + |€|* as the new coordinates, we can rewrite the studied map in the complex 
form 


1 ah 
per (ay + Ds Apis OEE 

Bt lpg a | + 0cEI, 9.143) 
La(ay&2 + » Tig HEE 


2<i+jthss 


where gj;~(@) and h,;,(@) are smooth complex-valued functions of a. Since the first 
component in (9.143) is real, we have gjx1(@) = gjiz(@). 
Similarly, in the double Neimark-Sacker case, we write any vector x € R* as 


x = €:q1:(a) + G1 (a) + £2=2(a) + (a), 


where qi (@) € C* is the eigenvector of A(q) corresponding to the eigenvalue jz; (a) 
with y1,(0) = e”, 0 < 0, < x, while q(a) € C? is the eigenvector of A(q) corre- 
sponding to the eigenvalue fu2(@) with pi2(0) = e’, 0 < 0) < 7. The eigenvectors 
can be selected to depend smoothly on the parameter. Using € = (£1, &) € C! x C! 
with ||€||? = |€|? + |&2|* as the new coordinates, we can rewrite the studied map in 
the complex form 
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py (@y&) + >. gigi (AEE ERE 


& 2Sitj+ktlss 6 
be -, ,- |+OCE), (9.144) 
& mM&+ Yo higw(MEGgE 
2<it fehtl<s 


where gj ;%i(a) and hj;47(@) are smooth complex-valued functions of a. 


We now give without proof the parameter-dependent normal forms of the maps 
(9.143) and (9.144) near the corresponding bifurcations. 


Theorem 9.8 (Poincaré normal form for the flip-NS bifurcation) 

Consider a smooth parameter-dependent map in R x C defined by (9.143), where 
141(0) = —1 and p12(0) = e™ with 0 < 0 < 7. Assume that e*> £1 for k= 
1, 2,3, 4,5, 6, 8, 10, and assume that the map 


ar> B= (-(1+ 41(@)), |u2(@)| — 1) 


is regular at a = 0. 
Then (9.143) is locally smoothly equivalent to a map 


(a, z) > NF\(a, z) + O(II@, DI), 
where (x, z) € R! x C! with ||(a, z)||? = 2? + |z/? are the new coordinates and 


_[{2 —a(1 + 81) 
NF: & b> La ence ) 


af ® (G39? + Giiilzl? + Gsoox* + G31127|2|? + a) 
z (Aion? + Aoailz!? + Haior* + Ho212?|z/? + Aosalz!*) 


(9.145) 


with @(0) = 0, while Gj; are real and Hj; complex-valued smooth functions of 
the new parameters 3 = ((4, (32). 


Moreover, 
h 2 
GagOi x 9300 Re (“2 =) + 200 | 
6 ual 4 


goohior , gouhiio — lguol® , guiohou 92009011 
Gi) = gin 2Re ( ne + 4 


utp Qu p= 1° pi e 


> 2 
hoio —horsh200 = hozohk200 . hitog200 = Ihio1l? —hF49 9110200 


H. 0) = ; 
6 ely Be A ee Oe eed 
Ho21(0) = ho21 " Ihoo2? Ihoul? = 2p)horho20 © hioigo20 . hii0g011 
et 2 “e=—p pol Qu — 1D) 2(p2 + 1) go . 


where pt = e” and all gijp and hj; Should be evaluated at a = 0. 


530 9 Two-Parameter Bifurcations of Fixed Points in Discrete-Time Dynamical Systems 


Theorem 9.9 (Poincaré normal form for the double NS bifurcation) Consider 
a smooth parameter-dependent map in C x C defined by (9.144), where j1,2(0) = 
e912 withO < 01.2 < 7. Moreover, let e'**i # 1 fork = 1,2,3,4,5,6andj = 1,2, 
and 


6; 3... 8-4 12 41 
— ¢ 49;4,352, S¢lyaeoy Spas te 
0> a. 3) a" 37 AS 


Further assume that the map 
ar> B= (|t1(a)| — 1, |u2(@)| — 1) 


is regular at a = 0. 
Then (9.144) is locally smoothly equivalent to 


(w,z) BH NFA(w, 2) + O(II(w, DIS), 


where (w, z) € C! x C! with ||(w, z)||* = |wl? + |z/? are the new coordinates and 


_(w wl + Bie’? 
NESS ( Zz ) a ( 21+ Bei 
4f{ (Gaio0lwl? + Grorilzl? + Gso00lwl* + Gauilwl?|z|? + Gro22/21*) 
2 (Aiiiolwl? + Aooail2|? + Aazoilwl* + Ari2i\wl*|z|? + Hoos2|2I*) 
(9.146) 
with $1,2(0) = 61,2, while Gijx1 and Hj; are smooth complex-valued functions of 
the new parameters 3 = (34, (32). 
Moreover, 


(1 — 2111) 9110092000 — Ig1100!_. 21 g02001? 
G2100(0) = g2100 + eal eu + o 


fy (fy — 1) fi-l wij 
Goi1oh2000 . go1o1ho200 gioioht100 ~—«J1001 21100 
Mi- Me = ifn ft I jiz2—1 ” 


2gooozhor01 nm |goron|” 4 Igousol” 
Mi f2 — 2 Mip2 — | Mif2 — 
2go020?1001 . goo11 1010 gooi1Rori0 
Hifl2— Ho = ba(li— 1) foe — 1) 
9100191010 29200090011 oiohooi 
HA prt H2—1 
9110090011 gioor hoor 
i —1 pam Ad 


Gio11 (0) = Mon + 


’ 
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2ho20090101 IRoro1 |? Ihioo1|7 
FA110(0) = hitto + = = = = 
Hipl2 — fy Lipa — pl2 Lipa — f2 
2go110h2000 . gio10/1100 Ai100 M1001 


Hif2— ey bia — 1) ft (ean — 1) 
Rorrohioio = 2hoo20h1100 ~—-ho10 91100 


p2 Hz — 1 fy — 1 
hoothi100 —-hor1091100 
fal poi? 
Horst) tease (1 — 242) hoo11 hoo20 Hoot!” 4 2 Proooal” 
Ha (M2 — 1) 2-1 py — fr 
+ AD as oldu Goo11 P1010 frov0Go011 . 
My — MA My — MA fy — 1 fy —1 


where 1; = ei, 4 = 1,2, and all gi;x) and hij. should be evaluated at a = 0. 


We do not give explicit expressions for the fifth-order coefficients of the normal 
forms (9.145) and (9.146) here. These coefficients are only needed if one wants to 
investigate stability of a 3-torus, if it is present. 


9.8.2 Reduction to an Amplitude Map 


For the flip-NS bifurcation, we consider the composition R o N F;, where NF; is 
specified by (9.145) and R is a reflection described by the multiplication by the 


matrix 
-10 
r= ( 0 a 


In the cylindrical coordinates (7, r, w) with z = re’”, the composition becomes 


x x (1 + By) + aya? + ar? + hsox* + h3gx*r? + hyar*) 

r > r (1 + Bo + ay" + ar? + hayx* + haga? r? + hosr*) 

wy W + (8) + Im(e~ Apa, )r? + Im(e“') 19)? 

0 
+ | O(@, r)IID |, 
O(\\(@, r) 1°) 
(9.147) 
where 


a1 a2 \ _ —G300 —Gin 
@y1 A22 Re(e~'? H219) Re(e~"? Ho21) 


and 
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hso = —Gso0, ha = Re(e~'? Haio) + s1m(e~"? Ha10)", 
hay = —G3i1, h23 = Re(e~'? 311) + Im(e~” Ay19) Ime“ Hon), 
hig = —Gin2, hos = Re(e~” Ho32) + 5Im(e~"? Ap)”. 


Note that the first two components of (9.147) are independent of 7. They define— 
upon truncation of the higher-order terms—the planar map 


v\) (2 (1 + By) + aya? + ayor? + hsov* + h3gx2r? + hyar*) 
Tr Tr (i + B+ Ay 22 + ar? + hay e* + hoya?r? + hosr*) 


For the double NS bifurcation, we introduce polar coordinates (7), r2, W1, W2), 
where (w, z) = (rje"', rze”?). Then (9.146) transforms into 


r rit Bi + aur? + airs + hsort + haorir3 + hiar}) 
on r2(1 + Bo + aire + ayr5 + hart + hasrir3 i hos) 
V1 Wit (8) + Im(e~'! goo) rf + Im(e~'! groi1)r5 
W2 wo + b2(8) + Ime? gio) + SE goor1)r5 


(9.148) 
O(MN(r1, r2)II) 

O(n, rd 

O(N, TIP) |? 

O(M\(r1, T2)I°) 


where the coefficients are given by 


& -) 7 ae oe) 


an ax) \ Re(e~ His19) Re(e~*® Hooz1) 


and 
hsy = Re(e~"*! Gaon) + 5Im(e™' Ga100)”, 
hg, = Re(e~ Hy219) + 5Im(e"™ A110)”, 
h3q = Re(e~"' Garis) + Im(e™! Ga100) Im(e"™' Gio), 
ho3 = Re(e~' Hy121) + Im(e~" A110) Ime"? Hoa), 
hig = Re(e~'! G22) + $Im(e“' Gio)”, 
hos = Re(e~'® Hoo32) + $Im(e~" Hoa)”. 


As in the flip-NS case, the first two components are independent of 7, and 72, and 
we obtain the planar map 


r| ri ((1 + G1) + aurt + airs + hsort + haarirs + hiard 
te) ro ((1 + Bo) + aairt + aoars + hart + hosrirs + hosr3) )’ 


if the higher-order terms are truncated. 
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Thus, we see that both truncated normal forms (9.145) and (9.146) can essentially 
be reduced to the same truncated amplitude map: 


H . 


(5) - e + p)a + aya? + aay” + hsox? + haay? + i) 
Ta , 


y (1+ po)y + ana?y + ary? + haraty + ho3a?y? + hosy? 

(9.149) 
where (x, y) € R? and the parameter dependence of the coefficients aij and h,; on 
two parameters denoted by ju = (/11, 12) € R? is not displayed for simplicity. 


We see that four cubic terms still remain in the map (9.149). We can use these 
cubic coefficients of the resonant monomials to remove some of the fifth-order terms. 
In fact, the following theorem holds. 


Theorem 9.10 (Hypernormal form) /f a@,,a2. 4 0 and aja (a,2 — a22)40, then 
the map H,, given by (9.149) is locally smoothly equivalent to the map (x, y) > 
F(x, y) + O(|(a, y)II°) with 


x (1+ py)a2 + 8123 + sOxy* + cx? 
F,,: : 9.150 
: ( ) a ¢ + p2)y + 81607y + soy? + cgaty + coy? ere 


where s; = Sign aj1, $2 = Sign a2, 


5-@ hso : hos 
ag)” ay” (ay1)?’ (a2)? 


and 


2 hat o a2] (= hya(auy — 21) ha3 (ay — ca) 
4 = : 
(ai)? (ais)? (ain a2 (@i2 — a2) a (2 — 22) 


Proof: We make a substitution 


w\ _ (& +m + mom) _ 
(5) = (oe mene map) = GD 


with some coefficients m,;, 7 = 1, 2,3, 4. This transformation leads to a new map 


© = ( + py E + aE) + ayer? + cr + e931? + c3n4 
n (1+ pz) + an £29 + ago + cgé4y + c5€203 + cn? 


= F,(€,n) 


)+oae. mi 


with the same third-order terms as in H,, but altered fifth-order terms. Then we 
choose the m, such that as many as possible of the c,, k = 1, 2, .., 6 are eliminated. 
Notice that the transformation does not change €°- and 7>-terms. The condition 
H,(M (&, )) — M(F.(E, n))) = O(I\(E, 1)||°) is equivalent to the following linear 
system: 
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a2 a21— 41. —a12 0 my h32 — €2 

0 ar 0 —a12 mz | _ | hia os (9.151) 
—ar1 0 an 0 m3 hay — ca | , 

O = =a, Giz — az2 ayy m4 ha3 — 5 


The matrix of the system has zero determinant and its null-space is one-dimensional. 
We choose not to eliminate c4 as this coincides with a natural nondegeneracy condi- 
tion in the bifurcation analysis. Set 


OQ=3=¢6c =m,=0 


and solve the system (9.151) for m1, m2, ma, c4. We get the new coefficients 


h32 hya(@iy — a1) ~— ha (ayy — G21) 
C1 = hso, C6 = hos, c4 = hay + a1 ( ; 


Qj2 — @y2(A12 — G22) a1 (G2 — Ap?) 
Then we apply the linear scaling 


—— 4 
= A n= 
Walrad /|a22 


and obtain the desired map F,, after truncation of the O(||(€, 7) \|°)-terms in F,. 


9.8.3 Bifurcations of the Truncated Amplitude Map 


In this section, we study bifurcations of the planar map F,, defined by (9.150). Due 
to the symmetries, it is enough to consider the positive quadrant in the (x, y)-plane. 
As usual, we approximate the map (9.150) by the time-1 shift along the orbits of a 
planar ODE. 


Theorem 9.11 For all sufficiently small |\,1||, the map (9.150) can be represented 
near (x, y) = (0, 0) as 


F, (a, y) = 9, (2, y) 
+ O(llull? I, WD + Odlzll? I, YIP) + OMe Me, WIP) 
+ O(\K(@ yl), 
(9.152) 
where gi, is the flow of an approximating planar system that is linearly equivalent 
to 


(;) = Ore = Shy + a2 + ay" + Cy a4 + x7 y? + 3y*) 


: = z Z = ie ; 9.153 
y y (Hla — 5H + Gaia? + Gray? + Cyat + 5a°y? + Eoy*) ) eon 


where jj, & are given as 
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a1 = $1, a2 = —8,0(1 — 4 + pr), 
a2) = ue + fly — U2), G22 = —81, 

q =e -3, & = c4 — 6(1 + 5), 

€ = 0(6 + 2), és; = 6(0 +2), 

é = —O(1+ 40), & = C6 — 3. 


Idea of the proof: Performing the standard Picard iterations, we find an ODE system 
containing all terms displayed in (9.153). After applying the scaling 


(x, y) > (a/V1 = 2m, y/V/1 — 2p), 


we obtain the above expressions. 
Suppose that the following nondegeneracy conditions are satisfied: 


(NN.1) 515206 4 0. 
(NN.2) 60-10. 
(NN.3) 0,641. 
(NN.4) Lys € 0, where 


_ 12(250—6-0) 8(260—5—1) 8 86(260—0—1) 
Lys = 51 ( 90-) + Sl@—nos- — 4 @I-1 + © ont) ; 


Then, for sufficiently small || ;1||, the following local bifurcations occur in the approx- 
imating ODE system (9.153). 
The trivial equilibrium exhibits a pitchfork bifurcation at 


Ay = {(t1, 2) € R? : py = 0}. 


The appearing equilibrium (x, y) = (/—sij41 + O(u1), 0) is stable if s; < 0 and 
[2 — 816441 < 0 and totally unstable if the inequality signs are reversed. Otherwise, 
the equilibrium is a saddle. 

The trivial equilibrium exhibits another pitchfork bifurcation at 


Ay = {(t1, #2) € R* : pp = 0}. 


The equilibrium (2, y) = (0, /—=s2p17 + O(pU2)) is stableif sy < Oand py, — 826 p12 < 
0 and totally unstable if the inequality signs are reversed. Otherwise, the equilibrium 
is a saddle. 


If both pj = ean > 0 and p= 50 hold, then there is a positive equi- 
librium (a, y) = (01, p2) + O(\lull?). The equilibrium is stable if s;52(6@ — 1) < 0 
and (s; rr + 82 i) < 0. It is unstable if both inequality signs are reversed. 


The equilibria on the x- and y-axes undergo secondary pitchfork bifurcations at 


Ty = {(t1, Ho) € R* : py = Op + O15), 2 > 0} 


or at 
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Ty = {(tt1, 2) € R? : pp = Spy + O(u), pi > OF. 


If sy = —s, and 60 > 1, then the positive equilibrium exhibits a Hopf bifurcation. 
This happens along the curve 


C = {(p1, fo) € R®: po = ps (1), 11 (9 — si > O}, 


where 


5-1 2(60—1)?+(260—5—1 0—1)c4+(250—0—l)e 
puns (yn) = —$=pyn + (ASD Hem aE Det OH— A Des) 47 4 O (2) 


The bifurcating limit cycle is stable if 14; Lys < 0 and unstable if ;3Lys > 0. 
Finally, if s) = —s; andd6@ > 1, and@ < 0, then the equilibria in the x- and y-axes 
are connected by a heteroclinic orbit along the curve 


Y = {(u1, fo) € R?: wo = per (ei), 11 (9 — 1)s1 > O}, 
where 


_ _ 6-1 (60-1)? 5(260—6—1) 5 
Myer (M1) = — gap + (Sam 50—0—0)0-1) 1 + BsG—G=ay C4 


6(250—0—1)(6—1)? 2 3 
~"30—0—5) (0-5 cs) My + O(uj). 


If 5152 < 0, 60 > 1, and @ > O, then the limit cycle in (9.153) blows up and dis- 
appears through a collision with a fixed boundary of the phase plane. The conditions 
(NN.1)-(NN.4) and signs of the coefficients lead to several different bifurcation dia- 
grams of (9.153). We may assume that 6 < 0, otherwise we can interchange x and 
y. We cannot scale time, but since we are working with locally invertible smooth 
maps, we can invert the map. So if s;s2 < 0, we may assume jz; Lys < 0 and there 
are six different cases; if s;52 > O, there are five different cases; see Fig. 9.34. The 
divisions of the (6, @)-plane are exactly the same as for the double Hopf bifurcation 
in Chap. 8, while the bifurcation diagrams are equivalent to those for the truncated 
amplitude system (8.116). For each case, there is a parametric portrait; see Fig. 8.25 
for s;s2 > O and Fig. 8.28 for s;s2 < 0. Then for each parametric portrait, we have 
the same phase portraits as shown in Fig. 8.26 and Fig. 8.29. 

Recall that the bifurcation diagrams mentioned above correspond to the flow Yh, of 
the ODE system (9.153) that only approximates the map F’, defined by (9.150). The 
pitchfork bifurcations of the trivial equilibrium in (9.153) on lines H, 2 correspond to 
pitchfork bifurcations of the trivial fixed point of the map (9.153). These bifurcations 
generate “‘semitrivial” fixed points of F,, with one positive coordinate. The semitriv- 
ial fixed points exhibit secondary pitchfork bifurcations at curves approximated by 
T\,2. A secondary pitchfork bifurcation generates a positive fixed point of the map. 
Under the specified conditions, the nontrivial fixed point of F,, exhibits a Neimark- 
Sacker bifurcation on a curve approximated by C. The situation with the curve Y in 
(9.153) is more involved: It splits into two exponentially close curves along which the 
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one-dimensional stable and unstable invariant manifolds of the semitrivial fixed 
points are tangent. Infinitely many bifurcations of long-periodic cycles happen in 
and near a narrow wedge delimited by these two curves. 


9.8.4 Bifurcations of Truncated Normal Forms 


In Sect. 9.8.2, we have reduced the three- and four-dimensional truncated normal 
forms N F; and N F> to the planar map H,, (and then to its hypernormal form F’,). In 
order to study bifurcations in (9.145) and (9.146), we must restore reflectional and 
angular dynamics. Although a generic map with one of the considered bifurcations 
has fewer symmetries, the analysis of the truncated normal forms (9.145) and (9.146) 
still provides a skeleton of the full dynamical catalogue. 


Symmetric flip-NS 


For the flip-NS bifurcation, we have a reflection (so that H,, approximates the (, r)- 
part of the composition R o N F;) and a (close to rigid) rotation in the angular coordi- 
nate w; see (9.147). The above properties F,, can now be interpreted for the symmetric 
normal form (9.145) as follows; see also Fig. 9.35. 

The bifurcation at H, corresponds to a period-doubling bifurcation in N F;. The 
origin changes stability in the x-direction and a period-2 orbit (dis)appears if j1 
crosses zero. The bifurcation at Hy corresponds to a Neimark-Sacker bifurcation 
in NF;. The origin changes stability in the z-plane and a closed invariant curve 
(dis)appears if j42 crosses zero. 


Il Ill 


Fig. 9.34 There are five or six different bifurcation diagrams depending on s;s2 > 0 (left) or 
5182 <0 (right), respectively. These are then determined further by @ and 6. The shaded areas 
indicate the presence of a limit cycle in the approximating system (9.153) 
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Im(z) Im(z) Im(z) 


L 


Re(z) 


(a) (b) (©) 


Fig. 9.35 Sketches of phase portraits which are specific for the flip-Neimark-Sacker bifurcation. 
The dots represent the period-2 fixed point, which may be present or not. In (a), the doubled invariant 
curve is stable, in (b) and (c) it is unstable (dotted). In (b), the doubled invariant curve is surrounded 
by a 2-torus. In (c), the 2-torus has merged with a heteroclinic structure of the manifolds of the 
period-2 fixed point and the invariant curve. The doubled invariant curve exists inside 


Near the bifurcation curve 7}, we encounter a quasi-periodic period-doubling 
bifurcation. Here a closed invariant curve of N F; consisting of one piece changes 
stability in the x-direction, which is accompanied by the creation or destruction 
of the doubled invariant curve. Near the bifurcation curve 7, in H,,, the period- 
2 cycle in N F; changes stability and a doubled invariant curve consisting of two 
disjoint closed curves is created or destroyed via another Neimark-Sacker bifurcation 
near C. 

If the nontrivial fixed point of H,, undergoes a Neimark-Sacker bifurcation, then 
from the doubled invariant curve a 2-torus T? bifurcates in N F, 1, which also consists 
of two disjoint sets. This is a degenerate quasi-periodic Hopf bifurcation. The torus 
T? may be then destroyed in a heteroclinic bifurcation near Y or by a boundary 
bifurcation near J. 


Symmetric double Neimark-Sacker 


For the double NS bifurcation, we have in N F» (close to rigid) rotations in the angles 
W1,2; see (9.148). The above properties of F,, can now be interpreted as follows. 

The bifurcations at H; and H> correspond to the birth or destruction of closed 
invariant curves via the standard Neimark-Sacker bifurcations. A quasi-periodic 
bifurcation at T; or T creates or annihilates an invariant 2-torus T? surrounding 
a closed invariant curve. The 2-torus T? may change stability such that a 3-torus T? 
appears in another quasi-periodic bifurcation. The T? may disappear either through 
a heteroclinic bifurcation, where the stable and unstable manifolds of both closed 
invariant curves are involved, or by leaving the small fixed neighborhood of the origin 
via a collision with its boundary. 
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9.8.5 Effects of Higher-Order Terms 


In general, the higher-order terms do not possess any symmetry, so two-dimensional 
dynamics could not be studied independently via the reduction to the normal form 
F,,. However, the bifurcations of fixed points and period-2 cycles happen precisely 
in the same way as in the truncated normal forms N F,». More interesting are quasi- 
periodic bifurcations of invariant curves and tori. 

The question of persistence of the invariant curves and tori under generic non- 
symmetric perturbations was considered in publications listed in the bibliographic 
notes in the Appendix of this chapter. 

It has been shown that there is a set of positive measure in the (3, 32)-plane, 
where for a continuous path, in general not a straight line, we encounter a “good” 
bifurcation sequence. Positive measure implies that it occurs with high probability 
and “good” means the doubling of the invariant curve or generation of tori asin N Fi, 
without any extra bifurcation phenomena. These paths avoid “resonance holes” and 
along them the reduction of the original map to the planar hypernormal form is valid. 

In the resonance holes, the bifurcation scenario is different. The most intriguing 
phenomena appear if we include the dynamics of the angles ~ in maps (9.145) and 
(9.146), as well as higher-order non-symmetric terms. Then, away from “good” paths 
in the parameter space, and closer to rational rotation numbers, we may encounter 
resonances on the invariant tori. This implies that in a generic non-symmetric family 
complicated bifurcation sets exist near the curves 7, . and C. Moreover, a study of 
three- and four-parameter unfoldings, where the arguments of the multipliers near the 
Neimark-Sacker bifurcation are treated as additional unfolding parameters, becomes 
necessary. These studies have been undertaken numerically; see the Appendix. 


9.9 Critical Normal Forms for n-Dimensional Maps 


To apply the theory of the codim 2 bifurcations of fixed points to concrete maps, 
one needs to verify the nondegeneracy conditions at the bifurcation point, i.e., to 
compute the coefficients of the critical normal form on the center manifold up to a 
certain order. 

In this section, we derive the critical normal form coefficients on the center mani- 
fold using the combined reduction/normalization technique employed in Chap. 5 for 
the codim 1 bifurcations of fixed points. We consider all eleven codim 2 bifurcations 
of fixed points listed in Sect. 9.1. 

Suppose that a smooth map 


zt> F(x), F:R" > R", 


has a nonhyperbolic fixed point x = 0 and that the map obtained by restriction to the 
center manifold is transformed to a normal form 
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wr G(w), G:R” > R”, 


where 7, is the number of the critical multipliers (counting multiplicity) or, equiv- 
alently, the dimension of the center manifold. Locally, the center manifold can be 
parametrized by w € R™: 


z= H(w), H:R” >R’. 


Since the center manifold is invariant, we have the following homological equation 
for H to satisfy: 
H(G(w)) = F(A(w)). (9.154) 


As in Sect. 8.7 of Chap. 8, the Taylor coefficients of G and H can be found from 
(9.154) by an iterative procedure. Actually, the Taylor expansion of H simultaneously 
defines the expansion of the center manifold, the normalizing transformation on it, 
and the coefficients of the resulting normal form. The resulting formulas involve 
only critical eigenvectors of the Jacobian matrix and its transpose, as well as the 
Taylor expansion (8.119) of the map F at the critical fixed point in the original basis. 
The same “bordering technique” will be used to solve singular linear systems as in 
Sect. 8.7. 


9.9.1 Cusp 


In this case, there is only one critical multiplier +1 and the coefficient b in (9.6) 
vanishes. The critical normal form for this bifurcation (cf. Sect. 9.2) can be written 
as 

we wtew + O(w*), 


where w € R! is a local coordinate along a one-dimensional center manifold repre- 
sented by 


1 1 
A(w) =wq+ show" + ghsw + O(w*). 


Here h; € R” and 
Aq = q. 


We also introduce the adjoint eigenvector satisfying 
A’p=p, (p,q) =1. 
Collecting the w?-terms in (9.154), we find the equation 


(A — Tn)ho = —BG, q). 
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Since the matrix at the left-hand side is singular but the right-hand side satisfies 
Fredholm’s solvability condition (p, B(q, q)) = 0 due to (5.40), we use the bordering 
technique to solve for the unique hz € R” satisfying (p, h2) = 0, which we denote 
hg = —(A — I)!” B(q, q). Next, we move on to the cubic terms and obtain 


(A — I,)h3 = 6cq — C(q, g, g) — 3 Bq, hz). 


This is another singular linear system. Using Fredholm’s solvability condition and 
the normalization of g with respect to p, we can express the critical coefficient c as 


1! INV 
os pi Clg.) 38G aah) Bag). (9.155) 


9.9.2 Generalized Flip 


In this case, there is only one critical multiplier —1 and the coefficient c in (9.7) 
given by (5.44) vanishes. The critical normal form is 


wr —w+dw + O(w*), 


where w € R! is a properly selected local coordinate along the one-dimensional 
center manifold (see Sect. 9.3). The center manifold is defined by 


1 1 1 1 
H(w) = how + —haur + — hg + her + OW"), 
(w) WS OME GUE 5 MA ee ae oe (w”) 


where h; € R” and 
Aq = —q. 


We can find the adjoint eigenvector p such that 
A’p=—p, (p,q) =1. 
Collecting the w?-terms in (9.154), we obtain 
(A — I,)ho = —B(q, ), (9.156) 


which is a nonsingular linear system that has the unique solution hz. We continue 
with the w>-terms to get 


(A + In)h3 = —C@q, 4, 9 — 3B, ha). (9.157) 


This singular system is solvable since at the generalized flip 


542 9 Two-Parameter Bifurcations of Fixed Points in Discrete-Time Dynamical Systems 


due to (5.44). Assume that hg is the unique solution of (9.157) satisfying (p, h3) = 0. 
The fourth-order terms in (9.154) give 


(A _ T,)ha == (4B(q, hg) ae 3B(ha, h2) F 6C(q, q, ha) — D@, q; q, q)) : 
(9.158) 
This is a nonsingular system and thus we can solve for h4. Finally, the critical 
coefficient d appears in the fifth-order terms: 


(A+ In)hs = 120dq — (SB(q, ha) + 10B(h2, h3) + 10C(q, g, h3) + 
15C(q, ho, h2) + 10D(q, 4, ¢, h2) + E99 D)- 


The solvability of this singular system implies 
1 
d= 120” SB(q, ha) + 10B(h2, h3) + 10C(q, g, h3) + 
I5C(q, ho, ho) + 10D, 4, 9, h2) + EG, 9,4 D)- 


In this formula, the vectors hz, h3, and hy are the solutions of the linear systems 
(9.156), (9.157), and (9.158), respectively. 


9.9.3, Chenciner Bifurcation 


This bifurcation occurs when there is a pair of complex multipliers with |)2| = 1 
and the real part d of the coefficient d; in (9.8) vanishes. It is also assumed that there 
are no other critical multipliers and that 
e'*% 4 1 for k = 1,2, 3,4, 5, 6. 
The critical normal form (9.20) can be written as 
wr ew + cwlwl? + owlw|t + O(\w®). 

Here w € C! is a suitable local complex coordinate on the center manifold. The 
first Lyapunov coefficient |, = Re d,, where d, = e~'c,, vanishes at the Chenciner 


point. We choose complex eigenvectors satisfying 


Aq=e%q, Ag= eG, 
ATp=etp, ATP = el, 
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and such that (p, g) = 1. The parametrization of the center manifold is now defined 
by 
= a 1 jj 
H(w,@)=wqt+dg+ > Sp hikwiot + O(\wI%), 
2<j+kss 


with yk EC", hry = lik. 
Collecting the w/ w*-terms in (9.154) with j + k = 2, we find the following non- 
singular linear systems to be satisfied: 


(A — eT, yhoo = —B(q, @), 
(A —= Thu = —B(q, q), 
(A — eT, Jhon = —BG, Q). 


Collecting the w/w*-terms in (9.154) with j + k = 3 gives 


(A — eT,)h3o = —C(q, g, @) — 3B(q, h20), (9.159) 
(A- eI, ho = 2c1g— CG, 4, @ — BG hao) — 2Bq, his), (9-160) 
(A—e I, )hin = 24G-C(q,4D — BQ. hor) —2B@G hi), (161) 
(A — eT, hos = —C(G, 4, D — 3BG, hoz). (9.162) 


The linear systems (9.159) and (9.162) are complex conjugate and nonsingular. The 
systems (9.160) and (9.161) are also complex conjugate but singular. As an interme- 
diate result, we find from the solvability of (9.160) the expression 


_i _ = yp at =4 : 
c= 3 (Pr C(q.q, 9 — Big, (A-—e"° In) ~~ B(q, d) — 2B(q, (A— In) Bq. M)), 


which implies the formula (5.52) derived in Chap. 5. With this value of c;, we can 
find from (9.160) the unique solution h3, satisfying (p, h2;) = 0 using the bordering 
technique. 

The w’w*-terms with j + k = 4 lead to the nonsingular linear systems 


(A — eT, han =— [D(Q, a. 4. @ + 6C(Q, 9, h20) + 3B(h20, hao) + 4B(q, h30)], 
(A — eT, )h3i=— [D(a.¢,4 9 +3C(a @, hit) + 3C(@, G, h20) + 3B(q, has) 
+3B(hir, h20) + B(G, h3o)] + ci haoe™, 
(A — I, ho =— [DG.9,4) + CG, hor) + C@|, @ h20) + 4C(@, g hit) 
+B(h29, hor) + 2B(hi, hii) +2B(q, hi2) + 2B, hai)] 
+4his(cie™ + ee) 
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(A—e7 "Thy =— [D(q, q; qd qg+3C(q, q hi1)+3C(q, qs hor) +3B(q, hiv) 
BBA, ho2) + B(q, ho3) |+6e1 hoe , 
(A—e~*" J, hog = — [D(q, q: q q+6C(q, q ho2) +3 B(ho2, hoz) +4B(q, ho3)] ; 


The w*w?-term in (9.154) gives the singular systems 


(A — eI, )h32 = 12erq — [EG 4 4% D+DG, 4, 4, hor) +6D(q, 4 4, hin) 
+3D(q, qq, h20) +3C(q, h20, hoz) +6C(q, Air, hi) 
+3C(q, q, hi2z) +6C(q, g, h21) +6C(Q, hit, h20) 
+C(q, 7, h39) +3 B(hy9, hi2z)+6B(hi1, hat) 
+3B(q, h22)+ B(ho2, h3o)+2B(q, h31)] 
+6ho1 (2c; +G€7"). 


Note that ho; = hyo, hoy = hoz, and cye~" + Ge" = 0 at the Chenciner point. 
Also, the vectors ho3, hao, 213, hos, and h32 need not be computed to find c2. Further, 
only for hz; do we need to use the bordering technique. 

Finally, taking into account (p, h2,) = 0, we obtain from the equation for hz the 
expression 


1 — _ aoe 
o2=—(p, E¢.44490 + DG, 4, 4, hoz) +6D(4, 4,4 hi1) + 3D(q, 4 4G, h20) 


12 
+ 3C(q, h20, hoz) + 6C(q, hii, h11) + 3C(@, 4g, h12) + OC], gq, hai) 
+ 6C(q, hy1, hao) + CG, @, h30) + 3B(h20, hi2) + 6B(h11, h21) 
+ 3B(q, h22) + B(ho2, h30) + 2B, h31)). 


9.9.4 Resonance 1:1 


We have 1:1 resonance if there are two multipliers equal to | and no other critical 
multipliers exist. The critical normal form (9.38) for this bifurcation can be written 


as 
a Wo + Wi 7 
("") - @ + awe + ee + O(|wll”), 


where w = (wo, w1) € R? provides a suitable local parametrization of the two- 
dimensional center manifold (see Sect. 9.5.2). We can find (generalized) eigenvectors 
of A such that 


Aq=%, AM = +, 


and similarly for the transposed matrix A? 
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A’p =p, A’ po = pot pi, 


so that (po,qo) = (pi-41) = 1, (Po. 41) = (P1,90) = 0. Write the function 
parametrizing the center manifold as 


1 1 
H (wo, Wi) = wogo + wig + 5 how + hyywow, + 5 honey + O(\lwll?) 


with hj, € R”. Collecting the quadratic terms in (9.154), we obtain the singular linear 
systems 


we: (A—In)h2o = —B(qo, Wo) + 20M, 
wow: (A—I,)hiu = —B(qo, m1) + hoo + bu, 
wr: (A-I,)hoo = —B(q, u) + 2h + hoo. 


The solvability of these singular linear systems requires their right-hand sides be 
orthogonal to p,. The first equation immediately implies 


1 
a= 3 {Pls B(q, q0))- 
Taking into account the identity (p,, h2o) = —(po, B(go, go)), we obtain from the 
second equation 
b = (po, B(qo, o)) + (pi, B(Go, 41))- 


As in Sect. 8.7.4 of Chap. 8, we make the third system solvable by selecting a proper 
solution hy9 of the first system. 


9.9.5 Resonance 1:2 


Here we have two multipliers equal to —1 and no other critical multipliers. The 
critical normal form (9.60) can be written as 


wo —wo + UW 4 
ey a oe + Cun + fi) + O(wll), 


where w = (wo, w)) € R? is a suitable local parametrization of the critical center 
manifold (see Sect. 9.5.3). First we introduce the generalized eigenvectors of A and 
Al 
Aq =-, Aq =—-—a + 4, 
A'p, =—p1, Apo =—pot+ pi. 
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satisfying the same normalization conditions as at 1:1 resonance. The expansion of 
the center manifold in this case should include cubic terms 


1 ; 
H(wo, wi) = wg twint >> ay tukwowt + O(|\wll*) 
2<i+j<3 7%" 


with hj, € R”. Collecting the quadratic terms in (9.154), we get 


wo: (A—In)hoo = —B(qo, 90), 
wow,: (A-—I,)hi = —B(go, 1) — hoo, 
wr: (A—In)hoo = —B(u, u) — 2h + hoo. 


Notice that the matrix (A — /,,) is nonsingular since A has only two eigenvalues 
= —1 on the unit circle. Therefore, one can solve these equations for hao, h1,, and 
ho in the usual way. 

From the cubic terms, we will find the equations 


wo: (A+ In)h3o = 6cq1 — 3B(qo, hao) — C (Go. 40: 90); 
wow: (A+ In)hor = 2dqi + h3o — 2B(qo, hit) — B(qi, h20) — C (Qo, Go, G1); 
wow; : (A+ In)hiz = 2har — h3o — 2B(qi, hi) — B(qo, hor) — C(qo, 21, U1); 
we: (A+ I,)hos = 3(hi2 — har) + hao — 3B(qi, hoo) — C(q, Gi, G1): 


Now we can easily determine the critical coefficient c: 


1 
c= 6 (Pl C(qo, G0, 9) + 3B(qo, Un — A) B(qo, 90)))- 


The equation for the critical coefficient d involves the vector h39. Taking the 
scalar product with p;, we find from the equation at the wa-term that (p,, h39) = 
—(po, 3B(qo, h2o) + C (go, Go, Go)). Then the solvability of the equation for hz, 
implies 
1 
d= api. 2B(qo, hii) + B(qi, h20) + C(Qo, GW, 11) 
+ (po, 3B(qo, h20) + C(qo, qo, 9o))].- 


9.9.6 Resonance 1:3 


Similar to the Chenciner bifurcation, the critical normal form (9.78) for the resonance 
1:3 can be written in the complex form 
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27 
wr ew + bw? + cwlwl? + O(\wl*), O = 3° 


where w € C! is a normalizing local coordinate on the center manifold (see Sect. 
9.5.4). Now we select complex eigenvectors such that 


—i0p = 


Aq=e%q, AG=e gq, 
A'p = en), A’p 23, = ep, 


and (p, q) = 1. Introduce 


H(w,@) =wqatwgt > a hjwit + O(\wl*), 
2<j+k<3 


with hj, € C", hy = hix- The quadratic part of the homological equation (9.154) 
gives 


w’: (A—eT,)hoy = 26g — B(a, Q), 
ww: (A—I,)hu =—-B@O, (9.163) 
w: (A—e 7, hoo = 2bq — BG, @). 


We remark that the first and third equations are conjugate, so that hoo = hop. Second, 
since e’?”/? is an eigenvalue of A, we have a singularity implying that ho2 should be 
found using a bordered system. As before, the solvability condition gives 


1 
b= 5(p, BG, 9). (9.164) 


We only collect the z?Z-terms since this is all we need to find the critical 
coefficient c, 


(A — e!T,)hoy = 2cq + € bho — 2B(q, hi) — BCG, hoo) — Ca, D- 


From (9.164) it follows that (p, hoz) = 0. Therefore, we obtain the expression for c, 
which is similar to (5.52) if b = 0 


1 
C= 3 (Ps C@, q, q) 
+ 2B(q, Un — A)'B(q, D) — BG, (eI, — A)'NY (26g — BQ, @)))). 
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9.9.7 Resonance 1:4 


For this bifurcation, the quadratic terms can be eliminated, but two cubic terms 
cannot be neglected. The critical normal form (9.93) can be written using a complex 
coordinate on the center manifold as 


wre iwt+cuwlw|? + dw + O(jw|4), we C! (9.165) 
(see Sect. 9.5.5). As usual, we select complex eigenvectors such that 
Aq=iqg, AG=-iG, A'p=—ip, A’p=ip, (p,q) =1. 


Define the expansion of H (w) as for the 1:3 resonance. The quadratic part of (9.154) 
then gives 


w?: (A+1,)ho = -BG, O, 
wi: (A-i,)hu =—B, OD, 
we: (A+T)ho =—-BG,O. 


Since +1 are not the eigenvalues of A, we can easily find ho, h1,, and hoz. Now as 
above we only collect the coefficient in front of the resonant terms: 


(A — iln)ho1 = 2cq — 2B(q, hit) — BY, hoo) —Caa ®, 
(A — tI, )ho3 = 6dq — 3B(q, hor) — CG 4. D- 


The solvability conditions imply 


1 
c= 5p, C4, 4D + 2B], Un — A)~'B(q, @)) — BG, Un + A) BCG, D)) 


and 


1 
d= 6 \P C@,4 @ — 3B@G Un + A) 'B@, O)). 


9.9.8 Fold-Flip 


This bifurcation is characterized by two simple multipliers on the unit circle, one +1 
and one —1. The matrix A has the eigenvalues Aj. = +1. Introduce the associated 
eigenvectors, 


Ag=a, A'pi =p, 
Amp=—-@, Ap =—p», 
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such that (pi, q1) = (p2,4q2) = 1. We have (pi, q2) = (p2, 41) = 9. The 
parametrization of the center manifold is given by 


1 
Hw) = wig twrmt DY) sa hjewiwh + Odell’). 
2<j+k<3 


Assume that the restriction to the center manifold has been put into the normal form 


Gtir= wypet Say wy + Sbw3 +2 eCiW} + cxwiw} 4 O(\wll4 ). 
—W2 + €yWyW2 + 1 osu? w2 + zC4W3 


This is the resonant normal form appearing after Step 2 in the proof of Lemma 

9.16. Any map at the fold-flip bifurcation can be transformed by smooth invertible 

coordinate transformation to this form without extra genericity assumptions. 
Collecting quadratic terms in (9.154), we find 


(A — In)hoo = aig — Bla. 1); 
(A+ I,)hu = e1g¢2 — Bin, 2), (9.166) 
(A — I, )ho2 = bigs — B(qa, w), 


while the cubic coefficients are obtained from the singular systems 


(A — I,)h3o = €1q¢1 +3a,h29—-3B(q1, h2)-Cla, Us M1); 
(A — In)hi2 = qi t+bi ho —2e1ho2— Bq, hor) -2B(q, hi)—-C(H, @ ), 
(A + In)har = @3q2+(2e1 — a1)hy1—-2B(qH, hii) - B(q@, h20)-Clm, U, ), 
(A + In)hos = €4q2—3b1h11 -3B(q, hor) -C (ar, @; G2). 


Since 1 and —1 are simple eigenvalues of A, the Fredholm solvability condition 
yields the critical quadratic coefficients 


a, = (pi, Bg, w1)), 61 = (p1, Bla, @2)), €1 = (p2, Bi, @2)), 


and using the bordering technique, we find 


hoy = (A—In)'%” [(p, Bla, m))n — Bla, aI, 
hi = (A+ 1,)/%” [(p, Bl, @))@ — Bla. @)I, 
hon = (A — In)!” [(p1, Blo, @)) a1 — Blo, )1- 


These vectors satisfy (p;, h29) = (pi, hoz) = (p2, hi) = 0. Then one can find the 
following expressions for the cubic coefficients: 
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c1 = (pi, C(M, MW, M1) + 3B(q, hao)), 
o = (p1,C(H, @, @) + Bin, hor) +2B(q@, hii)), 
c3 = (p2, C(M, M1, 2) + Bio, hoo) +2B(q, hii), 
C4 = (p2, C(, , G2) + 3B(qo, ho2)). 


If we assume that e; 4 0, the coefficients of the critical normal form (9.105) can 
be computed using (9.106) and (9.107) as 


ay 1 Cj 
a(0) = e, b(0) = gore, c(0) = be’ 


’ 
1 ey 


1 1 1 
d(0) = 5% + 2e, (ne 34a + 2«1)) : 


9.9.9 Fold-Neimark-Sacker 


This bifurcation occurs for a fixed point having the algebraically simple critical 
multipliers 4; = 1, 2,3 = e+’, where e”* 4 1 fork = 1,2, 3, 4. Then, there is a 
smooth local parameterization 


H(w1, 2, 2) =win twmting+ >> hjew} wy}, + O(\wll*) 


1 
Vel! 
Serer ikl! 
(9.167) 
of the critical center manifold by (w , w2) € R x C such that the map will assume 


the normal form (9.127) that we rewrite as 


+ O(||wll*). 
(9.168) 


— 2 3 ax 

Wi wy + Goi Wi w2 + Gow + G3o00w; + Gis1wiw2w2 
i6 2 2,- 

W2 ew. + Ayj0w1wW2 + Arjowjw2 + Aor wz Ww 


Ag=a, A™p=pi, (p1,%) = 1, 
Aq = eq, AT py =e" py, (po, ) = 1. 
Collecting quadratic terms in the homological equation (9.154) and requiring that 
the appearing singular linear systems are solvable, we get the quadratic coefficients 
in (9.168): 


Goo = 5 (ri, Bi, G1), Gor = (Pi, Ba, &)) » Hit = (p2, BC, @)) - 
(9.169) 


Then the following vectors should be computed: 
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hao = (A = In)!” (2G200q1 — Bai. U1) 
hon = (A— Tn)!” (Goug — Bla. &)), 
hig = (A — et 1,)%" (Aiiog@ — Bg. @)). 
hoon = (€7" 1, — A)! Bq, @), 


where the bordering vectors are of course chosen differently for (A — J,)/"” and 
(A — e7,)!%”. For the normal form (9.168), we then have 


G30 = % (Pi, C(i. U1. M1) + 3B(q, h200)) 5 
Gir = (p1,C(H, @. ®) + Bla, hon) + 2Re(B(q, hios))) (9.170) 
Aaio = 5 (p2, C(H, M1, G2) + Bq, h200) +2B(q, hiio)) , , 


1 
5 | 
3 

Hox = 4 (P2, C(@, & &) + B(@, hous) + 2B(@, ho20)) - 


If G2o9Go11 4 0, we may further transform (9.168) to the critical hypernormal 


form , ; ‘ 
x e+a-+slz|o + cox 4 
e b oe )+ Ol@. aI, 17) 
(see Theorem 9.6). 


9.9.10 Flip-Neimark-Sacker 


At this bifurcation, the Jacobi matrix evaluated at the fixed point has three simple 
multipliers on the unit circle: 1, = —1, fu2,3 = e*", where 0 < 0) < 1 with e’* + 
1 for k = 1,2, 3,4, 5,6. Write the truncated at fifth-order terms Poincaré normal 
form (9.145) at 6 = 0 as 


Ww wy (—1 + G3owy + Giiilwel”) 
aa id 2 x | + 
we wy (e + Hoipwt + Hor: |w2I") 
wy (Gsoow} + G31, w7z|wal? + a) 
w2 (Haowy + A221 wt |w2|? + Ho32|w2I*) 


with (w),w2) ERxC. 
As before, we now introduce the eigenvectors related to the multipliers uw; = —1 


Agn=-a, A'r=—p, (pi.u)=1, 

Aq = eq, Ap, = e py, (pr, q) = 1, 

and use the same parametrization (9.167) for the critical center manifold. 
Collecting the quadratic w-terms in (9.154), we find 
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hao = Un — A)' Bi, 1), 

hon = Ch = A)! B(q, qo), 

hiio = —(e' 1, + A) BC, @), 
hooo = (€7" 1, — A)" B(q, q), 


after which the cubic coefficients are computed as follows: 


G300 = % (pi. C(qi, UH) + 3B(, h200)) . 

Gir = (r1,C(M, %. %) + Bin, hoi) + 2Re(B(q, hi01))) . (9.172) 
Alz\9 = 2 (p2, C(H1, 1, @) + Bq, hoo) +2B(q, hito)) » ; 
Aon = 5 (P2, C(q2, 2, 2) + B(q, hoi) + 2B, hor0)) 


Not surprisingly, we see a great similarity between the above coefficients (9.172) 
and the third-order coefficients (9.170) for the fold-Neimark-Sacker bifurcation. 
If we find that 


G3o0Re(e~"” Hox1) > 0 and —G3oRe(e~” Hori) — GirRe(e"” Ay) < 0 
hold, then there is also an invariant 2-torus involved in the unfolding of the bifurcation. 


Its stability can only be determined if we proceed with quartic and quintic terms; see 
references in Appendix of this chapter. 


9.9.11 Double Neimark-Sacker 


When two pairs of complex-conjugate multipliers e*"”'?, 0 < 0) < 6; < 7 cross 
the unit circle, a double Neimark-Sacker bifurcation occurs. Similar to the previous 
case, we first require (KO; mod 27) # 0 for k = 1,2,3,4, 7 = 1,2 and (0/62) ¢ 
{3, 2, 3, 1}. We compute the (adjoint) eigenvectors for the multipliers and scale them 
properly 
Aq = eq, ATpi =e 
Ag = eq, AT py =e 


—i0; 


—i02 


ri, (p,q) = 1, 
p2, (p2,q2) = 1. 


Now we can compute the third-order coefficients of the critical normal form 


wi wy (e™ + Gaioolwil? + Gror|wal?) 
> 10, 2 2) ) + 
w2 wy (e + Ayriolwil? + Hoori|we!") 
W1 ( 
w ( 


( G3200/wi|* + Gori |wi|*|wal? + Gro22|wal*) 


A911 [4 + Ayy21|w1|?|w2|* + Aoos2|w2I*) 
where w € C?, with the following formulas: 


) + O(|wIl®), 
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Grioo = § (pi, C(. H, Gi) + Bq, hioo) + 2B(Hi, h2000)) » 
Gio = (p1,C(H, a, G2) + Bi, hoo) + BCG, hioio) + B(q, hioo1)) » 
Ayo = (p2,C(q, 1, G2) + B(ge, hitoo) + BCH, hioio) + B(qi, hois0)) . 


Hoo = 5 (P2, CQ, 2s &) + B(qr, hoor) + 2B Go, hoo20)) » 
(9.173) 


where 


haoo0 = (C711, — AY! BC, G1), ~~ hoor0 = (eZ, — A)! B(qo, @), 
hitoo = Un — A)' BC, Gi), hoot = Un — A)! B(@, @), 
Ayoro = (e+) F, — A) B(qi, @); Proor = (eT, — A)! Bq, @)- 
(9.174) 
Vectors ho} 19 and ojo; can be computed by complex conjugation: hoj19 = hioie and 
Aoio1 = Rena . Formulas for the fifth-order coefficients can be found in the literature; 
see references in Appendix of this chapter. 


9.10 Codim 2 Bifurcations of Limit Cycles 


Consider a system of (n + 1) differential equations 
y= Fly,a), ye R"*!, wae R’, (9.175) 


where F is smooth. Suppose system (9.175) has a limit cycle L,, with period T, and 
let 
th f(tz,a), ce€R", aEeR’, (9.176) 


be the Poincaré map defined on an n-dimensional cross-section & to the limit cycle. 
For simplicity assume that the cross-section is independent of the parameters. The 
cycle corresponds to a fixed point of the map f (see Chap. 1). Therefore, any codim 
2 bifurcation of the fixed point of the map will specify a certain codim 2 bifurcation 
of the limit cycle. We can use the bifurcation diagrams obtained in this chapter to 
deduce bifurcation pictures for the cycle bifurcations. 

Similar constructions allow us to apply the theory of codim 2 fixed-point bifurca- 
tions to codim 2 bifurcations of periodic solutions in nonautonomous time-periodic 
differential equations: 


&=f(z,t,a), c€R", ae R’, (9.177) 


where f is periodic in ¢ with (minimal) period, say, 7p = 27. System (9.177) defines 
an autonomous system 


x = f(@, Lnt1,Q), 
le i, (9.178) 
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on the cylinder endowed with the coordinates (x, 7,4; mod 277). Isolated periodic 
solutions of (9.177) can be interpreted as limit cycles of (9.178) for which the hyper- 
plane & = {x,,1; = 0} is a cross-section. The Poincaré map (9.176) defined on this 
cross-section is simply the period return map for (9.177) (see Chap. 1). 

In the cusp case (Sect. 9.2), the center manifold is one-dimensional. Each fixed 
point on this manifold corresponds to a limit cycle, while a collision of two points 
means a fold (tangent) bifurcation of limit cycles of different stability. Thus, there is 
generically a parameter region where system (9.175) has three nearby limit cycles 
that collide pairwise and disappear at the boundaries of this region (see Fig. 9.2). 

For the generalized flip bifurcation (Sect. 9.3), the dimension of the center man- 
ifold still equals one. A cycle of period two on the manifold corresponds to a limit 
cycle that makes two turns around the “principal” cycle L, before closure, thus 
having approximately double the period. Therefore, there is a region attached to the 
period-doubling bifurcation curve of the principal cycle where we have two cycles 
of different stability with approximately double the original period (see Fig. 9.3). At 
the boundary of the region, the cycles disappear via a fold bifurcation. 

The Chenciner bifurcation (Sect. 9.4) implies that the center manifold for the 
Poincaré map is two-dimensional. A closed invariant curve on the manifold turns 
into an invariant two-dimensional torus of the relevant stability. There would be a 
region where two such tori coexist. However, they lose smoothness and destruct in a 
complex manner, almost colliding. Under parameter variation, an infinite number of 
long-period limit cycles appear and disappear via fold bifurcations both on and off 
the tori. 

In all the strong resonance cases, the center manifold is two-dimensional. The 
central equilibrium in the phase portraits (see Figs. 9.9, 9.10, 9.12, and so forth) cor- 
responds to the “principal” limit cycle, while nontrivial equilibria describe, actually, 
a single limit cycle making two, three, or four turns before closure (see Fig. 9.36, 
where a cycle with approximately triple period is shown). The closed invariant 
curves around the nontrivial equilibria correspond to a single invariant torus around 
the cycle with double, triple, and so on period. Stable and unstable invariant man- 
ifolds of saddle fixed points are the cross-sections of the corresponding manifolds 
of saddle limit cycles. Generically, they intersect transversally along orbits that are 
homo- or heteroclinic to the limit cycles. Near such structures, an infinite number 
of saddle limit cycles are present. This implies the presence of complex, “chaotic” 
dynamics near strong resonances. Consider, for example, the case 1:2 with s = —1 
(see Fig. 9.10). A one-parameter system near this resonance can exhibit the following 
scenario. A stable limit cycle loses stability viaa Neimark-Sacker bifurcation generat- 
ing a smooth invariant torus. The remaining unstable cycle inside the torus undergoes 
a period-doubling bifurcation, giving rise to a repelling cycle of approximately dou- 
ble the period. After the period doubling, the “primary” cycle is a saddle cycle. The 
torus becomes pinched along a parallel while its meridian approaches the figure-eight 
shape. Then, the torus destructs near a homoclinic structure formed by the stable and 
the unstable invariant manifolds of the “primary” cycle. As a result, the orbits loop 
around one half and then the other half of the destroyed torus, jumping randomly 
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Fig. 9.36 A cycle of 
approximately triple period 
near 1:3 resonance 


from one side to the other. A “chaotic attractor” appears in which long-period stable 
cycles are embedded. 

For the fold-flip bifurcation, the center manifold for the Poincaré map is also 
two-dimensional. The equilibria in the horizontal axis on Figs. 9.25, 9.26, 9.27, 
and 9.28 correspond to the “principal” limit cycles, while a nontrivial equilibrium 
represents, actually, a limit cycle making two turns before closure. Similarly, the 
closed invariant curve corresponds to a “double torus” that makes two turns before 
closure. All remarks on the intersection of the invariant manifolds and the torus 
destruction are applicable in this case as well. 

For the fold-NS bifurcation, the center manifold is three-dimensional. The equi- 
libria on the horizontal axis in Figs. 9.25, 9.26, 9.27, and 9.28 correspond to the 
“principal” limit cycles, while a nontrivial equilibrium represents, actually, an invari- 
ant two-dimensional torus. A limit cycle in the approximating system corresponds 
to a three-dimensional torus in the considered n-dimensional ODE system. 

For the flip-NS bifurcation, the center manifold for the Poincaré map is three- 
dimensional, while for the double NS bifurcation, it is four-dimensional. We leave the 
interpretation of equilibria and limit cycles in the phase portraits of the approximating 
systems depicted in Fig. 8.26 and Fig. 8.29 in terms of invariant sets in the considered 
n-dimensional ODE system to the reader. 

Let us finally mention that one can analyze the codim 2 bifurcations of limit 
cycles in ODEs via normal forms on the corresponding periodic center manifolds; 
see bibliographic notes in the Appendix. 


Example 9.3 (Strong resonances in a periodically forced predator-prey system) 
Consider the following time-periodic system of two differential equations 
(Kuznetsov et al. 1992): 


CXL 22 
a(t) +21" 
CXL 1X2 
a(t) + 2 , 


1 => rx“,(1 1) 


t = —dx2.+ 
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where 
a(t) = b+ esin(@)). 


Here r, b, c, d, and € are parameters, while x, and x2 are scaled population numbers. 
For ¢ = 0, the system reduces to an autonomous predator-prey system studied in 
Chap. 3 (Example 3.1). As we have seen in that chapter, the system can have a 
stable limit cycle appearing via a Hopf bifurcation. The time-periodic function a(t) 
describes the influence of seasonal variability of the environment on the population 
dynamics. The time is scaled to make a year 27 in length. The parameter 0 < € < 1 
measures the seasonal variation in the predator functional response. As we have 
already pointed out, the study of the model is equivalent to the study of the planar 
first return map: 


f: 20) xQn). (9.179) 


Fixed points of (9.179) correspond to 27-periodic solutions of the model, while 
period-é; points define subharmonics of period 2k7 (k years). Closed invariant curves 
correspond to quasi-periodic or long-periodic (locked) solutions, while irregular 
invariant sets describe chaotic oscillations. The map f(x) depends on the parameters 
and exhibits several of the codim 2 bifurcations studied earlier. The following results 
were obtained with the help of a numerical continuation technique described in Chap. 
10 and are based on the theory presented in this chapter. Let us fix 


and analyze the bifurcation diagram in (¢, b, r)-space. The phenomena we shall see 
also persist for other parameter combinations. 
To begin with, set 
r=1, 


leaving only two parameters (¢ and b) active. Curves related to bifurcations of fixed 
points and period-two orbits are presented in Fig. 9.37. Let us trace step by step how 
this diagram was constructed. 

For € = 0 (no seasonal variation), the map f is a 27-shift along the orbits of the 
autonomous system studied in Example 3.1 of Chap. 3. Its fixed points are trivial 
27-solutions corresponding to the equilibria of the autonomous system. That system 
has a Hopf bifurcation at 

ioe d 
4 c+d 


(by = 7 for the selected parameter values). A stable limit cycle bifurcates for b < by. 
For the 27-shift map, this means a Neimark-Sacker bifurcation generating a stable 
closed invariant curve. Therefore, the point 


H = (0, by) 
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Fig. 9.37 Bifurcation curves on the (¢, b)-plane for r = 1 


in the (¢, b)-plane can serve as an initial point for the continuation of a Neimark- 
Sacker bifurcation curve h in these two parameters. Indeed, this curve is rooted at 
a point H on the b-axis (see Fig. 9.37) and is transverse to this axis. Crossing h at 
a typical point implies the generation of a small closed invariant curve, namely the 
appearance of small-amplitude oscillations around the “basic” 27-periodic solution 
corresponding to the nontrivial equilibrium of the constant-parameter model.* 
While continuing the curve h“, from left to right on the (c, b)-plane, both multi- 
pliers foe of the fixed point vary smoothly and become equal to —1 as the terminal 


point Aw is reached. This is a codim 2 bifurcation — 1:2 resonance. As one can 
check numerically, the normal form coefficients satisfy 


D,(0) < 0, C, (0) > 0, 


therefore, s = 1, and the bifurcation diagram of the system near Ay is approximated 
by that depicted in Fig. 9.9. Thus, there is a single bifurcation curve related to 
fixed points or period-two orbits passing through the point AY, specifically, the 
bifurcation curve f along which the “basic” fixed point exhibits a flip (period- 
doubling) bifurcation. The fixed point has a simple multiplier pa? = —1 along this 


curve away from AY . The two branches of f“!) have been obtained by numerical 


8 Tf the unforced system has a hyperbolic equilibrium, then the map f has a nearby hyperbolic fixed 
point for small ¢. This point corresponds to a 27-periodic solution of the forced system. 
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continuation starting from Ay in the two possible directions. Crossing f from 


the left to the right just above point AY results in the disappearance of a saddle 
period-two orbit while the stable period-one fixed point becomes a saddle (cf. Fig. 
9.9). On the contrary, crossing the curve f in the same direction just below point 
AY means the disappearance of a saddle period-two cycle while the repelling fixed 
point bifurcates into the saddle. 

The analysis of the flip bifurcation on the upper branch of f‘ shows that there 
is another codim 2 bifurcation point D; at which the cubic normal form coefficient 
c(0) vanishes and a nondegenerate generalized flip bifurcation occurs since d(0) 4 0 
(see Sect. 9.3). Thus, crossing the part of f located above the point D; leads to a 
standard supercritical flip bifurcation generating a stable period-two cycle. Moreover, 
there is a tangent bifurcation curve i, at which two period-two cycles collide and 
disappear, that originates at point D, (see Fig. 9.37). A cycle of period two with a 
multiplier pe = | exists along this curve. The curve i terminates at a point K2 on 
the b-axis where the limit cycle of the constant-parameter system has period 2 - 27. 
The point K> is the end point of another branch oe of the tangent bifurcation curve 
for period-two cycles. As on the branch i , two period-two cycles appear as we 
cross is near K>, one of which is stable and the other of which is a saddle. 


Following the lower branch i 


of the tangent bifurcation curve, we encounter 
a point B where the period-two cycle has two multipliers ne = |. This is a 1:1 
resonance for the period-two cycle (see Sect. 9.5.2). A Neimark-Sacker bifurcation 
curve h originates at this point. Along this curve, the period-two cycle has a pair of 


the multipliers ji on the unit circle. The curve h® terminates at a point A? where 
the multipliers ae are both equal to —1 (1:2 resonance). A curve f corresponding 
to a flip bifurcation of the period-two cycle goes through point A, which is also the 
root of a Neimark-Sacker bifurcation curve h (not shown in Fig. 9.37) since for this 
1:2 resonance we have s = —1. We will return to the discussion of the bifurcations 
near A later. 

For the current values of the parameters (c, d,7r), the Hopf bifurcation in the 
unperturbed system with ¢ = 0 generates a limit cycle with a period that is smaller 
than the seasonal period (277). As b was decreased, the cycle period grew and reached 
2 - 27 at the point K2. Notice that the period of the cycle born via the Hopf bifurcation 
depends on the parameters, in particular on the value of r. Thus, now take a generic 


value or r, say 
r = 0.73, 


for which the period of the stable limit cycle appearing in the autonomous system 
through the Hopf bifurcation is greater than 27 (the forcing period). The resulting 
bifurcation curves on the (¢, b)-plane are presented in Fig. 9.38. 

There is still a Neimark-Sacker bifurcation curve h‘ rooted at the Hopf point 
H on the b-axis. As in the previous case, this curve terminates at a point AS cor- 
responding to a 1:2 resonance, and a flip bifurcation curve f“ passes through this 
point. However, 

D,(0) < 0, C,(0) < 0, 
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Fig. 9.38 Bifurcation curves on the (¢, b)-plane for r = 0.73 


Fig. 9.39 Bifurcation fi) 
structure near 1:2 resonant 
Hopf bifurcation 
ie) 
in this case (s = —1). The theory of the 1:2 resonance suggests that there must be 


a curve h) originating at AS along which the period-two cycle has a pair of the 
multipliers ne on the unit circle (Neimark-Sacker bifurcation). Such a curve indeed 
exists and can be computed using the methods of Chap. 10 (see Fig. 9.13). In accor- 
dance with the theory of 1:2 resonance, a subcritical Neimark-Sacker bifurcation 
occurs along this curve. There is now only one branch i of the tangent bifurcation 
curve terminating at a generalized flip point Dz on the curve f‘”. 

How can we reconcile Figs. 9.37 and 9.38? Recall that there is a value r = rz 
(r2 = 0.75) separating the two cases at which the asymptotic period of the limit 
cycle at the Hopf bifurcation for ¢ = 0 is twice as much as the forcing period. This is 
the 1:2 resonant Hopf bifurcation that has been analyzed theoretically by Gambaudo 
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0.5 - 4 
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Fig. 9.40 Bifurcation curves on the (r, b)-plane for ¢ = 0.4 


(1985) in the limit of small forcing, ¢ « | (see also the bibliographical notes). In a 
space of three parameters unfolding the bifurcation, with the forcing amplitude as 
the vertical axis, we have the remarkable bifurcation structure sketched in Fig. 9.39. 
There is a conical surface f rooted at the resonant Hopf point at which a flip takes 
place. It is “cut” by a surface corresponding to the condition 


1 1 
py yy? = 1. 


The part of this surface located outside the cone, h", corresponds to the Neimark- 
Sacker bifurcation. The intersection curves Ae and Ay approaching the resonant 
Hopf point correspond to the 1:2 resonance (a double multiplier at — 1) with opposite 
Ss = +1. One of these curves (As? ) is a boundary of another codim | surface, namely 
h®, on which a Neimark-Sacker bifurcation for the period-two cycle occurs. The 
surface h is also bounded by a 1:1 resonance curve B located on a surface of 
tangent bifurcation of period-two cycles ¢®. This latter surface is bounded by two 
curves of generalized flip bifurcations D,,. Figure 9.40 gives a cross-section of the 
parameter space (r, b, €) by the plane « = 0.4. 

It agrees perfectly with the theory. The bifurcation diagrams shown in Figs. 9.37, 
9.38, and 9.40 are obviously not complete, because bifurcations of periodic orbits of 
period greater than or equal to three, as well as bifurcation sets related to homoclinic 
structures, are not presented. However, even those incomplete diagrams provide 
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Fig. 9.41 Strange attractors of the Poincaré map 
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Fig. 9.42 Accumulation of 1:2 resonances 


interesting information on the predator-prey model dynamics under periodic forcing, 
in particular, predicting the coexistence of various types of attractors. 

Bifurcations far from the resonant Hopf point (e.g., the flip bifurcation of the 
period-two cycle on f®) are not predicted by local analysis. Actually, there are 
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accumulating sequences of flip bifurcation curves f°") leading to a Feigenbaum cas- 
cade of period doublings. Such cascades result in strange attractors in some regions 
of the parameter space, such as that presented in Fig. 9.41(a). Another scenario lead- 
ing to chaos in the model is the destruction of a closed invariant curve. The closed 
curve can lose its smoothness and turn into an irregular invariant set near a homo- 
clinic structure formed by the intersection of the stable and unstable manifolds of 
the period-two saddle cycle (see Fig. 9.41(b)). 

Finally, let us look closer at the bifurcation diagram near the point A” in Fig. 
9.37 (when r = 1). This reveals an interesting phenomenon, namely the accumula- 
tion of 1:2 resonances (see Fig. 9.42). As we have already mentioned, there is an 
accumulating sequence of flip bifurcation curves on the (e, b)-plane: 


FO, 7”, 7”, 1, 


Only the first three of them are shown in the figure since they get closer and closer 
according to Feigenbaum’s universality. Crossing a curve f@*) implies the appear- 
ance of stable period-2k cycles while the previously stable cycle of period-k becomes 
unstable (a supercritical flip). On each computed flip curve f° there is a codim 2 
point A°) of the 1:2 resonance. For corresponding parameter values we have a cycle 
of period 2k, such that the 2kth iterate f?* of the first return map (9.179) has a fixed 
point (cycle of period 2k for f) with multipliers re =I, Apparently, all the points 
A) have the same topological type corresponding to the normal form flow (9.74) 
with s = —1. This means that there are Neimark-Sacker bifurcation curves h*") and 
h@ emanating from each A?, The computations and some theoretical arguments 
show that, in fact, the points A") are connected by a sequence of Neimark-Sacker 
bifurcation curves. Therefore, this example illustrates how theoretical knowledge 
of the bifurcation structures associated with higher-codimension bifurcations guides 
numerical analysis and helps us to understand the behavior of a model. ¢ 


9.11 Exercises 


(1) (Strong resonances in adaptive control) Consider the map 


7] 
# bat+k+yz 
yp k , 
y et i 
z z PF a 1) 


which describes an adaptively controlled system (Frouzakis et al. 1991). 

(a) Show that the fixed point (9, yo, zo)=(1, 1, 1—b — k) exhibits the 1:2 resonance at a point 
on the (k;, b)-plane if the parameter c is fixed. (Hint: Find a common point of the flip and the 
Neimark-Sacker bifurcation lines computed in Exercise 9 in Chap. 5.) 

(b) Prove that we would encounter 1:3 and 1:4 resonances while moving along the Neimark- 
Sacker bifurcation line if k decreases from the 1:2 resonant value to zero. 
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(2) (Strong 1:4 resonance) Verify that the map 


(Hale & Kogak 1991) has a fixed point with multipliers j1;,2 = +7, and compute the coefficients 
C(O) and D(0) of the normal form (9.91). (Hint: Do not forget to shift the fixed point to the origin!) 
Which bifurcations do you expect in a generic two-parameter perturbation of this map? 


(3) (Degenerate 1:2 resonance in Hénon map) Find parameter values at which the Hénon map 
(see Example 4.1 in Chap. 4 and Exercise 8 in Chap. 5) 


(3)- (adv) 


has a fixed point with a double multiplier —1. Compute the normal form coefficients C(0) and 
D(0) and check that the nondegeneracy condition (R2.2) does not hold. (Hint: For 3 = 1 the map 
is area-preserving since det J(x, y) = 1, where J(a, y) is its Jacobian evaluated at point (x, y). 
Therefore, it cannot have any attracting or repelling fixed points and closed curves.) 


(4) (Map versus flow at a 1:2 resonance) Consider the truncated normal form map (9.60) for the 


1:2 resonance, 
‘1 i, / f1 0 
(2)>G aheg We. ares pas) (E.1) 


and the approximating ODE system (9.179), 


ra _ 0 1 & 0 
(2)=(5, et tae pen): (E.2) 


Assume, for simplicity, that C and D are parameter-independent. 

(a) Compare the equations for the Neimark-Sacker bifurcation of the trivial fixed point in 
(E.1) with the Hopf bifurcation of the trivial equilibrium in (E.2). Check that the transformation 
(B1, G2) (461, —2,1 — 22) (cf. Lemma 9.11) maps the former bifurcation line into the latter. 

(b) Compute the cubic normal form coefficient c, for the Neimark-Sacker bifurcation (see 
formula (4.27) in Chap. 4) in (E.1), and evaluate d = Re(e~% ¢) # 0 near the origin. Verify that 
the nondegeneracy condition d ¢ 0 is equivalent to condition (R2.2): 


D+3C £0. 


(c) Compute the Lyapunov coefficient /; along the Hopf bifurcation line in (E.2) near the origin. 
Then check that the nondegeneracy condition /; ¢ 0 is equivalent to the condition 


D#£0. 


(d) Explain the difference in the results of (b) and (c) but their agreement with Lemma 9.11. 
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(5) (Hetero- and homoclinic bifurcations in the approximating system at a 1:2 resonance) 
Consider system (9.74): 


{° = @, 
Co = e101 + e202 + 8G} — CP, 


where s = +1. 
(a) Find a singular rescaling of the variables, time, and parameters that place the nontrivial 
equilibria (if they exist) at the points 
€1,2 = (F1,9), 


and write the rescaled system in the form 


m =, 
in = sm(-l +77) + 22m — yn m:, 


where (7, 72) are new parameters. Derive the relationships between the new and old parameters: 


&2 


w= V/-s281, = 
J 


— se, 


(b) Consider the system that results after substituting y; = y2 = 0 into the previous equations, 
and verify that it is Hamiltonian with the Hamiltonian function 


sn na sn 
s(n) = 2 + > me a 


Draw the constant-level curves H,(7) = h for the cases s = +1. 
(c) Take the Hamiltonian system with 7 = 0. Verify that, for s = 1, 


ev2t m(t) 2/2ev2t 
ev2t 4.17 ee — (ev2t +1)2 


mt) = 


correspond to the upper heteroclinic orbit Hj (7) = i connecting the saddles €1,2. Check that, for 
s=-l, 
J/2et () 2/2e'(1 _ et) 
7 = 
R d+ e2t)2 


; ec 2 
mn 1+ et’ 


give an explicit solution corresponding to the right orbit H_;(7) = 0 homoclinic to the saddle € 
at the origin. 
(d) Following the strategy presented in Appendix A to Chap. 8, compute the derivative of the 
Hamiltonian H, along orbits of the system with y 4 0, and show that 
(i) for s = 1, the heteroclinic connection curve C has the representation y2 = kiy1 + O72), 
with 
bh@) _1 


= h(®) 5 


ky 


, 


where J; 2(h) are defined by 
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Ty(h) = / no dm, In(h) = / mn an. 
As()=h As(ny=h 


Gi) for s = —1, the “figure-eight” homoclinic curve P has the representation y2 = koy1 + 
O (93), where 
fee bhO) 4 


oho) 3S 


with the above-defined integrals. 
(Hint: To compute the integrals along the hetero- and homoclinic orbits, convert them into integrals 
over time and use the explicit solutions obtained in step (c).) 

(e) Map the bifurcation curves obtained in step (d) onto the plane of the original parameters 
(€1, €2), and verify the expressions for the bifurcation curves C and P given in Sect. 9.5.3. 

(f) Prove that the integral ratio is a monotone function of h in the case s = | but has a unique 
minimum for s = —1. (Hint: See Carr (1981), for example). What do these facts mean in terms of 
limit cycles of (9.74)? 


(6) (Heteroclinic bifurcations in the approximating system at a 1:3 resonance) Consider the 
approximating system for the 1:3 resonance, 


i) = (81 +i)n +77 + enlnl. 
(a) Analyze the system with the cubic term truncated, that is, 
i) = (8) +i2)n +7. 


(i) Show that it has three nontrivial saddle equilibria placed at the vertices of an equilateral 
triangle. 

(ii) Prove that for 3; = 0 the system is Hamiltonian, and find the Hamilton function in polar 
coordinates. Draw its constant-level curves and verify that the orbits connecting the saddles at 
3, = Oare straight lines. 

(b) Perform a singular scaling of the system with the cubic term for small (3 transforming it into 
a small perturbation of the quadratic Hamiltonian system studied in step (a). Compute the derivative 
of the Hamiltonian along orbits of the perturbed system, introduce a separatrix split function, and 
verify the asymptotic expression for the heteroclinic cycle curve H given in Sect. 9.5.4. (Hint: See 
Horozov (1979) or Chow et al. (1994).) 


(7) (Equilibria of the approximating system at the 1:4 resonance) 
(a) Consider a linear planar system written in the complex form 


z= Pz+ Q2, 


where P, Q € C!. Prove that the type of equilibrium at the origin is independent of the argument 
of Q. Show that the point is a saddle for |P| < |Q|, a focus for |Im P| > |Q|, and a node for 
|Im P| < |Q| < |P|. Verify also that the focus is stable for Re P < 0 and unstable for Re P > 0. 
(Hint: See Arnol’d (1983, p. 305).) 

(b) Using step (a), prove that the nontrivial equilibria of the approximating system for the 1:4 
resonance (9.98) are saddles if |A| < 1. Check that, for |A| > 1, the nontrivial equilibria of (9.98) 
with the smaller modulus are saddles, while those with the larger modulus are antisaddles. 


566 9 Two-Parameter Bifurcations of Fixed Points in Discrete-Time Dynamical Systems 


(c) Find the condition on A corresponding to the Bogdanov-Takens bifurcation of the nontrivial 
equilibria (i.e., when there are four nontrivial equilibria with a double zero eigenvalue), and verify 
that it coincides with that given in Sect. 9.5.5. 


(8) (Fold-flip bifurcation in the generalized Hénon map) 


Consider the planar map 
x y 
ad , 
(3) (eee 


where (a, 3) are parameters and R ¥ 0 is a constant (cf. Exercise (3)). This map appears in the 
study of codim 2 homoclinic tangencies (Gonchenko & Gonchenko 2000; Gonchenko et al. 2002). 
(a) Show that at (2, ©) = (0, —1) the map has a fixed point with eigenvalues Aj 9 = +1. 


(b) Prove that the corresponding fold-flip bifurcation is nondegenerate if R # 1, i.e., verify con- 
ditions (FF.1)—(FF.3) from Sect. 9.7. (Hint: First make the transformation (a, y) = (€1 + £2, £1 — 


&2).) 


9.12 Appendix: Bibliographical Notes 


Most of the results presented in this chapter have been known to specialists since the early 1960s 
although exact formulations and proofs appeared much later. A comprehensive summary of the most 
important analytical and numerical results on codim 2 bifurcations of fixed points can be found in 
Kuznetsov & Meijer (2019). 

The cusp bifurcation of fixed points is parallel to that of equilibria. Theorem 9.1 is explicitly 
formulated in Arnol’d et al. (1994) (Russian original of 1986). The generalized flip bifurcation 
is briefly described by Holmes & Whitley (1984a,b) and Rousseau (1990) and treated in detail 
together with higher-order flip degeneracies by Peckham & Kevrekidis (1991). This bifurcation is 
also discussed by Arnol’d et al. (1994). For the cusp and generalized flip bifurcations, the truncated 
one-dimensional normal forms are also the topological normal forms, which is not true for all other 
codim 2 bifurcations of fixed points, due to global phenomena. 

The analysis of the generalized Neimark-Sacker bifurcation is due to Chenciner (1981, 1982, 
1983a,b, 1985a,b, 1988). A readable introduction to this bifurcation is given by Arrowsmith & 
Place (1990). 

The study of strong resonances goes back to Melnikov (1962) and Sacker (1964). The modern 
theory of strong resonances is due to Arnol’d (1977, 1983) and Takens (1974a). It is presented in 
the textbooks by Arnol’d (1983) and Arrowsmith & Place (1990) (see also Arnol’d et al. (1994) 
and Chow et al. (1994)). The complete analysis of bifurcations in the approximating systems is 
performed for 1:1 resonance by Bogdanov (1975, 1976a,b); for 1:2 resonance by Takens (1974a), 
Holmes & Rand (1978), Carr (1981), and Horozov (1979). The proof in the case 1:3 is also due to 
Horozov (1979). Notice that the asymptotic expression for the heteroclinic bifurcation curve H for 
this resonance in Arrowsmith & Place (1990) lacks the factor 3. 

The 1:4 resonance is the most complicated since even the analysis of the approximating 
system requires numerical computations. Most results on this resonance were obtained or pre- 
dicted by Arnol’d (1977, 1983). Analytical consideration of a neighborhood of the axis Re A = 0 
(except A = +7) based on Hamiltonian perturbations is performed by Neishtadt (1978). Ana- 
lytical treatment of limit cycles in other regions on the A-plane (including the whole region 
Re A < —1) is made by Wan (1978a), Cheng (1990), Cheng & Sun (1992), and Zegeling (1993). All 
known boundaries on the A-plane corresponding to degenerate heteroclinic bifurcations have been 
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computed by Berezovskaya & Khibnik (1979, 1981), who also give possible bifurcation sequences 
of the phase portraits. Krauskopf (1994a) has generated computer pictures of these phase por- 
traits. He studied the bifurcation diagram of the approximating system using the different scaling: 
2 = e!%z + e'¥z|z2|? + bz3 and computed its three-dimensional parametric portrait in the (b, y, a)- 
space; see Krauskopf (1994b, 1997, 2001). 

The standard approach (due to Arnol’d (1977)) to the study of the strong resonances starts 
with an autonomous system of differential equations? having a limit cycle whose multipliers satisfy 
be! = 1, with q = 1, 2, 3, or 4. In proper coordinates, the system near the cycle is equivalent to a 27- 
periodic, nonautonomous system of the dimension subtracted by 1. By nonlinear transformations 
with 27q-periodic coefficients, this system can be reduced to an autonomous “principal part” plus 
higher-order terms with 27q-periodic coefficients. A shift along the orbits of this principal part 
approximates the qth iterate of the Poincaré map associated with the cycle. The construction is 
presented by Arnol’d (1983), Arrowsmith & Place (1990), and, in particular detail, by Iooss & 
Adelmeyer (1992). It results in a Z,-symmetric autonomous system depending on parameters. We 
adopt a more elementary approach due to Neimark (1972) based on Picard iterations (see also 
Moser (1968) for the Hamiltonian case). It allows us to derive the approximating systems and the 
nondegeneracy conditions involved directly in terms of Taylor coefficients of the original maps. 
Notice that in some books it is wrongly assumed that the coefficients of the approximating systems 
coincide with those of the normalized maps. 

The results on the remaining codim 2 bifurcations are more recent. For the fold-flip bifurcation, 
Zoladek (1984) indicated some properties; see also Rousseau (1990). A connection between the 
fold-flip bifurcation of limit cycles and bifurcations of the truncated amplitude system appearing in 
the analysis of the fold-Hopf bifurcation of ODEs was first indicated in Arnol’d et al. (1994). For 
maps, this bifurcation has been specially treated by Gheiner (1994) and Kuznetsov et al. (2004). 
The analysis of the fold-Neimark-Sacker bifurcation, requiring at least three-dimensional phase 
space, has been undertaken by Vitolo (2003), Broer et al. (2008a,b), and Vitolo et al. (2010), 
who obtained the bifurcation diagram of the approximating system and paid special attention to 
resonance phenomena and strange attractors related to quasi-periodic bifurcations (Vitolo et al. 
2011). For the flip-Neimark-Sacker and double Neimark-Sacker bifurcations, a large contribution 
has been made by Iooss and Los (Los 1988, 1989; Iooss & Los 1988). They studied quasi-periodic 
bifurcations occurring in these cases. Kuznetsov & Meijer (2006) provided a complete description 
of an approximating system through a connection to the normal form for the double Hopf bifurcation 
and considered resonance phenomena and certain quasi-periodic bifurcations. 

The relationships between approximating ODE systems and original maps are discussed in the 
books by Arnol’d (1983), Arrowsmith & Place (1990), and Arnol’d et al. (1994), among others. 
Important analytical and numerical results on closed invariant curves and homoclinic structures 
arising near codim 2 bifurcations of fixed points can be found in the cited papers by Chenciner 
and in those by Broer et al. (1993, 1996) and Arrowsmith et al. (1993) (see also Al-Hdaibat et al. 
(2018)). Representative non-symmetric perturbations of the truncated normal forms for the fold-, 
flip-, and double Neimark-Sacker bifurcations were studied numerically by Broer et al. (2008a, b), 
Vitolo et al. (2010), and Kuznetsov & Meijer (2006). In these publications, “resonant bubbles” were 
investigated. 

Codim 2 bifurcations of fixed points (periodic orbits) have been found numerically in periodically 
driven models arising from economics (Ghezzi & Kuznetsov 1994), ecology (Kuznetsov et al. 
1992), biotechnology (Pavlou & Kevrekidis 1992), engineering (Taylor & Kevrekidis (1991, 1993), 
Kuznetsov & Piccardi (1994b)), and epidemiology (Kuznetsov & Piccardi 1994a), and the list 
is growing rapidly. The normal form theory of the resonantly forced Hopf bifurcation has been 
developed by Gambaudo (1985), Bajaj (1986), Namachchivaya & Ariaratnam (1987), and Vance 
& Ross (1991). 


° It is sufficient to study three-dimensional systems. 
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Section 9.9 is based on Kuznetsov & Meijer (2005a, 2006). The fifth-order critical normal form 
coefficients can be found in Kuznetsov & Meijer (2019). Similar to codim 1 cases considered in 


Sect. 5.6, codim 2 bifurcations of limit cycles in ODEs can be studied numerically using the periodic 
normal forms; see De Witte et al. (2013, 2014). 


Check for 
10 updates 


Numerical Analysis of Bifurcations 


In this chapter, we shall describe some of the basic techniques used in the numerical 
analysis of dynamical systems. We assume that low-level numerical routines like 
those for solving linear systems, finding eigenvectors and eigenvalues, and perform- 
ing numerical integration of ODEs are known to the reader. Instead, we focus on 
algorithms that are more specific to bifurcation analysis, specifically those for the 
location of equilibria (fixed points) and their continuation with respect to parameters, 
and the detection, analysis, and continuation of bifurcations. Special attention is given 
to location and continuation of limit cycles and their associated bifurcations, as well 
as to the continuation of homoclinic orbits. We deal mainly with the continuous-time 
case and give only brief remarks on discrete-time systems. Appendix A summarizes 
simple estimates of the convergence of Newton-like methods. Appendix B gives some 
background information on the bialternate matrix product used to detect Hopf and 
Neimark-Sacker bifurcations. Appendix C presents numerical methods for the detec- 
tion of higher-order homoclinic bifurcations. The bibliographical notes in Appendix 
D include references to standard noninteractive software packages and interactive 
programs available for continuation and bifurcation analysis of dynamical systems. 
Actually, the main goal of this chapter is to provide the reader with an understanding 
of the methods implemented in widely used software for dynamical systems analysis. 

Given a system of autonomous ODEs depending on parameters, our ultimate 
goal is to obtain its bifurcation diagram (i.e., to divide the parameter space into 
regions within which the system has topologically equivalent phase portraits and to 
describe how these portraits are transformed at the bifurcation boundaries). As we 
have seen in previous chapters, this task might be impossible since the bifurcation 
diagram can have an infinite number of complex-shaped regions. But even in the 
simplest cases, we have to rely on a computer to obtain information on the structure 
of the bifurcation boundaries of a dynamical system. This is particularly true for 
bifurcations of limit cycles and homoclinic orbits since there are only a few artificial 
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examples of nonlinear systems allowing for closed-form analytical solutions. Even 
the analysis of equilibria (fixed points) in multidimensional systems is practically 
impossible without numerical calculations. 


10.1 Numerical Analysis at Fixed Parameter Values 


Consider a continuous-time system without parameters or with all parameters fixed 
at some values: 
t= f(x), ceER’, (10.1) 


where f is sufficiently smooth. The analysis of system (10.1) means the construction 
of its phase portrait, that is, location of equilibria and limit cycles, studying the orbit 
structure near these phase objects, and determining the global behavior of the system. 
We will discuss mainly local aspects of the problem, giving only a few remarks on 
global issues. 


10.1.1 Equilibrium Location 


The analysis of system (10.1) starts with determining its equilibria, or the solutions 
of the system 
f(z) =0, ceER". (10.2) 


Note that fixed points of a map x +> g(x) satisfy a system of the same type, namely 
f(x) = g(x) — x = 0. A solution of (10.2) might be known analytically. This is 
especially likely if the system is algebraic with low-order polynomial components 
fi(x),7 = 1,..., n. In this case, we can apply algebraic results (see the bibliograph- 
ical notes in Appendix D) to determine the number of solutions and (sometimes) 
find them explicitly. However, even polynomial systems of relatively low order do 
not have simple explicit solutions. Thus, numerical methods become unavoidable. 

If the system has a stable equilibrium 2 = x°, then we can find it within the 
desired accuracy by numerical integration of (10.1) starting at a point x within the 
basin of attraction of xg since 


lim ||p*(x) — 2°] = 0. 
to 


Here and throughout this chapter, we use the norm ||||? = (x, x) = 2’ 2, where T 
means transpose. If the equilibrium 2° is totally unstable (repelling), we can reverse 
time and repeat the procedure, thus converging backward to x° in the original time. 

In general, for an equilibrium that is neither stable nor repelling, the location 
problem can only be solved provided the position of 2° is known approximately. 
This is not unreasonable to assume, because one typically starts with an equilibrium 


10.1 Numerical Analysis at Fixed Parameter Values 571 


found analytically or by integration at fixed parameter values and then “continues” 
it by small stepwise variations of parameters. The standard procedure that generates 
a sequence of points {2}, that converges, under very general conditions, to the 
equilibrium, is Newton’s method. 


Newton’s method 


Denote by A(x) the Jacobian matrix f,, of (10.2) evaluated at a point x. Suppose x” 
is already close to x°. Replace the left-hand side of (10.2) near x“ by its linear part: 


f(a) + Ae )(a — 2) 0. 
If the matrix A(x”) is invertible, this linear system will have the solution 
v= 29 — Ae) fie), 

which we could expect to be closer to x? than 7” (see Fig. 10.1 for the scalar case 
n= 1). Let «© be a given initial point near the equilibrium x°. Inspired by the 
heuristic arguments above, define Newton iterations by the recurrence relation 

Ft) = 79479, 7=0,1,2,..., (10.3) 
where the displacement n € IR” is the solution of the linear system 

A(a)n® = — f(a). (10.4) 


Fig. 10.1 Newton iterations y 
in the scalar case 


y= f(x) a f'(ae&D)(x _ a3) 
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Notice that we need not invert the matrix A(x) to compute x/+)); instead, only 
a solution to (10.4) is required. If the Jacobian matrix has a special structure, it is 
useful to take it into account when solving (10.4). Clearly, if iterations (10.3), (10.4) 
converge to some x°, then x” is a solution of (10.2), or an equilibrium point of (10.1). 


Theorem 10.1 Suppose system (10.1) is smooth and has an equilibrium x = x° with 
no zero eigenvalue of the Jacobian matrix f,,(x°). Then there is a neighborhood U 
of x° such that the Newton iterations (10.3), (10.4) converge to x° from any initial 
point 2 € U. Moreover, 


[zt — 2°|| < Kollz —2°|?, 7 =0,1,2,..., 


for some ky > 0, uniformly for x € U. 


This theorem is proved in Appendix A. 


Remarks: 

(1) Notice that the convergence is independent of the stability of the equilibrium. 
The absence of zero eigenvalues is equivalent to the invertibility of the Jacobian 
matrix A(a) at the equilibrium point °. This can also be formulated as the condition 
for the map f to be regular at x°, or the matrix A(x°) to have maximal rank (equal 
ton). 

(2) The convergence of the iterations is very rapid. The estimate in the theorem 
means that the error is roughly squared from iteration to iteration. Such a convergence 
is called quadratic. > 


10.1.2 Modified Newton’s Methods 


If we have no explicit formula for the Jacobian matrix, then the most expensive part of 
each Newton iteration is the numerical differentiation of f(a), by finite differences, 
for example. Thus, several modifications of Newton’s method have been proposed, 
all of which are aimed at reducing the number of function calculations per iteration. 


Newton-chord 

Since © is supposed to be close to x°, we might not recompute the Jacobian matrix 
A at each obtained point 2” but use the initial matrix A(«) for all iterations. This 
simple idea leads to the Newton-chord iteration formula 


cI) = 794179, 7 =0,1,2,..., (10.5) 


where the displacement 7) is now defined by 
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A(z)n® = —f(2). (10.6) 


This method also converges to x°, though less rapidly. 


Theorem 10.2 Under the conditions of Theorem 10.1, there is a neighborhood U 
of x° such that Newton-chord iterations (10.5), (10.6) converge to x? from any initial 
point x € U. However, 


Wo ItD — of < Kyle — 2°], 7 =0,1,2,..., 


for some 0 < K, <1, uniformly for x € U. 


Remarks: 
(1) The convergence of the Newton-chord method is linear. 
(2) The idea of the proof is to write (10.5), (10.6) as a discrete-time dynamical 
system in R”, 
gItD gia), 


and then verify that the map g : R” — R” is a contraction in a sufficiently small ball 
around x°. The Contraction Mapping Principle then guarantees convergence to the 
equilibrium and gives the error estimate. > 


Broyden update 


A useful method called the Broyden update is a compromise between “true” Newton 
iterations and the Newton-chord method. 

The idea is that we can use two successive iteration points and function values at 
these points to update the matrix involved in the computation of the displacement 
(i.e., make it closer to the Jacobian matrix at the next step). To understand the method, 
consider the jth iteration step of a Newton-like method. We have 


2G+) = gO 4 9, 


Suppose that a nonzero displacement 77 is parallel to the x-axis: 


Let us try to use the coordinates of «, «9+ and the respective function values 
f(x), f(@9*") to approximate the Jacobian matrix at x9*!), taking into account 
that |d| is small. Clearly, we do not have enough data to approximate all the entries 
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of the Jacobian matrix. However, one column can be updated. Indeed, for the first 
column, 


GHD) x Oy STG). ipa) fue) 


Api (@ 


™m 
6 IIn ll? ™m 


where k = 1, 2,...,, and Aj; stands for the klth element of A, while 7); is the first 
component of 7). Recalling that 7) has to be found from 


A(e)n = ~ fla), 


and using the particular form of 7, we obtain 


Age) = 


CD) 
ee Ce eee ee 
1 


Therefore, the following approximate relation holds between the “old” and “new” 
first-column elements: 


fe (2ItD) 


Ane") 8 Ane) + 
” 


m, K=1,2,...,n. 


We can formally write 


. ; G+) 
Ani(a9*?) & Age) + Bee 
II7l 
fork,! = 1,2,...,, assuming that all columns except the first are left unmodified 
(m = 0 for] = 2,3,...,). The last expression suggests the formula 


G+) 
f(x ) (qT 


AGHD — ao I" 
[In ||? 


(10.7) 
to update the matrix, where T means transpose. It gives a reasonable update of the 
corresponding column of the Jacobian matrix if 7) is parallel to one of the coordinate 
axes. For this reason, it is called a rank-one update. 

Having in mind the above heuristics, define (Newton-)Broyden iterations as fol- 
lows. Let A® = A(x) be the Jacobian matrix at the initial point 2©. The Broyden 
iterates are defined by 


cI) = 794179, 7=0,1,2,..., (10.8) 
where the displacement 7) is the solution of the linear system 


ADD = — f(x), (10.9) 
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and where the matrix A’*) to be used in the next iteration is given by (10.7). 

The resulting method has better convergence than the Newton-chord modification. 
Under certain conditions (see the literature cited in Appendix D), Broyden iterations 
(10.7)-(10.9) converge to the equilibrium x° of system (10.2) superlinearly; namely, 
the following property holds: 


lev =2)| 


eo — 29] > 0, asj > oo. 
Remarks: 

(1) There is no reason to expect that A converges to the Jacobian matrix A(x") 
at the equilibrium x°, even if the Broyden iterations converge to «° as 7 > oo. Thus, 
we normally cannot use the finally obtained matrix A as the Jacobian matrix, for 
example, to compute the eigenvalues of °. 

(2) As we have pointed out, if the Jacobian matrix A(a) has a certain special (i.e., 
band) structure, we usually try to use it in solving the linear system for 7. Notice, 
however, that the Broyden update (10.7) may not preserve this special structure. > 


Convergence criteria 


To terminate any of the described iterations when the required accuracy is achieved 
(or no convergence at all happens), some convergence criteria must be specified. 
We have two measures of convergence: the norm of the displacement ||)” || and the 
norm of the function || f(2”)|| at the jth iteration. If the iterations converge, then 
both norms must tend to zero. However, one could easily construct examples for 
which small ||7%|| at finite 7 does not imply that the corresponding x satisfies 
(10.2) with reasonable accuracy. Therefore, the following combined criterion, 


In? | < ez and || f(x)|| < ey, 


proves to be most reliable. Here, €, and ¢ are user-defined tolerances. 


10.1.3 Equilibrium Analysis 


Stability 


After an equilibrium x° has been found with the desired accuracy, the next task is to 
analyze the phase portrait nearby, in particular, to determine whether 2° is stable or 
unstable. 

In the generic case, the stability of x° is determined by its eigenvalues, that is, the 
roots of the characteristic polynomial 
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p(A) = det(A — Mp). 


In most existing eigenvalue solvers, this polynomial is never constructed explicitly. 
Instead, certain transformations are used to bring A into (block) diagonal form. 
From such a form the eigenvalues are easily extractable. Then, the number of the 
eigenvalues in the left (right) half-plane gives the dimension of the stable (unstable) 
manifold of 2°. The absence of eigenvalues with Re \ > 0 means (exponential) 
stability (see Chap. 2). Actually, to determine stability, we do not need to compute the 
eigenvalues at all. There are methods to check stability by computing the determinants 
of certain matrices whose elements are constructed from those of matrix A or in terms 
of the coefficients of p(\) by simple rules (see below). 


Local approximation of invariant manifolds 


Let x° = 0 be a saddle equilibrium of (10.1) with n_ eigenvalues in the left half- 

plane and n+ eigenvalues in the right half-plane, n_ + n, = n. In the eigenbasis of 
the matrix A = f, (x°), (10.1) can be written as 

u= Bu+g(u, v), 

{' = Cv+t htu, v), am 


where u € R™, v € R”, and the n; x n; matrix B has only eigenvalues with 
Re \ > 0, while the n_ x n_ matrix C has only eigenvalues satisfying Re \ < 0. 
The functions g, h = O(||(u, v)||7) are smooth. Locally, the stable and the unstable 
invariant manifolds of x° can be represented as the graphs of smooth functions, 


W*(0) = {((u, v): u=U(v)}, W"O) = {(u, v): v= VW}, 


where U : R"- > R"*, U(O) =0, U,(0) =0, V: R"+ > R"-, V(O) = 0, and 
V.,(0) = 0. Coefficients of the Taylor expansions of the functions U and V can be 
found by the method of unknown coefficients. 

However, we can avoid the transformation of (10.1) into the eigenform (10.10) 
and instead work in the original basis using a projection technique. Let us illustrate 
this technique by computing the quadratic approximations of the unstable and stable 
manifolds W“*(Q) in the case when dim W"(0) = codim W*(0) = 1 (ie., ny = 
1l,n_-=n-1). 

Consider the system 


1 
& = Ax + F(x) = Av + 5 Ba, x) + O(\\zl|*), (10.11) 


where A has one positive eigenvalue > 0 and (n — 1) eigenvalues with negative 
real part. Let g € R” be the eigenvector corresponding to A, 


10.1 Numerical Analysis at Fixed Parameter Values 577 
Aq=q, 

and let p € IR” denote the adjoint eigenvector corresponding to the same eigenvalue: 
Al p= Xp. 

Normalize these vectors by setting 


(aq) = (p,q) =1, 


where (p, g) = p’ q is the standard scalar product in R”. Now any vector x € R” can 
be uniquely represented in the form 


c=€qty, 


where € € R and y € R” are given by 


le (O,.a), 
y= x-— (p,x)q. 


The vector y € R” belongs to the eigenspace T* corresponding to all nonpositive 
eigenvalues, i.e., (p, y) = 0. System (10.11) takes the form 


E= N+ Gey), 
te Ay+ H(é,y), ule 


where 
G(E,y) = (p, F(Eq+ y)) = (y, Qy) +--+, 


with some symmetric n x n matrix Q = Q", such that 


1 
(y, Oy) = 3 (P Biy, y)), 


while 
H(é,y) = F(€qt+y) — (p, Féqty)qar@+--, 


with 
r= Bq,@ — (p, Ba, D)4, 


so that r € T* since (p, r) = 0. The dots in the formulas for G and H stand for all 
undisplayed terms of order two and higher, which are irrelevant in the following. 
The unstable manifold W“(0) is locally represented by the function 


y = Y(é) = sé’ + O(€), 
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where s € T° C R” is anunknown vector. Clearly, Y (€) satisfies the equation (invari- 
ance condition) 
AY + H(E,Y) —- (AE4+ GEE, Y))¥- = 0. 


Substituting the expression for Y(€) and collecting €?-terms, we get the equation 
from which s can be found: 
(2A, — A)s =r. 


This linear system is uniquely solvable, since 2. is not an eigenvalue of A. Thus, 


s = (2AI, — A) '(B(q, 4g.) — (p, BY. DM). 


The stable manifold W*(0) is given by 


€= X(y) = (y, Ry) + O(llyll>), 


where y € T°, and R = R? is asymmetric matrix to be defined. The function X (y) 
satisfies the equation 


AX + G(X, y) — (Xy, Ay + H(X, y)) = 0. 
Quadratic terms provide the equation to be solved for R: 
(y, (AR + Q — 2ATR)y) = 0, 


where Q = Q7 is defined above. Therefore, the symmetric matrix R can be found 
by solving the matrix equation 


(A’ —X,)R+RA=Q. 


We leave the reader to check that this equation has a unique symmetric solution, as 
well as to express Q in terms of the second partial derivatives of F(x). 


Remarks: 

(1) Tangent or quadratic approximations of the invariant manifolds W*" near 
the saddle point can be used in an attempt to compute them globally by integration 
forward or backward in time. This method works if the manifold is one-dimensional 
and system (10.1) is not stiff. It is particularly well suited for planar systems. 

(2) Approximations of the stable and unstable manifolds near a saddle fixed point 
of a map can be obtained in a similar way. > 
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10.1.4 Location of Limit Cycles 


Finding limit cycles of (10.1) is obviously a more complicated problem than locating 
its equilibria. There is no regular way to solve this problem in general. If the system 
possesses a stable cycle Lo, we can try to find it by numerical integration (simulation). 
If the initial point for the integration belongs to the basin of attraction of Lo, the 
computed orbit will converge to Lo in forward time. Such a trick will fail to locate a 
saddle cycle, even if we reverse time. 

For a general cycle, we might state the problem locally, by assuming that the 
position of the cycle is known approximately and then seeking to locate it more 
accurately. Such a setting arises naturally if the system depends on parameters. Then, 
we might know a cycle at certain parameter values and wish to “continue” it with 
respect to some parameter by making small steps. In this continuation process, a 
hyperbolic cycle will vary continuously, and its position at the “previous” parameter 
value provides a good approximation of the cycle at the “next” parameter value. 

The cycle period 7 is usually unknown. It is convenient to formulate the problem 
of cycle location as a periodic boundary-value problem (BVP) on a fixed interval. 
Specifically, consider Ty as a parameter and introduce the system 


d 

= Tof(u), (10.13) 

dt 
which differs from (10.1) by the time-scaling factor To, and where the new time is 
called 7. Clearly, a solution u(7) of (10.13) with some Tp fixed satisfying the periodic 
boundary conditions 


u(O) = u(1) (10.14) 


corresponds to a 7o-periodic solution of (10.1). However, condition (10.14) does 
not define the periodic solution uniquely. Indeed, any time shift of a solution to the 
periodic BVP (10.13), (10.14) is another solution. Thus, an extra phase condition 
has to be appended to the problem (10.13), (10.14) in order to “select” a solution 
among all those corresponding to the cycle: 


v[u] = 0, (10.15) 


where W[w] is a scalar functional defined on periodic solutions. There are several 
ways to set up a phase condition (10.15). 
The condition 
W[u] = g(u(O)) = 0, (10.16) 


where g(x) is some smooth scalar function, selects a solution passing att = 0 through 
a point on the surface 
Xo = {u € R" : g(u) = O}. 
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If u(r) is a smooth vector-valued function with period one, then 
W[u] = (w(0) — v(0), v(0)) = 0 (10.17) 


specifies a solution u(7T) passing at 7 = 0 through the hyperplane orthogonal to 
the closed curve {u : u = u(r), T € [0, 1]} at 7 = 0. The “reference” solution v is 
assumed to be known. If we continue a limit cycle with respect to some parameter, 
v(T) can be viewed as a solution corresponding to the limit cycle at the “previous” 
parameter values. 

However, the most reliable phase condition is provided by 


1 
W[u] = i (u(T), v(7)) dr = 0, (10.18) 
0 


where vu(T) is the reference period-one solution. Condition (10.18) is called the 
integral phase condition. It is a necessary condition for a local minimum of the 
distance 


1 
oe [ u(r +.) — v(r)I2 dr 


between u and v with respect to possible time shifts o (Exercise 3). 

To solve the periodic BVP (10.13)-(10.15), no matter which phase condition 
is chosen, we have to reduce it to a finite-dimensional problem. There are several 
methods for such a discretization. Let us briefly describe the most frequently used 
of them. 


Shooting and multiple shooting 


Let V7, (u) be the solution of (10.13) at time 7, with initial point u, which we should 
be able to compute numerically by some ODE solver. Then, the problem consisting 
of (10.13), (10.14), and (10.16) is equivalent to solving the system 


(10.19) 


ph, (u?) — w? = 0, 
g(u°) = 0, 


where u? = u(0). This system is a system of n+ 1 scalar equations! for n+ 1 


unknowns, the components of u° and Ty, which we might try to solve by a Newton- 
like method. The Jacobian matrix of system (10.19) can be obtained by numerical 
differencing or via the variational equations. If the cycle has no unit multiplier pp = 1 
and the surface Xp is a transversal cross-section to the cycle, then the Newton itera- 
tions converge to the cycle solution, starting from any sufficiently close approxima- 
tion. Obviously, solving (10.19) means finding a point u° on the cross-section Xo 


' The first n of them are defined numerically. 
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Fig. 10.2 Locating a cycle 
by shooting 


To 


that is a fixed point of the associated Poincaré map, as well as the return time Tp (see 
Fig. 10.2). The accuracy of the method is determined by the global integration error. 


Remark: 
Notice that the multipliers 1, 2, ..., [ln—1 of the cycle Lo can be found as the 
eigenvalues of the matrix 
Oy (w) 
Ou 


u=u! 


if we discount its eigenvalue A,, = 1, which is always present. If the Newton iterations 
converge, this matrix can be easily extracted from the Jacobian matrix of (10.19) at 
the last Newton iteration. > 


The above simple shooting fails in many cases, particularly if the cycle under 
consideration is of saddle type. Then, a numerically obtained solution of (10.13) can 
be very different from the exact one 77, (uw) due to the strong error growth in unstable 
directions. One might attempt to reduce the influence of this divergence by dividing 
the unit interval [0, 1] into N (nonequal) subintervals, hoping that the error would 
not grow much while integrating within each of them. To be more precise, introduce 
a mesh 

0=%™ <1 <-::-<tmw= l, 


and denote A; = 741 — 7), 7 =0,1,...,.N — 1.Let w= u(7;) be the (unknown) 
solution values at the mesh points. Then, uw, j=0,1,...,NM—1, and Jp can be 
found from the system 

wp (u°) — ul = 0, 


we (10.20) 
by (u¥-1) —y= 0, 
g(u°) = 0. 
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Fig. 10.3 Locating a cycle 
by multiple shooting 


Un-1 


This is a system of nN + 1 scalar equations for the n components of each uw, j = 
0,1,..., WM — 1, and the scaling factor (period) To. Essentially, this method is equiv- 
alent to the representation of the Poincaré map P : Xp» — Xo by a composition of 
N — | maps 

P= Py_,0-::0 Pio Po, 


where 
Pi. 5 > Diy, j=0,1,...,N—-1, 


are correspondence maps along orbits of (10.13) between each pair of successive 
cross-sections from 
Xo, U1,.--, Uv-1, Uw = Uo 


(see Fig. 10.3). Such a method is called multiple shooting and has better numerical 
stability than simple shooting, although it may fail due to the same reasons. Usually, 
when applying multiple shooting, one takes relatively few mesh points (small NV) to 
avoid numerical difficulties in solving the multidimensional linear problems arising 
in the Newton-like method. 


Finite differences 
Now take the partitioning of [0, 1] by a sufficiently large number of mesh points. 


Then A, will be small and the derivative u at point 7; can be approximated by finite 
differences, for example, 
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Then, BVP (10.13)-(10.15) can be approximated by the system of equations 


wt — al) = (754) — 4) 1) Tof (4(wit! + wi) = 0, 
uN —u® =0, (10.21) 
vu, ut, ..., uw] =0, 


where j = 1,2,..., N — 1, and y[-] is a proper discretization of the phase condition 
(10.15). For example, the phase condition (10.16) will read wy = g(u°) = 0. System 
(10.21) can be written (by eliminating wu) as an equivalent system of nN + 1 scalar 
equations for nN components of u’, j =0,1,...,N— 1, and 7p, and then solved 
by Newton’s method provided that the usual regularity and sufficiently close initial 
data are given. It should be pointed out that Jacobian matrices arising in the Newton 
iterations for (10.21) have a special (band) structure that can be used to solve the 
corresponding linear problems efficiently. 

The accuracy of the approximation of a smooth solution u(r) of (10.13)—(10.15) 
by that of (10.21) can be estimated by 


llu(r;) — wl] = O(n’), 


as h = maxo<j;<y—1 A; — 0. Thus, to achieve reasonable accuracy of the solution, 
we have to take a sufficiently large NV. 


Orthogonal collocation 


Consider the BVP (10.13), (10.14) with the integral phase condition (10.18), and 
introduce once more the partitioning of the interval [0, 1] by N — 1 mesh points, 


0O=7< 1 <-::<tTy=1, 


but now let us seek to approximate the solution by a piecewise-differentiable contin- 
uous function that is a vector-polynomial u(r) of maximal degree m within each 
subinterval [7;, T)41], 7 = 0,1,..., N — 1. “Collocation” consists of requiring the 
approximate solution to satisfy exactly system (10.13) at m collocation points within 
each subinterval: 


Tj < Gi < G52 5 ee ae a Cim < Tj+1- 


Namely, we require 
dy 


ae = Tofu? Gj.i)), (10.22) 


T=Gi 
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fort =1,...,m,7 =0,1,...,N—1. 
It is convenient to characterize each polynomial u(r), 7 =0,1,...,N —1, 
by vectors 
uk = wu) (73.4) eR", k=0,1,...,m, 


which represent the (unknown) solution at the equidistant points 
Tj =7j,0 < 3,1 < 752 <¢** < Tm = Ty415 
given by 
tye = T+ Alta — 1) j=0,1,...,N—1, k=0,1,...,m. 
Note that by continuity u/—!" = w/-° for j = 1,2,..., N — 1. Then, the polynomial 


u(r) can be represented via the interpolation formula 


m 


a= ) wy), (10.23) 
i=0 


where 1; ;(7) are the Lagrange basis polynomials: 


m 


T—T; 
Lin= T] ——. 


k=0,kei Tht ~ Tk 
These polynomials satisfy 


ieee 
45,7} a) = eee £k 


(check this!), which justifies (10.23). 

Equations (10.22) now can be treated as equations for u/*’. The periodicity condi- 
tion (10.14) and the phase condition (10.18) can also be substituted by their discrete 
counterparts, 

oe Sy (10.24) 


and 


wz itul’, oF") = 0, (10.25) 


where @/' are the values of the derivative of the reference periodic solution at the 
points 7; ;, and w;,; are the Lagrange quadrature coefficients. Equations (10.22), 
(10.24), and (10.25) compose a system of nmN + n+ 1 scalar equations for the 
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unknown components of u/:* and the period Ty. The number of equations is equal 
to that of the unknowns. The resulting finite-dimensional system can be efficiently 
solved by a Newton-like method if we take into account the block structure of the 
Jacobian matrix.” 

The most delicate problem in the described method, which we have not touched 
yet, is how to select the collocation points {¢;,;}. We can try to tune their position 
to minimize the approximation error. As it can be proved, the optimal choice is to 
place them at the Gauss points, which are the roots Crs , 2=1,2,...,m, of the 
mth degree Legendre polynomial relative to the subinterval [7;, 7;41]. These roots 
are well known numerically (see Exercise 4) on the standard interval [—1, 1] and 
can be easily translated to each [7;, 7;41]. The Legendre polynomials compose the 
orthogonal system on the interval, giving the name to the method. Collocation at 
Gauss points leads to extremely high accuracy of the approximation of a smooth 
solution of (10.13), (10.14), and (10.18) by that of (10.22), (10.24), and (10.25) at 
the mesh points, namely 

urs) — uw = OR"), 


as h = maxo<;<w-1 Aj — 0. The orthogonal collocation method has proved to be 
the most reliable among those implemented for limit cycle location. 

As we shall see, the presented discretization methods are easily adaptable for 
automatic numerical continuation of limit cycles under parameter variation. 


Remark: 
Location of period-k orbits of a discrete-time system x +> f(a) can be carried 
out by applying a Newton-like method to the system 


f*(@)-—2=0, 


where f" is the kth iterate of the map f. > 


10.2 One-Parameter Bifurcation Analysis 


Now consider a continuous-time system depending upon one parameter’: 
t= f(z,a), ceR", aeR', (10.26) 


where f is a smooth function of (x, a). The bifurcation analysis of the system means 
the construction of its one-parameter bifurcation diagram, in particular, studying the 
dependence of equilibria and limit cycles on the parameter, as well as locating and 
analyzing their bifurcations. 


? One can also extract the cycle multipliers from this matrix. 
3 The other parameters, if present, are assumed to be fixed. 
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10.2.1 Continuation of Equilibria and Cycles 


Equilibrium points of (10.26) satisfy 
f(x, a) =0, (10.27) 


that is, a system of n scalar equations in Rt! endowed with the coordinates (a, a). 
As we have mentioned earlier, generically, (10.27) defines a smooth one-dimensional 
manifold (curve) M in R"*!. Computation of this equilibrium curve gives the depen- 
dence of an equilibrium of (10.26) on the parameter a (see Fig. 10.4). 

The problem of computing the curve M is a specific case of the general (finite- 
dimensional) continuation problem—that means finding a curve in R"*! defined by 
nm equations: 

F(y)=0, F:R™!> R"”. (10.28) 


By the Implicit Function Theorem, system (10.28) locally defines a smooth curve 
M passing through a point y° satisfying (10.28), provided that rank J = n, where 
J=F, (y°) is the Jacobian matrix of (10.28) at y? (regularity). In (10.27), y = (a, a), 
and the regularity condition is definitely satisfied at hyperbolic equilibria, as well as 
at generic fold points. 

The numerical solution of the continuation problem (10.28) means computing a 
sequence of points, 


WP acces 


approximating the curve M with desired accuracy. An initial point y°, which is 
sufficiently close to M (or belongs to it), from which the sequence can be generated 
in one of the two possible directions, is assumed to be known. In the equilibrium case, 
this point y° = (x°, a°) usually corresponds to an equilibrium «° of (10.26) found 
at some fixed parameter value «° by one of the methods described in the previous 
section. 


Fig. 10.4 Equilibrium curve x 
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Most of the continuation algorithms used in bifurcation analysis implement 
predictor-corrector methods and include three basic steps performing repeatedly: 


(i) prediction of the next point; 
(ii) correction; 
(iii) step-size control. 


Prediction 


Suppose that a regular point 7’ in the sequence has been found. Then, the next point 
in the sequence can be guessed using the tangent prediction 


yt! =y) + hy’, (10.29) 


where /,, is the current step size, and v) € R"*t! is the normalized tangent vector to 
the curve M at the point y’, |v’ || = 1 (see Fig. 10.5(a)). If y(s) is a parametrization 
of the curve near y’, say, by the arclength with y(0) = y’, then substituting y = y(s) 
into (10.28) and computing the derivative with respect to s give 


J(y’)v! =0 (10.30) 


since v) = ¥(0) (a dot now denotes differentiation with respect to s). Here, J (z’) is 
the Jacobian matrix of (10.28) evaluated at y’, 


Jy’) = an 
Y Ny=yi 
System (10.30) has a unique solution (up to a scalar multiple) since rank J(y’) = n 
by the assumption of regularity.t To compute the tangent vector from (10.30), we 
have to fix its norm. The simplest way to do this is to preset some v;, = 1, solve 
the system for the other components, and then normalize the resulting vector, taking 
care to preserve the proper direction along the curve. An index i that guarantees 
the solvability of the linear system for the other components is granted to exist. 
Equivalently, we could solve the (n + 1)-dimensional appended system 


7 pf 0 
(Coe eee OO 


where v/~! € R”*! is the tangent vector at the previous point y’~! on the curve. 
This system is nonsingular for a regular curve M if the points y/ and y’! are 
sufficiently close. The solution vector v/ is tangent to the curve at y’ and satisfies 
the normalization 


4 Essentially, the regularity of M is equivalent to the existence of a unique tangent direction at each 
point y € M. 
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Fig. 10.5 (a) Tangent and (b) secant predictions 


hwy, 


thus preserving the direction along the curve. 

Another popular prediction method is the secant prediction. It requires two pre- 
vious (distinct) points on the curve, y/~! and y/. Then the prediction is given by 
(10.29), where now o 

Goo =. (10.31) 
ly! — yl 


(see Fig. 10.5(b)). The method cannot be applied at the first point y! on the curve. 


Correction 


Having predicted a point 7! presumably close to the curve, we need to locate 
the next point y’*! on the curve to within a specified accuracy. This correction is 
usually performed by some Newton-like iterations. However, the standard Newton 
iterations can only be applied to a system in which the number of equations is equal 
to that of the unknowns. Thus, an extra scalar condition 


g'(y) =0 


has to be appended to (10.28) in order to apply Newton’s method to the system 
F(y) = 0, 

j 10.32 

oat oe 


Geometrically, this means that we look for an intersection of the curve M with some 
surface near 7+! It is natural to assume that the prediction point 7’*+! belongs to this 
surface (i.e., g/ (y+!) = 0). There are several different ways to specify the function 


g' (y)- 
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Fig. 10.6 (a) Natural and (b) pseudo-arclength continuation 


(Natural continuation) The simplest way is to take a hyperplane passing through 
the point 7! that is orthogonal to one of the coordinate axes, namely set 


9 Y) = Yio — F- (10.33) 


Clearly, the best choice of ig is provided by the index of the component of v/ with the 
maximum absolute value (see Fig. 10.6(a)). In this case, the coordinate y;, is locally 
the most rapidly changing along M. Obviously, the index 79 may differ from point 
to point. 

(Pseudo-arclength continuation) Another possibility is to select a hyperplane 
passing through the point 7*! that is orthogonal to the vector v/ (see Fig. 10.6(b)): 


GY =y-PY Lv) = Y—y 0) — hy. (10.34) 


If the curve is regular (rank J(y) = n) and the step size h, is sufficiently small, one 
can prove that the Newton iterations for (10.32) will converge to a point y’*! on the 
curve M from the predicted point 7/+! for both methods. Notice that we can extract 
the matrix J (y+!) needed in (10.30) from the computed Jacobian matrix of (10.32) 
at the last Newton iteration. Moreover, the index %9 used at the current step of natural 
continuation can be employed to determine the next tangent vector v/ +! from (10.30) 
upon setting ute =1. 

(Moore-Penrose continuation) The function g/ (y) in (10.32) may be adapted in the 
course of the Newton iterations. For example, the plane in which the current iteration 
happens can be made orthogonal to a normalized vector V* satisfying J(Y*~!)V* = 
0, where Y*~! is the point obtained at the previous Newton iteration, so that 


gy) = (y — Y*1, v*) 
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Fig. 10.7 Moore-Penrose Hy) -0 
continuation 


vi 


(see Fig. 10.7). For the first iteration, Y° = y/ + hv’, V' = v’. Notice that vector 
V* with k > 2 is tangent to the “perturbed curve” F(Y) = F(Y*~!) at the point 
Y*-! on it. One can prove local convergence of such modified iterations under the 
regularity condition. Exercise 13 explains the relation of this continuation method 
with the Moore-Penrose matrix inverse. 


Step-size control 


There are many sophisticated algorithms to control the step size h;; however, the 
simplest convergence-dependent control has proved to be reliable and easily imple- 
mentable. That is, we decrease the step size and repeat the corrections if no conver- 
gence occurs after a prescribed number of iterations; we increase the step size h’*! 
with respect to h/ if the convergence requires only a few iterations; and we keep 
the current step h/+! = h/ if the convergence happens after a “moderate” number of 
iterations. 


Remarks: 
(1) The continuation methods described above are obviously applicable to com- 
pute fixed-point curves of a discrete-time system 


rt f(z,a), cE R", ae R'. 
Indeed, the corresponding equation 
f(z,a)-—x=0 
has the form (10.28). 
(2) The continuation of limit cycles in one-parameter systems also reduces 


to a continuation problem (10.28) by performing a discretization of the periodic 
boundary-value problem for the cycle continuation: 
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u(r) — T f(u(r), a) = 0, 
u(1) — u(0) = 0, 
fo (u(r), to(7)) dr = 0, 


where the last equation is the integral phase condition with a reference solution wo (7). 
The resulting finite-dimensional system will have the form 


F(é,a) =0, F: Rt > RY, 


where € € R% contains the discretization data corresponding to u(-) and the cycle 
period T, while a € R! is a free system parameter. For example, € € R% can be 
composed of the interpolation coefficients {u/*"} appearing in the orthogonal collo- 
cation and T. This continuation problem defines a curve in the direct product of the 
€-space and the parameter axis. The reference periodic solution ug involved in the 
phase condition is usually taken to be a solution corresponding to the cycle obtained 
at a previous step along the curve. > 


10.2.2 Detection and Location of Codim I Bifurcations 


In continuous-time systems, there are two generic codim | bifurcations that can be 
detected along the equilibrium curve: the fold and the Hopf bifurcations. 

The main idea of the following is to define some scalar smooth functions that have 
regular zeros at the bifurcation points. Such functions are called test or bifurcation 
functions. A bifurcation point is said to be detected between two successive points 
y* and y**! on the curve 


F(y)=0, F:R"*! > R’, 
if a test function 7 = w(y) has the opposite signs at these points 


vy yoy") <0. (10.35) 


Then one may try to locate a point where 7 vanishes more accurately in the same 
manner as a regular point, namely by applying a Newton-like method to the system 


F(y) = 0, 
| a eee (10.36) 


with the initial point y = y*, for example. Clearly, to apply Newton’s method, the 
test function w has to be defined and differentiable in a neighborhood of the equi- 
librium curve. It might happen that the test function is such that the Jacobian matrix 
of (10.36) is singular at the point on the curve where y = 0. In this case, standard 
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Newton’s method is inappropriate; instead we can implement the one-dimensional 
secant method to locate 7 = 0 along the curve. 

Let us first describe two simple test functions to detect and locate fold and Hopf 
bifurcation points in continuous-time systems. Consider the equilibrium curve 


f(z,a) =0, ce R", aeR', (10.37) 


corresponding to system (10.26). 


Fold detection and location 
Clearly, the function 
W(x, a) = Ai (a, a)A2(@, a) ++ An(@, a), (10.38) 


where A;(x, a) are the eigenvalues of the Jacobian matrix A(x, a) = f(x, a), is 
a test function for the fold bifurcation. It is smooth and has a regular zero at a 
generic fold bifurcation point (check!). Moreover, the Jacobian matrix of (10.36) 
with y = (x, a) is nonsingular at such a point, so Newton’s method can be applied 
to locate it. The Newton iterations, if converged, provide the coordinates of the 
equilibrium with zero eigenvalue and the critical parameter value at which it exists. 

The test function (10.38) formally requires us to know all the eigenvalues of A 
for its computation. These eigenvalues can be found numerically at each point on 
the curve by one of the standard routines. However, there is an obvious way to avoid 
eigenvalue computation. Notice that the product in the right-hand side of (10.38) 
is merely the determinant of A(z, a), which can be efficiently computed without 
dealing with its eigenvalues (by Gaussian elimination, for example). Thus, a popular 
test function for the fold is 


(10.39) 


u(x, @) = det (ao ”) : 


Ox 
Another way to detect a fold point is to monitor for extremum points with respect 


to the parameter on the equilibrium curve. Clearly, at a generic fold point the a- 
component of the tangent vector v changes sign. 


Hopf detection and location 


Consider the function 


bax, a) = | Oia, a) + Aj(@, a), (10.40) 


w>J 
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Fig. 10.8 Labeling of the elements of the bialternate product matrix for n = 4 


where the previous notation is used. This function vanishes at a Hopf bifurcation 
point, where there is a pair of multipliers A). = +2wo. Clearly, Wy = 0 also if there 
is a pair of real eigenvalues 


At = kK, A2 = —K. 


Thus, we have to be careful to ignore such points when looking for Hopf bifurca- 
tions. The function wy is real and smooth and has a regular zero at a generic Hopf 
bifurcation point. Moreover, the Jacobian matrix of (10.36) is nonsingular at such a 
point, and Newton’s method can be applied. 

As in the previous case, there is a way to avoid explicit computation of all the 
eigenvalues of A, although it is slightly more difficult. As noted in Chap. 8, the 
bialternate product can be used to compute wy. 

Let A and B be n x n matrices with elements {a;;} and {b;;}, respectively, 1 < 
1,j <n. Setm= sn(n — 1). 


Definition 10.1 The bialternate product of A and B is anim x m matrix, denoted 
by A© B, whose rows are labeled by the multi-index (p,q) (p = 2,3,...,7; 


q=1,2,...,p—1), and whose columns are labeled by the multi-index (r, s) 
(r = 2,3,...,n;5=1,2,...,r— 1), and the elements are given by 
1 Apr Ans bpr bys 
(A © B)(—p,9),07,8) = 3 Dar Bos enc 


Figure 10.8 illustrates the labeling of the elements of the 6 x 6 matrix A ® B, when A 
and B are two 4 x 4 matrices. A motivation for this definition is given in Appendix 
B. The following classical theorem, which is proven in Appendix B, explains the 
importance of the bialternate product. 


Theorem 10.3 (Stéphanos (1900)) Let A be an n x n matrix with eigenvalues 
Ay, A2,--+, An. Then 


(i) A © A has eigenvalues ;A;; 
(ii) 2A © In has eigenvalues ; + A; 


where 1 = 2,3,...,m; 7 =1,2,...,7—1, and I, is then x n unit matrix. 
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Therefore, the test function (10.40) can be expressed as 


) ’ 
wu (a, a) = det Qe © tn) (10.41) 

Ox 
The definition of the bialternate product leads to the following formula for 2A © I;,: 


Opr Ops 


Agr Ags 


Apr Ops 


(24 © In)ip.g).r.s) = Sqr Sgs 


’ 


where 0;; is the Kronecker delta.” Computing the determinants, we get 


—O; if r=4q, 
ay if rAp and s=q, 
App + Aqq if r=p and s=4gq, 
Qs if r=p and sq, 
—aq if s=p, 
0 otherwise. 


(2A © Tn) (p,q), (7.5) = 


Thus, the computation of the elements of 2A © [,, can be efficiently programmed 
given the matrix A. 


Example 10.1 If n = 3, the matrix B = 2A © J; is the 3 x 3 matrix 


a22 + a41 a23 —ay3 
B= a3. 33 +a) 2 .9 
—4a31 a21 a33 + A22 


Let us construct test functions to locate codim 1 bifurcations in discrete-time 
systems. Suppose that we have a map 


ce f(z,a), ce R", aeR', 
and that we continue its fixed-point curve 
f(z,a)-—x=0. 
Let (41, {2,.--, {n be multipliers of the Jacobian matrix A = f, evaluated at (x, a). 


The following test functions will obviously locate fold, flip, and Neimark-Sacker 
bifurcations, respectively: 


564 = 1, bij = Ofori A j. 
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ve =] [Ga -D. (10.42) 
i=1 

or =| [Mitd. (10.43) 
i=1 

ons = | [(uiny — D. (10.44) 
i>J 


To detect a true Neimark-Sacker bifurcation, we must check that yys = 0 is caused 
by the presence of nonreal multipliers with the unit product: jz;4.; = 1. Similar to the 
continuous-time cases, we can express the test functions (10.42)—(10.44) in terms of 
the Jacobian matrix itself. Namely, 


yy = det(A — I,,), (10.45) 
pr = det(A + I,,), (10.46) 

and 
pus = det(AOA— In), (10.47) 


where J; is the k x k unit matrix, m = sn(n — 1). The last formula follows from 
statement (i) of Theorem 10.3. Using the definition of the bialternate product, we get 


Qpr Ans 


AOA “= 
( V0.9) = la. Gag 


The above test functions can be also used to detect the corresponding codim 1 
bifurcations of limit cycles in (10.26). In such cases, the map f should be interpreted 
as the Poincaré map associated with a limit cycle. This map and its Jacobian matrix 
and (possibly) eigenvalues are to be computed numerically, for which several methods 
exist (see bibliographical notes in Appendix D). 


10.2.3 Analysis of Codim I Bifurcations 


To apply the theory developed in Chaps. 3, 4, and 5 to detected bifurcation points, 
we have to verify that the appropriate genericity conditions are satisfied. The veri- 
fication of the transversality with respect to the parameter is rather straightforward 
and will not be considered. Instead, we focus on the computation of relevant normal 
form coefficients at the critical parameter value, i.e., checking the nondegeneracy 
conditions. 


Assume that a bifurcation point (2°, a°) has been detected on the equilibrium 
curve. 
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Fold bifurcation 


As we showed in Chap. 5 (see Sect. 5.4.1), the restriction of system (10.26) to its 
one-dimensional center manifold at a fold bifurcation point can be written as 


& = bw? + O(u’), 
where 


1 
b= 5 B(q, q)) 


(see formula (5.23)). Here, g, p € R” are eigenvectors satisfying 
Aq=0, A’p=0, 
which are normalized with respect to each other according to 


(p,q) = 1. 


To specify the vectors completely, assume that 


(aq =1. 


The bilinear function B : R” x R” — R” is defined by 


PfilE, 0) 
» 


OD 20 Dee 


LjYe, t= 1,2,...,0. (10.48) 
f=x° 


j,k=l 


We can find b by computing only one second-order derivative of a scalar function. 
Indeed, one can easily check that 


’ 


T=0 


a 
B@,@) = sah + 7q, 0°) 


and, therefore, 


a 
— 10.4 
dr? as 


(p, Bq, D) = = (p, f(a? + Tq, a°)) 


T=0 


The second derivative in (10.49) can be approximated numerically using finite dif- 
ferences, for example: 


1 
— [(p, f(a® + hq, a°)) + (p, f(a® — hg, a°))] + O(n’), 


(p, Ba, M) = i 
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where / is an increment and the equilibrium condition f (2°, a°) = 0 is taken into 
account. Notice that all the objects involved in (10.49) are expressed in the original 
coordinates. Thus, the computation of b is reduced to finding the eigenvectors g and 
p, their normalization, and applying formula (10.49) or its finite-difference analogue. 
If b ~ 0, a generic fold bifurcation happens, given the transversality with respect to 
the parameter. 


Hopf Bifurcation 


According to formula (5.34) from Sect. 5.4.1 of Chap. 5, the first Lyapunov coefficient 
determining whether the Hopf bifurcation is sub- or supercritical is given by 


1 
1,(0) = ——Re[(p, C(q, 4, M) — 2(p, Bq, A! BG, D)) 


2w 
+ (p, BG, 2iwoln — AY'B(q,®))], (10.50) 


where gq and p satisfy 
Aq = iwog, A’ p = —iwop, 


and are normalized by setting 
(p,q) = 1. 


Assume also that 
(q,q) =1, (Reg, Imq) =0. 


The bilinear function B(x, y) is given by (10.48), while the function C : R” x R” x 
R” — R" is defined by 


n 3 : 0 
Cay2= y" FE, oe) 


DEE, OE LjYeA, = 1,2,...,n. (10.51) 
jkl=l Joe 


é=x° 


If the programming language you use supports complex arithmetic, formula (10.50) 
can be implemented directly with the partial derivatives in (10.48) and (10.51) eval- 
uated numerically. However, there is a way to make computations real and to avoid 
computing all second- and third-order partial derivatives of f at (x°, a°) involved in 
(10.48) and (10.51). 

First, note that we can easily evaluate the multilinear functions B(x, y) and 
C(x, y, Z) on any set of coinciding real vector arguments by computing certain 
directional derivatives. Indeed, the vector B(v, v) for v € R” can be computed by 


the formula . 


d 
Biv, v) = FAGe + Tv, a’) : (10.52) 


T=0 
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which we have already used. The vector C(v, v, v) for v € R” can be calculated by 
a similar formula: ‘ 
d 
C(v, u,v) = —<f(x® +7, a°)} (10.53) 
dr? T=0 


We can approximate these derivatives with respect to the scalar variable 7 via finite 
differences, for example, 


Biv, v) = 4 [f(v° + hv, a°) + f(x° — hu, a°)] + O(n’) 
for (10.52), and 


C(v, v, v) = [ f(v® + 3hv, a’) — 3f(x° + hv, a”) 


1 
8h3 
+ 3f(x° — hv, a°) — f(x° — 3hv, a°)] + O(n?) 


for (10.53), where h < 1 is a small increment. Therefore, let us rewrite (10.50) in 
terms of expressions computable via (10.52) and (10.53). 
Denote the real and imaginary parts of the eigenvector q by gr and q;, respectively, 


q=qrtiq, g€C", arog € R”. 


Then we have 


B(q, @) = Bar, Gr) — B(ar, G7) + 2tB(Qr, 97), 
Bq, d) = B(ar, dr) + Bar, G1), 
C(q, a, 2 = C(ar. Irs Ir) + Car, Gr, Gt) + iC (Gr, IRs G1) + IC (Gr, Gr, I). 


Notice that the vectors B(qr, dr), B(qr, G1), C(Gr, Gr, Gr), and C(qr, qi, qr) can 
be directly computed by (10.52) and (10.53), while B(qr, qr), C(qr, qr, Gr), and 
C(qr, Gr; Wr) require more treatment. Essentially, it is enough to be able to compute 
the multilinear functions B(v, w) and C(v, v, w) for real vectors v, w € R” using 
(10.52) and (10.53). 

The identities 


Bwt+u,v+w) = Biv, v) +2B(v, w) + B(w, w), 
Bw-—w,v—w) = Biv, v) — 2B(v, w) + Blu, w) 


allow us to express the vector B(v, w) as 
1 
Bou, w) = pe eee] 


(“polarization identity”). The right-hand side can be computed using (10.52). 
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Similarly, the identities 

Cwt+u,v+twu,v+w) = Cv, v, v) + 3C(v, v, w) + 3C(v, w, w) + C(w, w, w) 

and 

C(vu—w,v—w,v—w) = C(v, v, v) — 3C(, v, w) + 3C (vu, w, w) — C(w, w, w) 


lead to the following expression for C(v, v, w): 


1 1 
CO or seen) C(vu-—w,v—-—w,v—w)) qc ay, W); 


with the right-hand side computable by (10.53). 
The linear system 
Ar = BY, 


involves only real quantities and can be rewritten as 


Ar = B(qr, dr) + Bia, GQ). 


Its solution r is a real vector. The scalar product (p, B(q, r)) from (10.50) can be 
transformed as 


(p, BQ. T)) = (Pr, Br.) + pr, Br.) — tp, Bar.) + (p17, Br. 7)), 


so that 
Re(p, B(q, r)) = (pr, Bar, r)) + (pr, Bq, r)). 


All the bilinear functions inside the scalar products to the right are of the form 
B(v, w) and are thus reducible via the polarization identity to quantities computable 
by (10.52). 

The linear complex system 


(2iwol, — A)s = Bq, g) 
is equivalent to the real system of double the dimension, 


—AS8R — 2wos; = B(qr, Gr) — Bar. G1), 
2wosr — As; = 2B(qr, q1); 


where sp and s; are real and imaginary parts of s. Then the scalar product (p, B(q, s)) 
from (10.50) can be written as 
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(p, Bq, 8)) = (Pr, Bar, Sr)) + 1(Dr, BGR, $1) 
— Upr, B(qr, 8r)) + (pr, BG, $1) 
— U(pr, Bqr, 8r)) + (pr, Br, $1)) 
— (pr, Br, 8r)) — Up, BCG, 81), 


so that 


Re(p, B(q, s)) = (pr, B(dr, 8r)) + (Pr, Bar, $1)) 
+ (pr, Bgr, 81)) — (pr, B(qr, Sr)), 


where all the bilinear functions are of the form B(v, w) and are thus reducible to 


(10.52). 
The scalar product (p, C(q, g, q)) from (10.48) can be expressed as 


(p, C(q, 9, D) = (Pr, C(gr, IR, IR)) + (PR, C(Grs Gs, GU) 
+ i(pr, C(qr, gr, W)) + UpR, CG, Gi, G)) 
— i(p1, Cdr, Irs IR)) — Pr, Cdr, Us W)) 
+ (pr, Car, Gr, G1)) + (pr, CCQ, Ui, G)), 


which gives 


Re(p, C(q, g. 9) = (pr, C(Gr. IR, IR)) + (PR, C(Gr, U1, G)) 
+ (pr, C(qr, 9r,q1)) + (pr, C(qr, G1, 1))- 


This expression can be transformed into the formula 


_ 2 2 
Re(p, C(q, g, 9) = = (pr, C(dr, Ir. IR)) + = (Pr, C(G1, Gs G)) 


3 3 

1 

+ (Pr + Pry (de + G1, Ie + 1, GR + G1) 
1 

“pa Pry CGR d1,9R — W1,49R — G1)) 


involving only directional derivatives of the form (10.53). 
Let us summarize the steps needed to compute / (0). 


Step O. Evaluate the Jacobian matrix A = f, (x°, a°) of (10.26) at the equilibrium 
x° exhibiting the Hopf bifurcation at the critical parameter value a”. 


Step 1. Find four vectors qr, d7, Pr, Pr € R" satisfying the systems 


Aqdr + wog: = 9, 
—wogr + Aqr = 0, 
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and 


| Apr — wopr = 0, 
wope + AT p; = 0, 
and normalize them according to 
(dr, Qe) + (91-491) = 1, (ar, a1) = 9, 
(PR, Ir) + (Pr, 1) = 1, (Pr, Ot) — (Pr, Ir) = O. 


Step 2. Compute the following vectors by the directional differentiation: 


a 0 0 
a= qi PIR OD 


a 
b= sata? +7q, a’) 


T=0 
and 
1 & 0 0 0 0 
= 7 ga lhe’ + rae +41).0%) ~ fe? + rae — 41), 0°] 
7 T=0 


Step 3. Solve the linear systems for r and (Sp, 57): 
Ar=a+t+b, 


and 


—Aspr — 2wos; =a—b, 
2wosr — As; = 2c. 


Step 4. Compute the following numbers: 


2 


ld 
01 = 773 (pe S@? + 1de +17), 0°) — fa + 7G — 17), 0°) 


2 


ld 
2= qq Ph f@?+7(a +1), 0°) — f@+7@q@ —71), 0°) 


7T=0 


and evaluate their sum 
Xo = 0, + 02. 


Step 5. Compute the numbers 
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we 
81 = 7a (be. F@? + Tae + 8e), 0°) — Fe? + TGR — sx).0))| 
: T=0 
ie i ' ; : 
6 = Tq (Pe fe +7(q7+s;),@)— f(a +7(qr — 81), °)) 
. T=0 
1a ‘ ; é ; 
63 = iq Pr f@ +r(qrt+sr),a°)— f(x + 7(qr — 8;),0°)) 


dr? T=0 

1 d 0 0 0 0 
b= 75a (pr F@ +7 (Gr + Sr), 0 )— f@ + 7(q1 — Sr), 0°)) , 
T=0 


and evaluate 
Ao = 61 + 62 + 63 — 54. 


Step 6. Compute the numbers 


@ 

Y= Ga Pr f@+74GR,0°))| 
T T=0 
@ 

2D= aia (Pie f(a? + rar, 0") ; 
T T=0 


3 


d 
B= sa (PR+Pr f(z? +7(ar +4), 0°)) 


@B 


= apa (PR — pr, f(a° + T(ar — a1), a°)) 


V4 


and take 3 1 
Yo = 3%! +92) + 66% +4). 


Step 7. Finally, compute 


1 
1,(0) = a (To — 2X0 + Ao). 
Wo 


If 1;(0) # 0 and the eigenvalues cross the imaginary axis with nonzero velocity, 
a unique limit cycle appears under variation of a. To complete the Hopf bifurcation 
analysis, derive an algorithm allowing us to start the continuation of the bifurcating 
limit cycle away from the Hopf point by one of the methods described above. There- 
fore, we have to obtain a periodic solution from which we can initialize the cycle 
continuation. Recall that the cycles near a generic Hopf point form a paraboloid-like 
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surface in the phase-parameter space that is tangent to the plane 
r= z2q+ 24q, 


where z € C!, and q is the properly normalized critical eigenvector. The linear part 
of the system restricted to the center manifold is simply 


z= iwoZ, 


having the solution z(t) = zoe". Therefore, the linear approximation of the bifur- 
cating limit cycle with the “amplitude” zp = € is given by 


me(t) = (tg + ee = 2e Rele™**g], 


where ¢ € R! is a user-defined small number. The resulting starting solution can be 
presented in real form as 


u-(t) = 2€(qr COS wot — q; SiN wot), (10.54) 


where qr, gq; € R” are the real and imaginary parts of the complex eigenvector q. 
One can derive a quadratic approximation to the cycle near the Hopf bifurcation; 
however, formula (10.54) is accurate enough to start the cycle continuation in most 
cases. 


One can also detect at a = ag a codim | bifurcation of a limit cycle in system 
(10.26). This can be either a limit point, or a period-doubling, or a Neimark-Sacker 
bifurcation. To analyze these bifurcations, one has to compute the corresponding 
critical normal form coefficients for the restricted systems on appropriate center 
manifolds; see Chap. 5. As we have seen in that chapter, there are two approaches to 
study local bifurcations of limit cycles: (1) consider the Poincaré map near the cycle 
and use the results on fixed point bifurcations in discrete-time dynamical systems; 
see Sect. 5.3; (2) apply the periodic normal form theory; see Sect. 5.6 (Appendix A 
in Chap. 5). 

The first approach requires computation of the Poincaré map and its first-, second-, 
and third-order partial derivatives at the fixed point corresponding to the critical 
cycle to evaluate the normal form coefficients via the formulas (5.40), (5.44), and 
(5.52). The Poincaré map and its derivatives should be computed numerically, either 
by finite differences, or by integrating the corresponding variational ODEs, or by 
using automatic differentiation. As for fold and Hopf bifurcations, real directional 
derivatives could be used. However, this approach is complicated and suffers from 
accuracy losses. 

A better alternative is the second approach, where the critical periodic normal 
form coefficients are evaluated via formulas (A.19), (A.29), and (A.40) from Sect. 
5.6. These employ the first-, second-, and third-order partial derivatives of f(x, ao) 
from (10.26), completely avoiding the Poincaré map. Of course, some boundary- 
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value problems must then be solved numerically, as well as certain integrals should 
be computed by quadrature formulas. However, these problems can be treated using 
the same orthogonal collocation techniques as those applied for the computation 
of limit cycles. Implementation details can be found in the references given in the 
bibliographical notes in Appendix D of this chapter. 


10.2.4 Branching Points 


In general, the equilibrium curve (10.27) can have branching points. 


Definition 10.2 A point y* is called a branching (branch) point for the continuation 
problem 
Fy) =0, F:R"' SR", (10.55) 


if F(y*) = 0 and there are at least two different smooth curves satisfying (10.55) 
and passing through y". 


Two examples of branching are presented in Fig. 10.9 form = 1. We can consider 
the curves in the figure as equilibrium curves of certain scalar systems depending on 
one parameter; y = (x, a). 


Remarks: 
(1) A branching point may appear if a solution curve makes a loop and intersects 
itself at a point y*. That is why branching points are often called se/f-crossing points. 
(2) Sometimes, branching points are merely called bifurcation points. The latter 
term is appropriate if we study equilibria only but is misleading in general. Indeed, 
neither nondegenerate fold nor Hopf bifurcation points are branching points of an 
equilibrium curve. > 


The reader should understand that the appearance of branching points is a non- 
generic phenomenon: A generic curve (10.55) (with rank F,, = n along the curve) 
has no branching points by the Implicit Function Theorem. Moreover, if the contin- 
uation problem (10.55) has a branching point, C!-close problems will, generically, 
have no branching points at all (see Fig. 10.10). 

However, branching points appear easily if a certain symmetry is present. Indeed, 
as we have seen in Chap. 7, the pitchfork bifurcation, which is a branching point, 


Fig. 10.9 Branching points 
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Fig. 10.10 Branching points 
disappear under generic 
perturbations 


happens generically in Z)-invariant systems. Another important example is provided 
by the flip bifurcation in discrete-time systems. Suppose that the fixed point x (a) 
of the map 

zr f(z,a) = fa(x), « €R", ae R! 


exhibits a generic flip bifurcation at a = 0. Denote by ae) (a) the points forming the 
period-two cycle bifurcating from x“ (a) at a = 0. Since x (a) is a fixed point of 
the second iterate f? of the map f,, the flip point (a? (0), 0) is a branching point 
for the continuation problem for cycles of period two: 


2(¢)-—2 =0, c eR", aeR'. 


Therefore, we need to be able to detect and locate branching points, while con- 
tinuing a curve defined by (10.55), and to start the continuation of other branches 
emanating from each located point. Let us treat these problems. The following dis- 
cussion involves quadratic terms of F’. Let y* = 0 be a branching point for (10.55). 
Write the Taylor expansion of F(y) at y = 0 as 


1 
Fy) = JOy+ 5 BW, y) + Ovllyll*), 


where J(y) = Fy,(y) is the n x (n + 1) Jacobian matrix of (10.55), and B : R'+! x 
IR"*+! — R” is the bilinear part of F(y) at the branching point: 


n+l &2 F; () 
Bi(a, y) — 
de Wok 


LjYr, t= 1,2,...,n. (10.56) 


f=a° 


Let y(s) be a smooth branch passing through the point y = 0 and parametrized 
by the arclength s such that y(0) = 0. Denote by v the vector tangent to this branch 
at y= 0:v=y(0) € R”!. As we have already pointed out, the vector v satisfies 
the equation 

J(0)vu=0 (10.57) 


(which results from F(y(s)) = 0 by differentiating with respect to s and evaluating 
the result at s = 0). Denote by K the null-space of J(0) composed of all vectors 
satisfying (10.57): 
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Fig. 10.11 Two intersecting Mo 
curves passing through a 


branching point M 


K={veR™!: JO)v = 0}. 


All vectors tangent to branches passing through the point y = O belong to K. If 
y = O were aregular point where rank J(0) = n, then dim K = 1. If two branches of 
(10.55) intersect transversally at y = 0, dim K = 2, because their respective tangent 
vectors at the branching point, v7; and v2, both satisfy (10.57) (see Fig. 10.11). 

Consider only the case when XK is spanned by two linear independent vectors q 
and q), and derive another equation which the tangent vectors satisfy. Differentiating 
F(y(s)) = 0 twice with respect to s at s = 0, we obtain 


J(0)y(O) + BYYO), yO)) = 0, 


or, equivalently, 
J (O)Y(O) + Biv, v) = 0. (10.58) 


Consider now the transposed (n + 1) x n matrix J7 (0). Since dim K = 2, there is 
a unique vector (up to scalar multiple) y € R” satisfying 


J* (0)y = 0. (10.59) 


Computing the scalar product of the left-hand side of (10.58) with vy in R” and taking 
into account that 
(pg, JO)HO)) = (J7 Op, HO)) = 0, 


we obtain 
(py, Biv, v)) = 0. (10.60) 


The left-hand side is a quadratic form defined on vectors v € K C R” given explicitly 
by 


n ntl OF, 
(y, BO, ~)) =) Yo vi a ¥ UjUk- 


i=1 j,k=1 
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Recall that any vector v € K can be represented as 


g=fiat roo, B= (A, bo) eR’. 


Thus, the quadratic form (vy, B(v, v)) can be considered as a quadratic form on the 


(81, G2)-plane: 
b(8) = (p, B(Big + boq@, Big + G2q@)) = bu Bz + 212812 + b2285, 
with 


Definition 10.3 (Simple branching points) A branching point is called simple if 
the following two conditions hold: 

(i) dim K = 2; 

(ii) ae = by, 629 > 0. 


The second condition implies that the matrix of the quadratic form 


bir bie 

bio by. 

has one positive and one negative eigenvalue. 
The following lemma completely characterizes simple branching points. 


Lemma 10.1 Let y* = 0 be a simple branching point of (10.55). Then there exist 
exactly two smooth curves satisfying (10.55) that pass through y*. Moreover, their 
tangent vectors vu, at y* are linearly independent and both satisfy (10.60). 


Equation (10.60) allows us to compute the direction v2 of the second branch, 
provided that the vector v, that is tangent to the first solution curve at the branching 
point of (10.55) is known. Indeed, set g; = v; and let q. € K be a vector that is 
orthogonal to q : (q@2, q1) = 0. Then 


k k 
1% = Bat Bro, k=1,2, 
for cia =1, gs = 0. Therefore, a solution’ to the “algebraic branching equation” 


bi G7 + 2b1281 Go + b22 83 = 0 


is known. This implies 6,; = 0. Thus, the direction (8 ; my of the second branch 
satisfies the equation 


26128 + by BY =0, 


6 Actually, a line (y, 0) of solutions. 
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where necessarily bj. 4 0 due to the simplicity of the branching point. Thus, 


Q) bx A) 
: ie 


The preceding results solve the problem of branch switching at a branching point. 
However, we should be able to detect such points and locate them accurately. The 
following lemma provides a test function to locate a branching point while continuing 
a curve defined by (10.55). 


Lemma 10.2 Let yi)(s) correspond to a curve defined by (10.55). Consider the 


(n+ 1) x (n+ 1) matrix 
— ( Jya(s)) 
D(s) = ( iy (s) ) : (10.61) 


where J (y) is the Jacobian matrix of (10.55). Then the scalar function 
p(s) = det D(s) (10.62) 


has a regular zero at s = 0. 


Remark: 

The matrix D differs slightly from the Jacobian matrix involved in the Newton 
corrections in the pseudo-arclength continuation method (10.34) for solving (10.55). 
If the iterations converge to a point on the curve, the function ~ can be easily approx- 
imated at this point by the determinant of the Newton matrix and compared with that 
computed at the previous point. > 


Proof: 
We have 
D(O)q = 0, (10.63) 


where qp is defined above as being orthogonal to gq; = v; within the plane K at the 
branching point. Therefore, zero is an eigenvalue of D(0). 
Assume, first, that this eigenvalue is simple. Then there is a parameter-dependent 
eigenvalue A(s) of D(s), 
D(s)u(s) = A(s)u(s), 


for all | s| sufficiently small, such that \(0) = 0, u(0) = q. Differentiating the above 
equation with respect to s at s = 0 gives 


Bu, @) FO) \ sien 3 
(7 o.) + ( gf ) u(O) = A(0) qo. (10.64) 


Notice now that a zero eigenvector p of the transposed matrix D’ (0), 


D' (0)p = 0, 
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_({? 
p(), 
where ¢ was defined above by J7 (0)y = 0 (see (10.59)). Moreover, (p, g2) 4 0 due 


to the simplicity of \ = 0. Taking the scalar product of both sides of (10.64) with p, 
we get 


has the form 


i) = (py, Bia. @)) = bio £0 
(Dp, q@) (Dp, @) 


since bj2 must be nonzero at the simple branching point. Therefore, while s passes 
the value s = 0, the simple real eigenvalue A(s) of D(s) changes sign regularly, as 
does the determinant of D(s). 

When eigenvalue \(0) = 0 of D(0) is multiple, the null-space of D(O) remains 
one-dimensional. Indeed, there is only one direction in the plane XK that is orthog- 
onal to q;. In this case, the statement of the theorem still holds, but requires a dif- 
ferent proof, e.g., using bordered matrices; see Sect. 10.3.1. Details are left to the 
reader. 


Therefore, 7(s) given by (10.62) can be monitored along the curve (10.55) to 
detect branching points. If such a point is detected, we can locate it, for example, by 
the secant method: 


JH gi os ws), j= 1,2 (10.65) 
st = 8 pe) — Wer) cD eae ee ne ee : 


To perform branch switching at a located simple branch point, we need to find 
the vectors q,, qo, and y and evaluate b22 and b;2 numerically. The vector q, can be 
interpolated from the tangent vectors at two points between which the branching point 
was detected; the vectors gq. and y can be computed by solving the homogeneous 
linear systems (10.59) and (10.63). Finally, the scalar product of y with the function 
B evaluated at q; 2 can be computed by the directional derivative technique presented 
in the previous subsection. 


Remarks: 

(1) There is another effective technique to switch branches, called the homotopy 
method. It is based on the observation that generic perturbations of the continuation 
problem 

F(y) =0 


destroy the intersection of the branches, making them all smooth (see Fig. 10.10). 
Thus, one can introduce an artificial small perturbation « € R” and consider the 
continuation problem 

F(iy)-¢€=0. 
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Taking different €¢ with ||e|| small, we can try to switch branches by computing a 
branch of the perturbed problem, starting at a point on the original branch of the 
unperturbed problem. Upon switching, we can turn off the perturbation by setting € 
back to zero, and then use the obtained point as the initial point for the continuation 
of the new branch. This method works well in relatively low dimensions. 

(2) Locating a branching point with the secant iterations (10.65) might be difficult 
since the domain of convergence for the Newton (or Newton-like) corrections used 
to compute the points on the curve (10.55) shrinks as one approaches the branching 
point. This difficulty can be avoided by considering extended systems. For example, 
a simple branching point (xo, ao) of the equilibrium curve (10.27) corresponds to a 
regular solution (x, a, 3, p) = (0, ao, 0, po) to the defining system 


f@, a) + Bp = 0, 
fi(z,ap =0, 

(p, fo(z, a)) =0, (10.66) 
(p,p)-1 =0, 


where p € R” and 3 € R! are extra unknowns. Therefore, the standard Newton’s 
method can be applied directly to to (10.66) to locate a simple branching point. 

(3) The continuation problem for limit cycles can also have branching points, 
which can be treated numerically (see references in Appendix D). > 


10.3. Two-Parameter Bifurcation Analysis 


Here, we start with a smooth system depending on two parameters: 
t= f(c,a), ce R", ae R’. (10.67) 


The aim of the system analysis now is to construct its two-parameter bifurcation 
diagram. The diagram generically includes curves corresponding to codim 1 bifur- 
cations of equilibria, limit cycles, and homoclinic orbits. At isolated points on these 
curves, codim 2 bifurcations occur. As we saw in Chaps. 8 and 9, such points are 
common points for several different codim 1 boundaries. Thus, the problem is to 
continue codim | bifurcation curves; to detect, locate, and analyze codim 2 singu- 
larities on them; and then to switch bifurcation branches at these points. We will 
mainly treat the continuation of codim 1 bifurcations, giving only a few remarks on 
the location and analysis of codim 2 bifurcations. 
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10.3.1 Continuation of Codim I Bifurcations of Equilibria 
and Fixed Points 


As discussed in Chap. 8, if system (10.67) has, at a = a, an equilibrium exhibiting 
acodim | bifurcation, then, generically, there is a bifurcation curve 5 in the a-plane 
along which the system has an equilibrium demonstrating the relevant bifurcation. 
The curve B can be computed as a projection to the a-plane of a certain curve I’, 
defined in a space of larger dimension. Thus, we have to specify a continuation 
problem for I’, that is, define functions determining the curve in this space. 


Minimally augmented systems 


This type of continuation problem for codim 1 bifurcations of equilibria has been 
introduced in Chap. 8 (see Sect. 8.1.1). In this approach, we merely append the 
relevant test function to the equilibrium equation, thus obtaining a system of n + 1 
equations in an (n + 2)-dimensional space with coordinates (x, ~). More precisely, 
if A(x, a) is the Jacobian matrix of f in (10.67) evaluated at (a, a), then we get the 
continuation problem 


f(x, a) =0, 
| det A(x, ~) = 0, Grae 
for the fold bifurcation, and the continuation problem 
f(%, a) = 0, 
| det(2A(z, a) © In) = 0, ner 


for the Hopf bifurcation, where © stands for the bialternate product. Each system 
is a system of n+ 1 scalar equations with n + 2 scalar variables and is called the 
minimally augmented system since the dimension of the resulting continuation prob- 
lem is enlarged by one with respect to the equilibrium continuation. Clearly, if a 
bifurcation point was detected while continuing an equilibrium and located as a zero 
of the corresponding test function ¥; or wz, then we have all the necessary initial 
data to start the continuation of the bifurcation curve defined by (10.68) or (10.69) 
immediately. 


Lemma 10.3 f(x, a) is a point corresponding to any generic codim | or 2 equilib- 
rium bifurcation of (10.67), except the Hopf-Hopf singularity, then rank J =n + 1, 
where J is the Jacobian matrix of the corresponding minimally augmented sys- 
tem (10.68) or (10.69). A generic Hopf-Hopf point is a simple branching point for 
(10.69). 


This lemma allows us to apply the standard predictor-corrector continuation tech- 
nique to continue the bifurcation curves I defined by (10.68) or (10.69). The standard 
projection of the computed curves onto the (a1, a2)-plane provides the parametric 
boundaries corresponding to the relevant bifurcations. 
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However, the defining system (10.68) (or (10.69)) has the following disadvantage: 
In general, it is impossible to express explicitly its Jacobian matrix J in terms of the 
partial derivatives of f(a, a) since the determinant is involved in the test function. 
Thus, we have to rely on numerical differentiation while continuing the curve J”, even 
if the derivatives of f with respect to (x, a) are known analytically. To overcome this 
difficulty, we substitute the test function in (10.68) (or (10.69)) by a function g(a, ~) 
that vanishes together with the corresponding test function but whose derivatives can 
be expressed analytically. 
In the fold case, instead of (10.68), we introduce a modified minimally augmented 
system 
f(@,a) =0, 
decays. (10.70) 


where g = g(x, a) is computed as the last component of the solution vector to the 
(mn + 1)-dimensional bordered system: 


A(x, @) po w\ (0 
a ou): con 


where qo, Po € IR” are some vectors. We have used a similar system in Chap. 5 to 
compute the quadratic approximation to the center manifold at the fold bifurcation 
(see equation (5.24)). If the vector go is close to the null-vector of A(x, ~) and the 
vector yo is close to the null-vector of A? (x, a), the matrix 


_ (A, a) po 
u=( % 3) 


is nonsingular at (x, a) and (10.71) has the unique solution. In practical computations, 
qo and po are the eigenvectors of A and A’, respectively, at the previous point on the 
curve. For g = 0, system (10.71) implies 


Aw = 0, (qo, w) = 1, 


meaning that w is a scaled null-vector of A(z, a) and det A(z, a) = 0s in (10.68). 
In fact, g is proportional to det A(z, a). Indeed, by Cramer’s rule 


det A(x, a) 


1 ae Me, a) 


The derivatives of g with respect to (x, a) can be computed by differentiating (10.71). 
Let z denote a component of x or a. Then, 


A(@®,@) po Ww, A.(xa,q@) 0 w\ (0 
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and (w-, g-) can be found by solving the system 


A(x, @) po w,\ _ A(x, a)w 
( gf a) (a) =-( 0 ) (10.72) 


This system has the same matrix M as (10.71), while the right-hand side involves 
the known vector w and the derivative A, of the Jacobian matrix A. The derivative 
gz can be expressed explicitly, if we introduce the solution (v, h) to the transposed 


system 
T UV _ 0 
me (3)= (3) 


Multiplying (10.72) from the left by (v7 h) and taking into account that (v’ h)M = 
(0 1) gives 
Gz = —(v, A.(2, a)w). 


In the Hopf case, the modified minimally augmented system looks exactly as 
(10.70), where now the function g = g(x, ~) is computed by solving the bordered 


system 
2A(z, a) © In Po Ww _ 0 
(Mee a) )=G)- aor 


This system is (m + 1)-dimensional, where 2m = n(n — 1), andis nonsingular if the 
vectors Qo, Py € R” are the null-vectors of 2A © J, and(2A © I,)', respectively, at 
anearby generic point on the Hopf curve.’ The partial derivatives g. can be expressed 
in terms of A, as in the fold case. 

Similar treatment can be given to codim | bifurcations of discrete-time systems. 
Consider a smooth two-parameter map 


rh f(z,a), c€R", a€ R’. (10.74) 
The system 
f(a, a) t= 0, 
lee —I,) =0 oa, 


can be used to continue the fold bifurcation. The system 


f(a,a)-—x=0, 
erie a) +I,) =0 (10.76) 


is applicable to continue the flip bifurcation. Finally, the system 


7 Note that (10.73) is singular at a Hopf-Hopf point regardless of the choice of Qo and Pp. 
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f(a,a) —x2=0, 
te (A(2, a) © A(z, @) — Im) = 0 (10.77) 


allows for the continuation of the Neimark-Sacker bifurcation. A lemma similar to 
Lemma 10.3 can be formulated in the discrete-time case as well. We can also replace 
the systems (10.75)—(10.77) by modified minimally augmented systems whose last 
equation is defined by solving certain bordered systems. 


Remark: 

While continuing a Hopf curve defined by (10.69) (or (10.70) and (10.73)), we can 
pass a point where this curve loses its interpretation as a curve of Hopf bifurcations, 
turning instead into a curve corresponding to an equilibrium with real eigenvalues 
Ai + A2 = 0 (“neutral saddle”). This clearly happens at a Bogdanov-Takens point. 
A similar phenomenon takes place on a Neimark-Sacker curve at points of 1:1 and 
1:2 resonances. At such points the Neimark-Sacker bifurcation curve turns into a 
nonbifurcation curve corresponding to a fixed point with real multipliers 4 p12 = 1. 


° 
Standard augmented systems 
If allowed to enlarge the dimension of the continuation problem by more than one, 


various defining systems can be proposed to compute codim | bifurcation curves. 
The system of 2n + 1 scalar equations for the 2n + 2 components of (z, q, a), 


f(z, a) = 0, 
A(z, a)q = 0, (10.78) 
(q, qo) -l= 0, 


can be used to compute the fold bifurcation curve. Here, go € R” is a reference 
vector that is not orthogonal to the null-space of A. In practical computations, go is 
usually the null-vector of A at the previously found point on the curve. If I” is a curve 
defined by (10.78), then its standard projection onto the parameter plane gives the 
fold bifurcation boundary L. Indeed, if (x°, g°, a°) € R?"*? is a solution to (10.78) 
for a fixed qo, then system (10.67) has at the parameter value a® an equilibrium x° 
having a zero eigenvalue with the eigenvector q° normalized by (q°, qo) = 1. To start 
the continuation of J”, we obviously need not only an approximation to the critical 
equilibrium and the critical parameter values, but also the null-vector qo. 


Remark: 
The last equation in (10.78) can be substituted by the standard normalization 
condition (q,g) -l=0. > 


Next, consider the following system of 3n + 2 scalar equations for the 3n + 2 
components of (x, v, w, @) and w: 
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f(z, a) = 0, 
A(z, a)vu + ww = 0, 
A(z, a)w — wv = 0, (10.79) 


(vu, vo) es (w, Wo) == 0, 
(v, Wo) = (Uo; w) = 0, 


which is the real form of the complex system defining the Hopf bifurcation: 


f(x, a) = 0, 
A(x, a)q — iwg = 0, 
(q, go)cn —1=0. 


Here, g = v + iw € C” is the critical complex eigenvector and qg = vp + two € C” 
is a vector that is not orthogonal to the critical complex eigenspace corresponding to 
iw; (q, go)cn = q' qo. As in the fold case, qo is usually the eigenvector g = v + iw 
at the previously found point on the curve. The system (10.79) specifies a curve 
I whose projection onto the (a1, a2)-plane gives the Hopf bifurcation boundary. 
If (2°, v9, w®, a, wo) is a point on J”, then (10.67) has, at a, the equilibrium x; 
the Jacobian matrix A evaluated at this equilibrium has a pair of purely imaginary 
eigenvalues +iwy, while ¢ = v? + iw® is the corresponding normalized complex 
eigenvector. To start the continuation of a curve I, defined by the problem (10.79), 
from a Hopf point detected on an equilibrium curve, we have to compute additionally 
the Hopf frequency wo and two real vectors vp and wo. 


Lemma 10.4 The Jacobian matrix of the augmented system (10.78) has rank 2n + 1 
at generic fold, Bogdanov-Takens, or cusp bifurcation points of (10.67), while the 
Jacobian matrix of the augmented system (10.79) has rank 3n + 2 at generic Hopf, 
Bautin, fold-Hopf, or Hopf-Hopf bifurcation points of (10.67). 


The lemma allows us to use the standard continuation method to compute fold 
and Hopf bifurcation curves via (10.78) and (10.79), given a sufficiently good ini- 
tial guess. Notice that the Jacobian matrices of (10.78) and (10.79) can easily be 
constructed in terms of the partial derivatives of f(x, a). 


Remark: 

The dimension of the augmented system (10.79) for the Hopf continuation can 
be reduced by the elimination of w, i.e., replacing the second and third equations in 
(10.79) with their implication 


A*v+urv = 0, 


and considering the following augmented system of 2n + 2 scalar equations for the 
2n + 3 variables (x, v, a, K): 
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r a =0, 

A-(z,a)+ KI) 0 = 0, 
oie (10.80) 

(v, Io) = 0, 


where the reference vector lj) € R” is not orthogonal to the real two-dimensional 
eigenspace of A corresponding to the eigenvalues A; + Ay =0, AYA. =K. A 
solution to (10.80) with « > 0 corresponds to the Hopf bifurcation point with 
w? = «, while that with « <0 specifies a neutral saddle with two real eigenval- 
ues Aj. = +/—k. Contrary to (10.79), the system (10.80) is also regular at the 


Bogdanov-Takens point that separates these two cases and where w* = k = 0. © 


We leave the reader to explain why the following augmented systems, 


f(z,a)-—x7=0, 
A(z, a)q—q=0, (10.81) 
(q, qo) =1= 0, 
f(xz,a)-—x7=0, 
A(z, a)q+q=0, (10.82) 
(q, 9) — 1 =0, 
and 
f(z,a)-—« =0, 
A(x, a)v — vcosd+ wsind = 0, 
A(z, a)w — vsind — wcosé = 0, (10.83) 


(uv, Uo) + (w, wo) ~ 1 = 0, 
(vu, Wo) — (vo, w) = 0, 


where qo, Up, Wo € IR” are proper reference vectors, are suitable for continuation of 
the fold, flip, and Neimark-Sacker bifurcations, respectively, in discrete-time dynam- 
ical systems. Note that (10.83) can be substituted by a smaller system similar to 
(10.80): 


f(x, a) = 0, 

[A*(a, a) —2cos@ A(z, a) + I,] v = 0, 
(v,v) —-1=0, 

(vu, lo) = 0, 


where /y € R” is not orthogonal to the real two-dimensional eigenspace of A corre- 
sponding to the critical eigenvalues jz1,. = e+’. 
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10.3.2. Continuation of Codim I Limit Cycle Bifurcations 


Continuation of codim | bifurcations of limit cycles of (10.67) is a more delicate 
problem than that for equilibria. If the studied system is not very stiff, we can compute 
the Poincaré map associated with the cycle and its Jacobian matrix by numerical 
integration and then apply the above-mentioned continuation methods for the fixed- 
point bifurcations. This method works satisfactorily in many cases; however, it fails 
if the cycle has multipliers with || >> 1 or |u| « 1. In such situations, the BVP 
approach has proved to be more reliable. Namely, we can construct a boundary- 
value problem whose solutions will define the relevant bifurcation curve. Then, we 
can discretize the resulting BVP and apply the standard continuation technique, given 
the usual regularity conditions and good initial data. 

The treatment of the fold case is relatively easy since the bifurcation implies a fold 
singularity of the corresponding boundary-value problem for the cycle continuation: 


ir) — T f(u(r), a) = 0, 
u(1) — u(0) = 0, (10.84) 
Jp (ur), W(7)) dr = 0, 


where the last equation is the integral phase condition (10.18) with a reference peri- 
odic solution u°(r). Generically, near the fold point the BVP (10.84) has two solutions 
that collide and disappear at the critical parameter values. As in the finite-dimensional 
case, this happens when the linearized BVP has a nontrivial solution (null-function). 
The linearization of (10.84) with respect to (u(-), 7) around the periodic solution 
has the form 
u(r) — T f,(u(r), a)u(r) — of (u(r), a) = 0, 
v(1) — v0) = 0, 
1 “0 
Jo (Cr), W(7)) dr = 0, 


and its nontrivial solution (v(-), 7) can be scaled to satisfy 
1 
i (u(r), u(r) dr +07 = 1. 
0 


Thus, the following periodic BVP for the functions u(r), v(7) defined on [0, 1] and 
scalar variables T and oa: 


u(r) — T f(u(r), a) = 0, 


u(1) — u(0) = 0, 
Jo (u(r), 0° (r)) dr = 0, 

OT) — T fr(u(r), av(r) — of (u(r), a) = 0, (10.85) 
v(1) — v(0) = 0,7 


I (u(r), W(T)) dr =0, 
fie), vp) dr +02 -1=0 
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can be used for the continuation of the generic fold bifurcation of cycles. An appro- 
priate discretization of this problem will have the form (cf. (10.78)) 


F(é,a) = 0, 
Fe(E,a)n = 0, (10.86) 
(n, 7) = 1 = 0, 


where € € R% is a finite-dimensional approximation to (u(-), T), while 7 is a finite- 
dimensional approximation to (v(-), a). Here, (-, -) is a scalar product in R”. Notice 
that (10.86) can be derived directly from the discretization F(€, a) = 0 of (10.84). 

The flip (period-doubling) case is simpler. Introduce a vector-valued function v(7) 
and consider the following nonperiodic BVP on the interval [0, 1]: 


u(r) — T f(u(r), a) = 0, 
u(1) — u(0) = 0, 

fo (u(r), W(r)) dr = 0, 

0(T) — T fr(u(r), a)v(7) = 0, 
v(1) + v(0) = 0, 

fy (v@), v7) dr —1 =0. 


(10.87) 


As in the fold case, the first three equations specify the standard periodic BVP 
(10.84) for a limit cycle of (10.67). The fourth equation is the linearization of (10.67) 
(variational equation) around the periodic solution u(r). The last equation provides 
a normalization to v(7), while the boundary condition 


v(1) = —v(0) 


corresponds to the flip bifurcation. Indeed, if (u°(r), v°(7), To) is a solution to 
(10.87) at a°, then the scaled system t = Tp f (u, a) has a limit cycle with period one 
satisfying the phase condition; moreover, the Jacobian matrix A of the associated 
Poincaré map has a multiplier 4 = —1 since Av(O) = v(1) = —v(0). A discretiza- 
tion of (10.87) can be used to compute generic flip bifurcation curves of (10.67). 

Finally, consider the continuation of the Neimark-Sacker bifurcation. Here, we 
introduce acomplex eigenfunction w(r) and a scalar variable # parametrizing the crit- 
ical multipliers j1),2 = e*’’. The boundary-value problem to continue the Neimark- 
Sacker bifurcation will read as follows: 


u(r) — T f(u(7), a) = 0, 

u(1) — u(0) = 0, 

fo (u(r), (7) dr = 0, 

w(r) — T fr(u(r), a)w(T) = 0, 
w(1) — ew(0) = 0, 

fo (wr), WD) dr —1 = 0, 


(10.88) 
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where wu? : [0, 1] > R” and w? : [0, 1] > C” are the reference functions (cf. (10.83)). 
The system (10.88) can be written in the real form, discretized, and used to continue 
generic Neimark-Sacker bifurcations. 


Remark: 

The presented BVP problems to continue fold, flip, and Neimark-Sacker bifur- 
cations of cycles involve double or triple the number of the differential equations 
used in the cycle continuation: They are called extended augmented BVPs. It is pos- 
sible to derive minimally augmented BVPs to continue these bifurcations, using a 
bordered system similar to that in the finite-dimensional case. Let us illustrate this 
approach for the flip bifurcation. The continuation of the flip bifurcation curve in two 
parameters can be reduced to the continuation of a solution of the following periodic 
boundary-value problem on the interval [0, 1]: 


u(r) — T f(u(r), a) = 0, 


u(1) — u(0) = 0, 
fy (u(r), (7) dr = 0, (10.89) 
G[u, T, a] = 0, 


where the value of the functional G is computed from the linear BVP for (v(-), G) 
with given bordering functions y°, ~° and factor T: 


i(r) — T fr(u(r), a)v(7) + Gy(r) = 0, 
v(1) + v(0) = 0, (10.90) 
fo (7), VX) dr = 1. 


The functions y° and 7° are selected to make (10.90) uniquely solvable. The first 
three equations in (10.89) specify the standard periodic BVP (10.84) defining a limit 
cycle of (10.67). The fourth equation is equivalent to the flip bifurcation condition. 
Indeed, if G = 0, the first equation in (10.84) reduces to the variation equation around 
the periodic solution w(7). The last equation in (10.90) provides a normalization to the 
variational solution v(7), while the boundary condition v(1) = —v(0) corresponds 
to the multiplier , = —1 at the flip bifurcation. To apply the standard continuation 
technique, we have to replace (10.89) and (10.90) by their finite-dimensional approx- 
imations. It is also possible to compute efficiently the derivatives of G with respect 
tou, T, and a. 

A similar approach is applicable to the continuation of the fold and Neimark- 
Sacker bifurcations. For example, (10.89), where G is now computed from the linear 
BVP for (w(-), G, S): 


0(7) — T fe(u(r), a)v(r) — Sf(u(r), a) + Gp*(r) = 0, 
v(1) — v(0) = 0, 

Ju (f(a), a), v(r)) dr = 0, 

Jo (7), v(7)) dr + 8 = 1, 


(10.91) 
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can be used to continue the fold bifurcation of cycles in two parameters (cf., (10.85)). 
The continuation of the Neimark-Sacker bifurcation is more involved (see references 
in Appendix D). > 


10.3.3, Continuation of Codim 1 Homoclinic Orbits 


In this section, we deal with the continuation of orbits homoclinic to a hyperbolic 
equilibrium or a nonhyperbolic equilibrium with a simple zero eigenvalue. As we 
saw in Chaps. 6 and 7, the presence of such an orbit Io is acodim 1 phenomenon: In 
a generic two-parameter system (10.67) it exists along a curve in the (a1, a2)-plane. 
The problem then is to continue this curve, provided that an initial point on it is 
known together with the corresponding homoclinic solution. 

Suppose that at ao, system (10.67) has a hyperbolic equilibrium xo. Denote the 
Jacobian matrix f(x, a) by A(x, a). Assume, therefore, that A(ao, ao) has n+ unsta- 
ble eigenvalues \;, 1 = 1,2,..., 4 andn_ stable eigenvalues yz;, 27 = 1,2,...,n_, 
such that n_ +n, =n and 


Re fn < +++ < Re fo < Re py < 0 < Re, < Red2 <--- < Red 


ny 


A homoclinic solution «(t) of (10.67) satisfies the condition 


x(t) > x as t > tov, (10.92) 
where zo is an equilibrium point, 
f(%o, a) = 0. (10.93) 


Notice that conditions (10.92) and (10.93) do not specify the homoclinic solution 
completely. Indeed, any time shift of a solution to (10.67), (10.92), and (10.93) is 
still a homoclinic solution. Thus, a condition is required to fix the phase, similar to 
the situation for limit cycles. As for cycles, the following integral phase condition 
can be used 

+00 
i, (a(t) — x°(t), £°(t)) dt = 0, (10.94) 


(oe) 


where x°(t) is a reference solution that is assumed to be known. Equation (10.94) 
is a necessary condition for a local minimum of the L7-distance between x and x° 
over time shifts. As usual, in the continuation setting, x° is the homoclinic solution 
obtained at the previously found point on the curve. 

The problem (10.67), (10.92)-(10.94) defined on an infinite time interval has to 
be approximated by truncation to a finite interval, say [—7T, T], and specification 
of suitable boundary conditions. For example, we can place the solution at the two 
end points in the stable and unstable eigenspaces of A(x, ~) which provide linear 
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Fig. 10.12 Projection 
boundary conditions when 
xo is hyperbolic: 
u(-T)-a0€T", 
a(T)-—2%9 € T* 


approximations to W*"(a9) (see Fig. 10.12).° This can be achieved via replacing 
(10.92) by the projection boundary conditions: 


L5(xo, @)(@(-T) — 20) = 0, Lu(xo, @)(x(T) — x0) = 0. (10.95) 


Here, L.(xo, ~) is a (n_ X n) matrix whose rows form a basis for the stable 
eigenspace of A™ (xo, Q). Accordingly, L,,(%o, @) is a (ny x m) matrix, such that 
its rows form a basis for the unstable eigenspace of A? (x9, «). For example, ifn = 3 
and the matrix A has real eigenvalues ji. < pu; <0 < 2, (the saddle case), then 
Lu, = (pi)", where p' is the eigenvector of A’ corresponding to Ay : A’ pp} = Arp}, 


while . jr 
_ ( @ 
— (oor) 


where A’ pt = pep, k = 1,2. There is a method to construct L, and L,, so that 
they will depend smoothly on a (see the bibliographical notes). 
Finally, truncate the phase condition (10.94) to the interval [—T, T], 


+T 
/ (x(t) — x°(t), £°(t)) dt = 0. (10.96) 
—T 


Collecting the above equations gives the BVP for homoclinic continuation: 


f (xo, a) = 0, 
x(t) — f(a, a) = 9, 
L(xo, @)(a(-T) — x) = 0, (10.97) 


L (xo, a)(a(T) — xo) = 0, 
J, (a(t) — 2°), #9) dt -— 1 =0, 


8 Notice that generically (10.67) has an orbit satisfying these boundary conditions for parameter 
values that are close but not equal to the parameter values at which the homoclinic orbit is present. 
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It has been proved (see the bibliographical notes) that the existence of a regular 
homoclinic orbit in (10.67) implies the existence of a solution to the truncated BVP 
(10.97). Furthermore, as T — ov, the solution to (10.97) converges to the homo- 
clinic solution restricted to an appropriate finite interval. The rate of convergence is 
exponential for both parameter values and solutions. 

One can attempt to solve (10.97) by shooting (i.e., computing orbits on W* (x9) and 
W"“ (azo) and estimating the distance between these manifolds in order to make it zero 
by varying a parameter), however, better results can be achieved by approximating it 
with the help of the orthogonal collocation method (see Sect. 10.1.4). The resulting 
system defines a curve in a finite-dimensional space that can be continued by the 
standard technique; the projection of the curve onto the (a), a2)-plane gives an 
approximation to the homoclinic bifurcation curve. 

To start the procedure, we have to know an initial homoclinic solution. This 
solution might be obtained by shooting or by following a periodic orbit to a large 
period (since, according to the Shil’ nikov theorems formulated in Chap. 6, such long- 
period cycles exist near homoclinic orbits). There are other possibilities for starting 
the continuation, including switching to the homoclinic curve at a Bogdanov-Takens 
bifurcation. 

It is convenient to scale the time interval in (10.97) to [0, 1] and consider instead 
the BVP 

f(®o0, a) = 0, 

u(r) — 2T f(u(r), a) = 0, 

Ls(xo, a)(u(O) — xo) = 9, 

Ly (Xo, a)(uC1) — ro) = 9, 

fy (u(r) — Wr), WD) dr — 1 = 0, 


where wu is the reference solution on the unit interval. 


Remark: 

If the unstable manifold of xo is one-dimensional, the boundary-value problem 
can be slightly simplified. Namely, suppose that there is always only one eigenvalue 
with positive real part: 4; > 0. Then, the left-hand boundary condition can be written 
explicitly as 

xu(—-T) = to + eq), (10.98) 


where q is the eigenvector of the Jacobian matrix: A(x, a)gqi = Aig;, ande > Ois 
a small user-defined constant. Thus, no integral phase condition is required. At the 
right-hand end point, we have a single scalar equation 


(p}, x(T) — xo) = 0, 
where p/ is the adjoint eigenvector: A! (20, a)p; = A, py. Notice that the eigenvec- 


tors qj and py can be computed via continuation by appending their defining equations 
and normalization conditions to the continuation problem. The point x(—T) given 
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Fig. 10.13 Projection 
boundary condition when 2 
is a saddle-node: 

a(—T) — 29 € T°; no 
conditions are imposed on 
«(T) 


by (10.98) can also be used as a starting point to integrate W"(2o) numerically in 
order to find a starting homoclinic orbit by shooting.’ 


If xo has a simple zero eigenvalue (i.e., Zp is a saddle-node or saddle-saddle), 
the projections (10.95) give only n_ +n, =n -— 1 boundary conditions. In other 
words, the boundary conditions (10.95) place the solution at the two end points in the 
center-unstable and center-stable eigenspaces of A(xo, a), if present (see Fig. 10.13). 
Thus, an extra equation is required, namely the one defining the fold bifurcation, e.g., 


det A(zo, a) = 0. (10.99) 


Itcan be proved (see the bibliographical notes) that a solution to (10.97), (10.99) exists 
and converges to the homoclinic solution as T — oo, provided a generic saddle- 
node homoclinic bifurcation (see Chap. 7) happens in (10.67). The convergence 
rate remains exponential for the parameters but is only O(T~*) for the homoclinic 
solutions. Clearly, the projection of the curve defined by (10.97), (10.99) into the 
(Q1, @2)-plane coincides with the fold bifurcation boundary 


f (xo, a) = 0, 
det A(xo, a) = 0, 


which can be computed as described in Sect. 10.3.1, but solving (10.97), (10.99) also 
gives the homoclinic solution. 


° Higher-order approximations of W", such as the second-order one derived in Sect. 10.1.3, can 
also be used. 
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10.3.4 Detection, Location, and Analysis of Codim 2 
Bifurcations 


While following a bifurcation curve corresponding to a codim 1 bifurcation, we 
should be able to detect and locate possible codim 2 bifurcations. Thus, special test 
functions have to be derived. Here, we will focus on detecting codim 2 equilibrium 
bifurcations. Some codim 2 bifurcations can be detected along a branch of codim | 
bifurcation of limit cycles by monitoring the coefficients of the periodic normal forms 
discussed in Appendix A to Chap. 3. Test functions to detect codim 2 homoclinic 
bifurcations are discussed in Appendix C of this chapter. 

Notice that according to Lemmas 10.3 and 10.4, the continuation procedures 
for codim 1 curves will allow us to compute through higher-order singularities. If 
a singularity is caused by an extra linear degeneracy (i.e., dim W° changes), the 
problem is most easily solved within the minimally augmented approach. Suppose 
we continue a fold bifurcation curve using the augmented system (10.68). Then, 
monitoring the test function 7 for the Hopf bifurcation (10.41) along this curve 
allows us to detect both Bogdanov-Takens and fold-Hopf bifurcations. Similarly, 
evaluation of the fold test function y; given by (10.39) along a Hopf curve (10.69) 
provides an alternative way to detect the same bifurcations. As pointed out, the Hopf- 
Hopf bifurcation point can be detected as a branching point for the Hopf continuation 
problem (10.69). We can also detect this singularity by monitoring the Hopf test 
function wy restricted to the complementary eigenspace. 

To detect singularities due to nonlinear terms, we have to compute the corre- 
sponding normal form coefficients. Since certain adjoint eigenvectors are required 
for these computations, we can extend the standard augmented system by append- 
ing equations for properly normalized adjoint eigenvectors. For example, to detect a 
cusp bifurcation on an equilibrium fold curve, we have to monitor the scalar product 
(p, B(q, q)), where p is a zero eigenvector of the transposed Jacobian matrix. We can 
obtain the normalized adjoint eigenvector p as a part of the continuation of the fold 
curve in the (x, a, qg, p, €)-space using the defining system 


f(a, a) = 0, 
A(z, a)g = 0, 
A! (x, a)p — ep = 0, (10.100) 
(q, q) -l= 0, 
(p,p) —1=0, 


where ¢ is an artificial parameter that is equal to zero along the fold curve. Note that 
a Bogdanov-Takens singularity can be detected while following the curve (10.100) 
as a regular zero of the test function Wg7 = (p, q) (prove!). A similar system can be 
derived for the continuation of the Hopf bifurcation with simultaneous computation 
of the normalized adjoint eigenvector (its real and imaginary parts), which is required 
for the evaluation of the first Lyapunov coefficient /; and the detection of its zero (a 
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Bautin point). To detect a Bogdanov-Takens point along the Hopf curve defined by 
the augmented system (10.80), we can monitor the function ¢#gr = k. 

Appending the test function to be monitored to the appropriate continuation prob- 
lem, we can locate the corresponding codim 2 bifurcation point via some iterative 
method. By freeing the third parameter, we could continue codim 2 points in three 
parameters (see the bibliographical notes). All the constructions presented can be 
carried out for discrete-time systems as well. We leave this as an exercise for the 
reader. 

When a codim 2 bifurcation point is located, it should be analyzed. That is, the 
critical normal form coefficients of the ODEs and maps restricted to the correspond- 
ing center manifolds have to be computed as explained in Chaps. 8 and 9. For codim 
2 bifurcations of limit cycles, efficient methods to compute coefficients of the cor- 
responding periodic normal forms on center manifolds have been developed and 
implemented; see references in Appendix D. 

Normal form coefficients for the Bautin, Hopf-Hopf, and other codim 2 bifurca- 
tions depend on the fourth- and fifth-order partial derivatives of the system’s right- 
hand side at the critical point (see Sects. 8.7 and 9.9). Similar to the fold and Hopf 
cases, their computation can be reduced to the evaluation of certain directional deriva- 
tives. Indeed, the following polarization identities hold: 


1 
C(u, v, w) = aq[Cutotw, ..) —-C(utu—w,...) 


—C(u-v+u,...)+Ctu-v-—w, ali 


1 
D(u, v, w, y) = sp |Dutetwty)—Dutotw—y..) 


+ D(u+tuv-w-y,..)-Dut+v-—wt+y,...) 
—-Diu-v+wty,...)+Du-v+w-—y,...) 


Diu-v-—w Ys) + Du-v-w+y,..)], 


E(u, 0, 0.42) = eB tvtwtyt J-Eututwty— 20) 
+EF(utvtw-y-2Z,.J-Eutvutw—-ytsZ,.. 
—-E(Qutv—-wt+ytzZ,.J+tkutv-wt+y-Z,.. 
—-E(Qutv—-w-y-2Z,.J+tkutvu-—w-ytZ,.. 
—-E@w-vt+uwt+yt+z,.J+tFu-vtwt+y-Z,.. 
E@wu-v+w-y-zZz,.J+tEu-vtw-ytz,... 
+ EQu-v-wt+tytzZ,..J-Eu-v-wty-Zz,.. 


+ E(u-v-w-y-zZ,..)-Etu-v-—w y+z,.)| 
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Here, the dots stand for repeating arguments. These formulas can be used together 
with the standard finite-difference approximations of the fourth- and fifth-order direc- 
tional derivatives. 

We finish this section by discussing the problem of branch switching at codim 2 
points. We consider only equilibrium bifurcations of continuous-time systems. There 
is no branch-switching problem at a generic cusp point since there is only a single 
fold curve passing through without any geometric singularity. In contrast, a Hopf- 
Hopf point provides a branching point for the minimally augmented system. Thus, 
we might use the branching technique developed in the previous section to initialize 
the other Hopf branch. Switching to the Hopf curve from the fold curve at a generic 
Bogdanov-Takens or fold-Hopf point causes no difficulties, because these points are 
regular points on the respective curves: Such codim 2 point can itself be used as the 
initial point. As we saw in Chap. 8, certain bifurcation curves at which limit cycle and 
homoclinic bifurcations take place emanate from some codim 2 points. Switching to 
such branches needs special techniques (see the bibliographical notes in Appendix 
D). 


10.4 Continuation Strategy 


The analysis of a given dynamical system requires a clear strategy. Such a strategy is 
provided by bifurcation theory. Formally, while performing the analysis, we always 
continue certain curves in some spaces and monitor several test functions to detect and 
locate special points on these curves. Theoretical analysis of bifurcations suggests 
which higher-codimension bifurcations can be expected along the traced curve and 
therefore which test functions have to be monitored to detect and locate these points. It 
also predicts which bifurcation curves of the same codimension originate at a detected 
point. Having located a special point, we can either switch to one of these emanating 
curves or “activate” one more parameter to continue, if possible, the located point in 
more parameters. Of course, we can also merely continue the original branch further 
beyond the special point. 

The analysis of any system usually starts with locating at least one equilibrium at 
some fixed parameter values. Then, we “activate” one of the system parameters 
and continue the obtained equilibrium with respect to this parameter. During con- 
tinuation, some fold or Hopf points may be detected. Generically, these points are 
nondegenerate. Then, a limit cycle bifurcates from the Hopf point in the direction 
determined by the sign of the first Lyapunov coefficient. Cycle continuation can be 
initialized from the Hopf point, and its possible codim | bifurcations detected and 
located as a parameter is varied. Switching to a cycle of double period can be done 
at flip points, for instance. 

By freeing the second parameter and using one of the augmented systems, we 
can compute bifurcation curves in the plane defined by these two active parame- 
ters. Often, detected codim 2 points connect originally disjoint codim | points. For 
example, two fold points found in the one-parameter analysis can belong to the same 


10.5 Exercises 627 


fold bifurcation curve passing through a cusp point as two parameters vary. Thus, 
higher-order bifurcations play the role of “organizing centers” for nearby bifurca- 
tion diagrams. This role is even more prominent since certain codim 1 limit cycle 
bifurcation curves can originate at codim 2 points. The simplest examples are the 
fold curve for cycles originating at a generic Bautin point and the saddle homoclinic 
bifurcation curve emanating from a generic Bogdanov-Takens point. Their contin- 
uation can be started from these points. A more difficult problem is to start global 
bifurcation curves from fold-Hopf and Hopf-Hopf bifurcation points. 

The continuation of codim | bifurcations of limit cycles usually reveals their 
own codim 2 bifurcation points (strong resonances, and so forth). Overlapping the 
obtained bifurcation boundaries for equilibria, cycles, and homoclinic orbits provides 
certain knowledge about the bifurcation diagram of the system and might give some 
insights into other bifurcations in which more complex invariant sets—for example, 
tori—are involved. Though well formalized, the analysis of a specific dynamical sys- 
tem will always be an art in which interactive computer tools (see the bibliographical 
notes) are a necessity. 


10.5 Exercises 


Most of the following exercises require the use of a computer and, desirably, some of the software 
tools mentioned in the bibliographical notes. 


(1) (Feigenbaum’s universal map via Newton’s method) (Read Appendix C to Chap. 4 before 
attempting.) 
(a) Assume that the fixed point (x) of the doubling operator 


1 
(Tf)\(@) = ACA ax)), a=—f(l) 


has the polynomial form 
yo(x) = 1+ bya" + boat 


with some unknown coefficients 1,2. Substitute yo into the fixed-point equation y — Ty = 0 and 
truncate it by neglecting all o(a*) terms. The coefficients of the x?- and a4-terms define a polynomial 
system of two equations for (b1, b2). Solve this system numerically by Newton’s iterations starting 
from @? ; oY”) = (—1.5, 0.0). Verify that the iterations converge to 


(b1, bo) © (—1.5222, 0.1276), 


which is a good approximation to the true coefficient values. 
(b) Now take 


yo(r) = 14+ bia" 4 boat } b32°, 


which gives the next approximation to y, and repeat the procedure, now dropping o(x°) terms. 
(Hint: A symbolic manipulation program may be useful.) Explain why introducing the term 63° 
changes the resulting values of the coefficients bj; 9. 
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(c) Describe an algorithm allowing us to compute the approximation of to within a given 
accuracy. Could a basis other than {1, x”, a*+,...} be used, and would this give any advantages? 
(Hint: See Babenko & Petrovich (1983, 1984).) 

(d) How would one approximate the Feigenbaum constant? 


(2) (Broyden versus Newton) (Dennis & Schnabel 1983) The system of two equations, 


x + vy —2=0, 
te +23 —2=0, 
has the solution x9 — as =1. 

(a) Program Newton’s method to solve the system using an analytically derived expression for 
the Jacobian matrix A(x). Implement also the Broyden method for this system with A = A(a), 
where «) is the initial point for both methods. 

(b) Compare experimentally the number of iterations required by each method to locate the 
specified solution with the accuracy 10~, starting from the same initial point ge = 1.5, as =2, 

(c) Make the same comparison between the Broyden method and the Newton-chord method 
with the matrix A(z) used in all iterations. 

(d) Modify the program to compute approximately the Jacobian matrix in Newton’s method 
by finite differences with increment 10~°. Compare the number of iterations and the number of 
right-hand side computations needed by the resulting algorithms to converge to the solution from 
the same initial point, with the same accuracy as in step (b). 


(3) (Integral phase condition) Prove that the condition 


1 
/ (u(t), 0(7)) dr =0 
0 


is a necessary condition for the L2-distance between two (smooth) 1-periodic functions u and v, 


1 
Hey / utr +0) — v(r) |? ar, 
0 


to achieve a local minimum with respect to possible shifts c. 


(4) (Gauss points) 
(a) Apply the Gramm-Schmidt orthogonalization procedure: 


n—-1 


po = Yo, Vn = Yn > 


j=0 


(en , pj ) 
(bj, Vi) 


by, n=1,2,... 


with the scalar product 


+1 
(f.9) = f(a)g(@) dx, f,g €C[-1, 1], 


to the set of functions y;(x) = x), 7 =0,1,.... The resulting orthogonal polynomials are the 
Legendre polynomials. Verify that 
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ers, 

Wi(@) = 2, 

Yr(0) = 562? - 0), 
1 2 

Ys(a) = 5 62? — 30), 


Y4(t) = (3524 — 30a? + 3), 


1 5 3 
w5(x) = gee — 70a” + 15x). 


(b) Find, by Newton’s method, all roots (Gauss points) of the above polynomials 7); (x), for 
j =1,2,...,5, with accuracy ¢ = 10713, 


(5) (Branching point) 
(a) Prove that (0, 0) and (1, 1) are simple branching points of the continuation problem 


fi, 22) = 2} — 21a — 2195 + 23 = 0, 


and compute vectors tangent to the branches passing through them. 

(b) Evaluate the test function (10.62) along the equilibrium branch x2 = x, and check that it 
changes sign at the branching points. 

(c) Continue a branch of the perturbed problem f(x) — ¢ = 0 passing near the point « = 
(—2, —2) for several small |e|. Use the results to continue the second branch of the original problem. 


(6) (Generalized flip continuation) Specify an extended system that allows for the continuation 
of a generalized flip bifurcation of the discrete-time system 


re f(z,a), ce R", w€ER’. 


(7) (Fixed points and periodic orbits of the Hassel-Lawton-May model) Consider the recurrence 


relation 
TL, 


Lee] = ————— » 
k+1 +a? 


where x; is the density of a population at year k, and r and ( are growth parameters. 
(a) Write the model as a one-dimensional dynamical system 


yo R+y—e’ Ind +e’), (E.1) 


by introducing the new variable and parameters: y = Inz, R = Inr,b = Inf. 

(b) Set R = 3.0, b = 0.1 and compute an orbit of (E.1) starting at yo = 0. Observe the conver- 
gence of the orbit to a stable fixed point y ~ 2.646. 

(c) Continue the obtained fixed point y with respect to the parameter b within the interval 
0 < b < 3. Detect a supercritical flip bifurcation at by + 1.233. 

(d) Switch to the period-two cycle bifurcating at the flip point and continue it with respect to b 
until the next period doubling happens at bz ~ 2.1937. Verify that b; is a branching point for the 
period-two cycle. 

(e) Switch to the period-four cycle bifurcating at the flip point and continue it with respect to b 
until the next period doubling happens at b4 ~ 2.5691. 
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(f) Continue the flip bifurcations for period-one, period-two, and period-four cycles in two 
parameters (b, R) within the region 0 < b < 3,0 < R < 10.0. Verify the Feigenbaum universality. 
Where could chaos be expected? 


(8) (Arnold tongue in the perturbed delayed logistic map) Consider the following recurrence 
relation (see Example 7.2 in Chap. 7): 


Cp = TLR — eR-1) +, (E.2) 


where x; is the density of a population at year k, r is the growth rate, and ¢ is the migration rate. 
(a) Introduce y;, = xj; and rewrite (E.2) as a planar dynamical system 


(F)+ Coa). (E.3) 
Yy x 


(b) Set r = 1.9, ¢ = 0 and iterate an orbit of (E.3) starting at (xo, yo) = (0.5, 0.2) until it 
converges (approximately) to a fixed point. 

(c) Activate the parameter r and continue the located fixed point. Check that a Neimark-Sacker 
bifurcation happens at r = 2, and verify that the critical multipliers have the form 


tidy T 


. 09 = = 
3 


M12 =e 
Is it a strong resonance or not? 

(d) Iterate the map (E.3) for r = 2.01, 2.05, 2.10, and 2.15 using various initial data. Check that 
the iterations converge to closed invariant curves giving rise to quasi-periodic sequences {x;}. 

(e) Setr = 2.177 and iterate an orbit starting from the last point obtained in Step (d). Observe that 
the orbit converges to a cycle of period seven. Select a point on the cycle with maximal x-coordinate. 

(f) Continue this period-seven cycle with respect to r (see Fig. 7.23 in Chap. 7). Interpret the 
resulting closed curve on the (1, x)-plane. (Hint: Each point of the period-seven orbit is a fixed 
point of the seventh iterate of the map (E.3).) Check that the cycle of period-seven exists inside the 
interval ry <r < r2, where r) © 2.176 and r2 © 2.201 are fold bifurcation points. 

(g) Continue the period-seven cycle from Step (e) with respect to € and find its supercritical 
period-doubling (flip) bifurcation at € + 0.0365. 

(h) Continue the Neimark-Sacker bifurcation found in Step (c) on the (7, €)-plane and obtain 
the curve h shown in Fig. 7.24 in Chap. 7. 

(i) Continue the fold for the period-seven orbits starting at two bifurcation points obtained in 
Step (f) varying (7, €) (see the curves i in Fig. 7.24). Which point on the Neimark-Sacker curve 
approaches the fold curves? Find the corresponding 9. Is it in accordance with the theory of the 
Neimark-Sacker bifurcation and phase locking? Where is the period-six cycle? 

(j) Continue the flip bifurcation curve f starting at the point found in Step (g) on the (r, €)- 
plane, thus delimiting the region of existence of the period-seven cycle (see Fig. 7.24). Verify that 
f™ has two points in common (outside the region depicted in Fig. 7.24) with the fold bifurcation 


curves ine, where the period-seven cycle has multipliers we = +1 (a codim 2 bifurcation). 


(9) (Equilibria and limit cycles in a predator-prey model) Consider the following system of 
ODEs (Bazykin 1985): 
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0.47 


0.2- h 


0.17 


Fig. 10.14 Fold (¢) and Hopf (h) bifurcation curves of the predator-prey model; the Bogdanov- 
Takens point is labeled by B 


where x and y are prey and predator densities, respectively, a is a saturation parameter of the predator 
functional response, y describes the natural predator mortality, and 6 is the predator competition 
rate for some external resources. When a = 6 = 0 we obtain the classical Volterra system. 

(a) Set a=0,y = 2,6 =0.5, and numerically integrate an orbit of the system starting at 
(xo, yo) = (1, 1). Verify that the orbit converges to the stable equilibrium («, y) = (2.5, 1.0). Try 
several different initial points. 

(b) Continue the equilibrium found with respect to the parameter a and detect and locate a 
fold bifurcation point. Activate the parameter 6 and compute the fold bifurcation curve ¢ in the 
(a, 6)-plane (see Fig. 10.14). Find a Bogdanov-Takens point B = (ao, do) © (0.2808, 0.171) on 
the fold curve. 

(c) Starting at the Bogdanov-Takens point, continue the Hopf bifurcation curve h emanating 
from this point (see Fig. 10.14). Predict the stability of the limit cycle that appears upon crossing 
the Hopf curve near the point B. 

(d) Choose a point on the Hopf bifurcation curve near its maximum with respect to the parameter 
6 at (a1, 01) © (0.199586, 0.2499). Decrease 6 by a small increment (e.g., set 6 = 0.229) and find 
a stable limit cycle generated via the Hopf bifurcation by numerical integration of the system. Try 
several initial data not far from the cycle and check its stability. Determine (approximately) the 
period of the cycle. 

(e) Continue the cycle from Step (d) with respect to the parameter 6 in both possible directions. 
Monitor the period To of the cycle as well as its multipliers. Notice that the period 7) grows rapidly 
as 6 approaches 69 © 0.177 (see Fig. 10.15). Guess which bifurcation the cycle exhibits. Plot the 
cycle for increasing values of 7p, and trace the change in its shape as it approaches a homoclinic 
orbit. 

(f) Continue the homoclinic bifurcation curve in the (a, 6)-plane and convince yourself that it 
tends to the Bogdanov-Takens point B. 
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20 T 


5 i i 
0.15 0.175 0.2 0.225 0.25 


Fig. 10.15 Dependence of the cycle period To on 4; 69 © 0.177 corresponds to the homoclinic 
bifurcation 


Fig. 10.16 Fold (¢) and Hopf (7) bifurcation curves of the Lorenz-84 model; codim 2 bifurcation 
points: Z H—fold-Hopf, C—cusp 
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(10) (Lorenz-84 model) Consider the following system (Lorenz 1984; Shil’nikov et al. 1995): 


&= -y’— 2 -art+aF, 
y = vy —baz—yt+G, 
z= bry+az- 2, 


where (a, b, F, G) are parameters. Fix a = 0.25, b = 4. 

(a) Verify that the system exhibits a fold-Hopf bifurcation (A = 0, A2,3 = +iwo) at ZH = 
(Go, Fo) © (1.682969, 1.684052). (Hint: See Exercise 12 to Chap. 8.) 

(b) Starting from the fold-Hopf point ZH, continue the fold (¢) and the Hopf (h) bifurcation 
curves of the system. Find a cusp bifurcation point C = (G-, F.) © (0.292, 0.466) on the fold curve 
(see Fig. 10.16). 


(11) (Limit cycles and heteroclinic orbits in a predator-double-prey system) Consider the sys- 
tem 


& = «(a — x — 6y — 42), 
y = y(G—2—y— 102), 
z= —2(1 —0.25a — 4y 4+ z), 


describing the dynamics of two prey populations affected by a predator (see, e.g., Bazykin (1985)). 
(a) Fix a = 2.4, 6 = 1.77. Integrate the system starting at (xo, yo, 20) = (0.9, 0.6, 0.001) and 
observe that the orbit converges toward a stable equilibrium (x0, yo, 20) © (0.6919, 0.228, 0.085). 
(b) Continue the equilibrium from Step (a) with respect to the parameter 3 and show that it 
undergoes a supercritical Hopf bifurcation at 37 = 1.7638.... 


80 


607 


To 


40} 


20 : 
1.75 1.7528 1.76 


pB 


Fig. 10.17 Dependence of the cycle period Tp upon 3; 89 © 1.75353 corresponds to the heteroclinic 
bifurcation 
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Fig. 10.18 Heteroclinic Zz 
connection 


(c) Take G = 1.76 and find a stable limit cycle in the system by numerical integration. Check 
that the period of the cycle To ~* 26.5. 

(d) Continue the limit cycle with respect to the parameter 3 and monitor the dependence of its 
period 7p upon ( (see Fig. 10.17). 

Plot the cycle for different values of 7p and try to understand its limiting position as Ty —> oo 
for 8 — (io © 1.7353. (Hint: The limit cycle becomes a heteroclinic cycle composed of three orbits 
connecting saddle points; two of these orbits belong to the invariant coordinate planes and persist 
under parameter variation (see Fig. 10.18).) 

(e) Analyze bifurcations detected on the cycle curve, and continue several flip and fold bifurcation 
curves varying the parameters (a, 3). 


(12) (Periodically forced predator-prey system) Reproduce the parametric portraits of the peri- 
odically forced predator-prey system presented in Example 9.3 of Chap. 9. 


(13) (Moore-Penrose continuation) 


Definition 10.4 Let A be ann x (n + 1) matrix of rank n. The Moore-Penrose inverse of A is the 
(n+ 1) x nmatrix At = A™(AAT)~!, 


(a) Consider the linear system 
Ay=a, ye R"!, aeR". 
Prove that y = A‘a is a solution to this system satisfying the orthogonality condition (v, y) = 0, 
where v € R"*! is a nonzero vector such that Av = 0. 
(b) Now consider a smooth continuation problem: 


F(y)=0, F:R™!'>R". 


Let y® € R"*! bea point sufficiently close to a regular point on the curve defined by the continuation 
problem. Denote A(y) = F,,(y) and define the Gauss-Newton corrections 


yey =A GF). f= 0.12.00. 
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Explain why these iterations are asymptotically equivalent to the geometric construction presented 
in Fig. 10.7. 


(c) Devise an efficient implementation of the Moore-Penrose continuation, in which the com- 
putation of the tangent vector at the next point on the curve is incorporated into corrections. (Hint: 
See Allgower & Georg (1990).) 
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Denote by T(x, 7) the ball bounded by a sphere of radius r centered at the point x € R”: 
T(a,r) ={€ ER": ||€— a <r}. 
Here, ||h|| = /(h, A) is the standard norm of h € R” with (a, y) = a! y, x, y € R”. 


Let F : R” > R", 2b F(a) be a smooth map. Its multivariate Taylor expansion at x9 € R” 
for h € R” with small ||h|| can be written as 


1 
F (xo + h) = F(xo) + A(wo)h + 5 B(ao; h h) + O(||hI>), 


where A(xo) = DF (x0) = Fr (2o), while B(xo; r, 8) = D*F(xo)(r, 8) = Frx(x0) 
(r, s). In components: 


OF; (x0) 
(A(ao)h)i = A —hy, 
ee 
n 
0 F;(x9) 
B(x; 7, 8) = ‘ 
i(@0; 7, 8) be dx j0xp jek 
jk=l 
for r,s € R” andi = 1,2,...,. Given xo, the mapping h +> A(xo)h is linear, while (7, s) 


B(xo; T, 8) is a bilinear form. 


Lemma 10.5 Let 2,29 € R" and h:=x-— 29. Then for all x sufficiently close to 2x0, 
i.e., ||h|| small enough, hold 


1 
F(a) = Fao) + f A(ao + th)h dt (A.1) 
0 


and 


1 
F(x) = F(ao) + A(ao)h4 / (1 — t)B(xo + th; h, h) dt. (A.2) 
0 
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Proof: 
Introduce f(t) = F(aq + th). Then f® = A(ap + th)h, in particular FO) = A(xo)h, and 
f(@) = B(xo + th; h, h). This gives 


1 1 
/ Acai a= [ #@ dt = fA) — FO) = Feo +h) — Flo), 
0 0 


from which (A.1) follows. Similarly, 


1 1 
[o- vse +th:h, h) a= [ (1 —atf(ddt 
0 0 


. 1 . 
f@a—oli+ [ fat 


= -f0)+fW— fO) 
= —A(ao)h+ F(xo +h) — F(x0), 


implying (A.2). 


Define 
; | A(x] ‘ | B(x; h, h)]| 
| All(z) := sup ——— and ||B||(x) := sup ——~_,— 
nzo— WA nzo WA 


Then 
|A(x)hl] < All(x) [|All and || B(x; h, h)|| < || BI (@)/All? 


for allz,h € R”. 
Consider an “algebraic” equation 
F(x) =0, (A.3) 


where F : R” > R” is a smooth map. 


Theorem 2 Let x, be a solution to (A.3), i.e., F(x) = 0, and suppose that A(x) is invertible. 
Then there exists € > 0 such that for any xo with ||x9 — xx|| < ¢, the Newton iterations 


et = ty — Ay) F Gp), B= 0;1,2, 045 (A.4) 
are well defined, satisfy ||xjx. — x»|| < € for all k = 0, and converge quadratically to X,, i.e., 
lze41 — eel] < Clare — well? 


for all k > 0 with some C > 0. 
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Proof: 
Provided A~! (xz) exists, it follows from (A.4) that 


th — te = A! (x~)(A(ee)(@k — tx) — F (ae) + Fes). 


Using (A.2) and making a substitution in the integral, we see that 


1 
A(t) (04 — 4) — F(ty) + Fre) = / tBlwe + th; h, h) dt, 
0 
where h = x}, — x,. Thus 
1 
kp] — Ly = Ay f tB(a,. + th; h, h) dt. (A.5) 
0 


Since F is smooth and A(x) is invertible, there exist 6, M > 0 such that for all x with ||a — 
xx|| < 6 the matrix A(x) is also invertible and 


1 
A l(x)|| < —. 
| (x) || < 7; 


Let 
L= sup ||Bil(z). 


2-2] <6 


From (A.5), it follows that 


L 
2 2 
e+1 — tall S FIA = | 


= ou ay lite 


for ||, — xx || < 6. Therefore, if {x;,} is well defined and converges to x, , it converges quadratically 
: _oL 
with C = aM: 
Take ¢ satisfying 


. 2M 
0 < e < min{ 6, —}. 
L 


Then, if x; satisfies ||7z~ — xvz|| < e, it is also true that ||2, — x,|| < 6, so that AT! (xp) exists and 
X41 is well defined. Moreover, 


L L 2M 
lee+1 — ll < zx — vx || ]@~ — Tel < 


= 2M ny a eee 


We have € > 0 such that for any xo with ||ao — x|| < € holds ||a, — x.|| < © for all k > 1 (by 
induction). 
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Introducing 
L 
&k = am |e — x\l, 
we get €k41 < & for k > 0, which implies 
k 
&<G- 
Here £9 < 1, since 
i \< L L 2M 1 
r- 2 < . 
oy lo MD 


Thus & — 0 as k — oo, meaning that {;} converges to xx. 


Now we formulate without proof two theorems by Kantorovich on the convergence of the 
Newton and Newton-chord methods to solutions, which existence they also guarantee. 


Theorem 10.4 Suppose that A(xo) is invertible. Let 


sup sup Aa! (ap) BCE; h,h)|| = M<o, 
€€T(x0,ro) |All<1 


and let 
6 = ||A7' (x0) F (xo) |I- 


Suppose that 26M < 1 and 
5< ae + J/T—25M). 


Then, Newton iterations (A.4) converge to a solution xx € T (x0, 79) of system (A.3). Moreover, 


Iz; — v4 < M~12-JQ5M)”, 7 =0,1,.... 
Theorem 10.5 Under the conditions of Theorem 10.4, the Newton-chord iterations 
Crp = op — Aq! (ap) F (ax), &=0,1,2,..., 


converge to a solution x. € T (x0, 11), of system (A.3), where r; = min (r9, M~*). Moreover, 


inj — 4] < 6VT— 25M [1 — VT 25m)’, = 


10.7 Appendix B: Bialternate Matrix Product 


As we have already seen in Sects. 10.2.2 and 10.3.1, the bialternate product plays a prominent 
role in the detection and continuation of Hopf and Neimark-Sacker bifurcations. Since this topic is 
not treated in standard courses on Linear Algebra, we prove here basic facts about the bialternate 
product, including Theorem 10.3. 

Consider a 3 x 3 real matrix 
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@1 a12 a13 
A=| a1 a22 433 
431 432 433 
Its eigenvalues A, A2, and 3 satisfy the characteristic equation 


MoM + pA-A=0, 


where o = tr(A), A = det(A), and 


pP = 411422 + 411433 — A12A21 + A22433 — 413031 — 23432. 


If A1,2 = iw with w ¥ 0, then 
op-A=0 


(Hurwitz’s condition). The left-hand side of this condition can be rewritten as the determinant of 
some 3 x 3 matrix whose elements are simple linear combinations of the elements a;; of the matrix 
A: 


ai, + a22 a23 a3 
op— A= det a32 ay + 433 a\2 
— a3] a2) a22 + a33 


The matrix on the right-hand side is 2A © J3, where © is the bialternate matrix product formally 
introduced by Definition 10.1. How can one come to such a definition? 


Definition 10.5 Index pairs (i, 7), (m,n) are listed in the lexicographic order if either 1 < m or 
(i= mand j <n). 


For example, the three pairs (2, 1), (3, 1), (3, 2) are listed in the lexicographic order. 


Definition 10.6 The wedge product of two vectors from C", 
Vv = (U1, U2,---, Un), W= (WI, W2,.--, Wn); 
is a vector v Aw € C™, where m = 5n(n — 1), with the components 
WAW)E|) = Vi; —Yjwi, NZI>j2 1, 


listed in the lexicographic order of their index pairs. 


The wedge product of two planar real vectors, 
v2 w2 
is areal number (v A w)(2,1) = V2W1 — V1 w2. Its absolute value equals the area of the parallelogram 


T= {e#eR*:x=av+ Bu, a, 3 € [0, 1}. 


The wedge product of two vectors from the space R? is also related to a well-known object. When 
two real vectors 
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UI WI 
v= U2 » w= Ww2 
U3 W3 
are given, their wedge product 
(VA Wa.) U2W1 — Viw2 
vAW=] WAWEeLD | = | ww — v1W3 
(uv A w)@,2) U3W2 — U2W3 


is a vector in R?. Denoting this vector by u = v A w, we see that 


where x is the standard cross product of two vectors in R?. 
We formulate the following two lemmas without proof. 


Lemma 10.6 For any v, w, wi? eC", andr\eEC: 
G)vAw=-—wWAd; 
(it) VA (Aw) = AWA W); 
(iit) vA (w! tw?) =v Aw! +uAu". 


Lemma 10.7 Ife! €C", n>i> 1, forma basis inC", then ebAdeC™, n>i> j = 1,form 
a basis in C™. 


If e’(n > 1 > 1) form the standard basis in C”, the resulting basis in C”’ is also called standard. 


Lemma 10.8 Fix a basis e’ € C", n> i> 1, inC” and consider two vectors v, w € C”, 


= ) vie", W= y wye’, 
a 4 


foo 


and avectoru € C™: 
u= DP ugpe re’. 
n>i>j>1 
fu=vAw, then uG.j) = jw) —vjwi, NZT> j= 1. 
Proof: Forn > 7,7 > 1: 


n 
vAw= y vie’ | A ) we] = y ujw; (e' Ae’) 
i j 


ij 


— ome UjZw; (e A e) + a UjzW; (e! A el) 


i>j jot 

= > UjZWj (e’ A e!) - bs UjzW; (el A e’) 
i>j jot 

= So vw; (e! A e) _ So vjwi (e! A e/) 
i>j i>j 


= Swi; - vjwi(e! A e) = bs Wi,jyer Ae. 


i>j i>j 
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Consider two linear transformations of C”, 
vbr Av, wr Bu, 


where A and B are n x n complex matrices with elements ap, and b,s, respectively. 


Definition 10.7 The transformation of C™ defined by 
1 
(vAw) (AO B)\wAw)= hae A Bw — Aw A Bv) 


is called the bialternate product of the above transformations. 


In particular, 
(AO AWA w) = AvA Aw 


and 
QAOInWwAw) = AvAwW+VA Aw. 


Theorem 10.6 The bialternate product is a linear transformation of C™. Its matrix A © B in the 
standard basis e' Ae}, n >i > 7 > 1, has the elements 


1 


by Ons 
(A © B)q@q,(rs) = = | pr Ops 


Agr Qqs 


Apr Aps st 


2 br bgs 


wheren>p>q>landn>r>s>1. 


Proof: 


1 . , 
(A© Bye’ Ae*) = 3 Aer A Be® — Ae® A Be’) 


= ; bs pre? A a byse? = Se Apse? A oS bya 
P q . : 


1 
=i Bb Aprbgs(e? A e4) — ss Apsbgr(e? A | 
Pd Pq 
1 
Sa b Aprbgs(e? A e4) — ys Agrbps(e? A e*) 
p>q p<4q 
— a Apsbgr(e? A ef) + Ss Ags bpr (Ep A “| 
p>q p<q 
1 
= 95 Yo aprbas = Apsbgr + Agsbpr — Agrbps)(e? A e*) 
p>q 
1 Apr Gps bpr bps 
=x Py ; e? A ef). 
2; X | bar bgs Qqr aqs ( ) 


On the other hand, 
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(AO Be" A€*) = Y(A © BY pg cr,s)(€? A 4). 
p>q 


The statement of Theorem 10.6 was used as Definition 10.1. The expression 2A © J, has a 
special name: It is called the biproduct of A. We have 


—as T=, 
ay  T Apands=q, 
App + Aqq T = pand s = gq, 
aqs r=pands#q, 
ag S=D, 
0 otherwise. 


(2A O In)p.g.(r.s) = 


For n = 2, 3, and 4, this gives 2A © In = aj + a2, 


aij +422 a3 —a13 
2AQ B= a32,0 yp +433 a2 , 
—a3] a21 a22 + 433 
and 

ayy +a a3 —ay3 a24 —ai4 0 
a32.0« att +4332 a34 0 —ai4 
AG h= —a3| a2, a2 +433 0 a34 —a24 

a4 43 0 aypt+a4q ay ay3 

—a4} 0 a43 a2, 22 +444 23 

0 —a4) —a42 a3| a32.a33 + a44 


The following three lemmas follow directly from Definition 10.7. 


Lemma 10.9 For any complex n x n matrices A, B, Bi,2,andX EC: 
(i) AOB=BOA; 
(it) AO (AB) = (A © B); 
(117) AO (B} + Bs) = AO Bi +AO Bo. 


Lemma 10.10 For any complex n x n matrices A and B, 


(A © A)(B © B) = (ABO AB). 


Lemma 10.11 For any complex n x n matrix A and any nonsingular complex n x n matrix P : 
@(POP)'=P'oP!; 
(ii) (PAP7!) © (PAP7!) = (P © P)(AQ A)(P © P)!; 
(iit) 20PAP7!) © In = (P © P)QAO In)(P © PI. 


Now we can prove the central result of this appendix. 


Theorem 10.3 (Stéphanos (1900)) /fa complex n x n matrix A has eigenvalues 11, [12, ..., Ln, then 
(i) AO A has eigenvalues 1; 145, 
(it) 2A © I, has eigenvalues pj + [;, 

wheren>i>j>1. 
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Proof: 

Suppose that all j; are simple. Then the corresponding eigenvectors v’, n > i > 1, compose a 
basis in C”. Thus v’ Aw, n>i> j => 1, form a basis in C”. In particular, they are all nonzero 
vectors. 

Compute 


(A@ A)(v' Av!) = Av’ A Av) = py" A pv! = [fej (v" Av), 
This means that v’ A v/ is an eigenvector of A © A corresponding to the eigenvalue 1; jj. Similarly 
(2AO Tn)(v! A vi) =Av' Av! +v' A Av! = pv Av + py" Avi= (ui + py (vt Av), 


This means that uv! A v/ is an eigenvector of 2A © J, corresponding to the eigenvalue ju; + [hj 
When multiple eigenvalues are present, the theorem follows now from the above results and the 
continuity of the eigenvalues as the functions of the matrix elements. 


The next two lemmas are important in constructing test functions for codim 2 bifurcations along 
the Neimark-Sacker and Hopf bifurcation curves. 


Lemma 10.12 Suppose thatann x nreal matrix A has a single pair of eigenvalues with ju) p12 = 1. 


Then 
be + pe (v, v)(w, Aw) + (w, w)(v, Av) — (v, w)(w, Av) — (w, v)(v, Aw) 


2, (v, v)(w, w) — (v, w)2 


> 


where (A © A— Im)(v A w) = 0. 


If 41,2 = cos 6 + isin 6, then 5 (pI + 2) = cos 6. This function can be used to detect strong res- 
onances along the Neimark-Sacker curve. 


Lemma 10.13 Suppose thatann x n real matrix A has a single pair of eigenvalues with , + A. = 
0. Then 


(vu, Av)(w, Aw) — (w, Av)(v, Aw) 


SAL (v, v) (w, w) — (v, w)2 


where (2A © In)(v A w) = 0. 


If Ay.2 = +iw, then —A;A2 = w*. When w = 0,a Bogdanov-Takens bifurcation is expected gener- 
ically. 


10.8 Appendix C: Detection of Codim 2 Homoclinic 
Bifurcations 


While following a codim 1 homoclinic orbit in two parameters, we can expect codim 2 singularities at 
certain points on the obtained curve. By definition, at such a point one of Shil’ nikov’s nondegeneracy 
conditions (see (H.0)—(H.3) in Sect. 6.4 of Chap. 6 and (SNH.1)—(SNH.3) in Sect. 7.1.2 of Chap. 7) 
is violated. First of all, the equilibrium 2g to which the homoclinic orbits tend can lose hyperbolicity 
via a fold or Hopf bifurcation. These points are end points of regular homoclinic orbit loci. Curves 
corresponding to homoclinic orbits to saddle-node/saddle-saddle equilibria originate at the fold 
parameter values. There are other types of end points, namely those corresponding to the “shrinking” 


644 10 Numerical Analysis of Bifurcations 


of the homoclinic orbit to a point (as at the Bogdanov-Takens and other local codim 2 bifurcations) 
or the “breaking” of the orbit into parts by the appearance of a heteroclinic cycle formed by more 
than one orbit connecting several equilibria. We will not consider these cases, instead we focus on 
codim | cases where there is a unique homoclinic orbit to a hyperbolic or saddle-node equilibrium. 
The appearance of codim 2 homoclinic bifurcation points leads to dramatic implications for system 
dynamics which will not be discussed here (see Champneys & Kuznetsov (1994) and Sandstede & 
Homburg (2010) for reviews of the two-parameter bifurcation diagrams respective to these points, 
as well as Kalia et al. (2019)). 

Codimension-two homoclinic bifurcations are detected along branches of codim | homoclinic 
curves by locating zeros of certain test functions 1; defined in general for an appropriate truncated 
boundary-value problem. In the simplest cases, test functions are computable via eigenvalues of the 
equilibrium or their eigenvectors and from the homoclinic solution at the end points. In other cases, 
we have to enlarge the boundary-value problem and simultaneously solve variational equations with 
relevant boundary conditions. A test function is said to be well defined if, for all sufficiently large 
T > 0, it is a smooth function along the solution curve of the truncated problem and has a regular 
zero approaching the critical parameter value as T —> oo. In fact, in all cases presented below, we 
have the stronger property that the limit of the test function exists and gives a regular test function 
for the original problem on the infinite interval also. 

Let us label the eigenvalues of A(29, a) = f(%, @) with nonzero real part as in Sect. 10.3.3: 


Re pin_ <+-- < Rep <0 <RerAy <---<Rer 


Ty 


In accordance with Chap. 6, the eigenvalues with zero real part are called critical, while the stable 
(unstable) eigenvalues with the real part closest to zero are termed the /eading stable (unstable) 
eigenvalues. In this appendix, we assume that all eigenvalues and necessary eigenvectors of A(xo, @) 
(and its transpose A! (a, a)) can be accurately computed along the homoclinic curve. 


10.8.1 Singularities Detectable via Eigenvalues 


The following test functions can be monitored along a homoclinic curve corresponding to a hyper- 
bolic equilibrium to detect codim 2 singularities which are well defined for both the original and 
truncated (10.97) problems. 


Neutral saddle: 
yy = pi t+Ar. 


Double real stable leading eigenvalue: 


y= { Rem —Re p12)", Im x = 0, 
—(Im py — Im pa), Im py £0. 


Double real unstable leading eigenvalue: 


w _ (Re I —Re d2), Im MI = 0, 
? —(Im A; — Im \2)?, Im A; £0. 


Notice that the regularity of ¢/2,3 follows from the fact that they represent the discriminant of the 
quadratic factor of the characteristic polynomial corresponding to this pair of eigenvalues. 
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JS 


Fig. 10.19 Continuation through a Shil’nikov-Hopf with n = 3: The homoclinic locus is denoted 
by # and the point-to-periodic heteroclinic curve by 1 


Neutral saddle, saddle-focus, or focus-focus: 
4 = Re pi + Re Aj. 
Neutrally divergent saddle-focus: 
ws = Re uw) + Re pw2 + Re 1, Woe = Re \1 + Re An + Re 1. 
Three leading eigenvalues: 
a7 = Re 4) — Re p3, wg = Re \j — Re A3. 


In order to detect homoclinic orbits to nonhyperbolic equilibria while continuing a locus of 
hyperbolic homoclinics, the truncated problem (10.97) should be formulated in such a way that it 
can be continued through the degenerate point. To this end, it is necessary to modify the eigenvalue 
labeling to label as jz; the n_ leftmost eigenvalues and as \; then rightmost eigenvalues irrespective 
of their location with respect to the imaginary axis. This accordingly modifies the meaning of the 
terms “stable” and “unstable” in the definition of the projection matrices L,,,, in (10.95). With this 
modification, we can simply define the following test functions. 


Nonhyperbolic equilibria: 
wo = Re 1, Yio = Re A. 


A zero of 79,19 corresponds to either a fold or Hopf bifurcation of the continued equilibrium x. 
In the first case, the bifurcation is called a noncentral saddle-node homoclinic bifurcation (see 
below), while the second one is usually referred to as a Shil’nikov-Hopf bifurcation. Generically, 
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Fig. 10.20 Continuation through a noncentral saddle-node homoclinic bifurcation. The hyperbolic 
homoclinic curve is denoted by 1, the noncentral heteroclinic curve by Hi, and the curve of folds 
by SN. Along the right-hand branch SN; of the fold curve, there also exists a central saddle-node 
homoclinic 


these singularities are end points of a locus of homoclinic orbits to hyperbolic equilibria. However, 
there exist continuous extensions of the solution curves of the truncated boundary-value problem 
(10.97) through both singularities. Beyond the Shil’ nikov-Hopf codim 2 point, there exists a solution 
curve H approximating a heteroclinic connection 1, between xo and the limit cycle C appearing 
via the Hopf bifurcation (see Fig. 10.19). A similar property holds for the saddle-node bifurcation. 
Suppose we continue a saddle homoclinic curve 1 toward a fold bifurcation of x9, which means that 
an extra equilibrium approaches 29. Assume that at the saddle-node point an unstable eigenvalue 
approaches zero. Beyond the codim 2 point, the truncated boundary-value problem (10.97) has 
a solution approximating a heteroclinic orbit connecting the two equilibria along the nonleading 
stable manifold and existing along H (see Fig. 10.20 for a planar illustration). More precisely, the 
continuation algorithm switches from the original equilibrium to the approaching one,!° while the 
projection boundary conditions place the end points of the solution in the “stable” and “unstable” 
eigenspaces of the new 2g. Close to the codim 2 point, the latter gives a good approximation to the 
unstable eigenspace of the original equilibrium. 


10.8.2. Orbit and Inclination Flips 


Now consider test functions for two forms of global degeneracy along a curve of homoclinic orbits 
to a saddle, namely orbit- and inclination-flip bifurcations. Therefore, we additionally assume that 
there are no eigenvalues of A(xo, a) with zero real part, while the leading eigenvalues are real and 


‘0 Beyond the critical point, it is the approaching equilibrium that is labeled zo. 
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Fig. 10.21 Orbit flip with 
respect to the stable manifold 
in R3 


simple, that is, 


Re fn_ < +--+ < Rep2 < py <0 < Ay < RerA.<---<Rerd 


ny: 


Then, it is possible to choose normalized eigenvectors pj and pi of A? (xo, «) depending smoothly 
on (2g, a) and satisfying 


A" (ao, )p} = mip}, A’ (xo, api = Arp}. 


Here and in what follows, the dependence on xp and a of eigenvalues and eigenvectors is not 
indicated, for simplicity. Accordingly, normalized eigenvectors qj and qj‘ of A(z, a) are chosen 
depending smoothly on (x, a) and satisfying 


A(xo, qr = pig;, A(®o, aq} = Arqy. 


An orbit flip bifurcation occurs when the homoclinic orbit changes its direction of approach 
to the saddle between the two components of a leading eigenvector. The defining equation for the 
orbit-flip bifurcation (with respect to the stable manifold) can be written as 


lim e~"* (pf, a(t) — ao) = 0, (C.1) 
t-co 


where x(t) is a homoclinic solution and the growth of the exponential factor counterbalances the 
decay of ||x(t) — xg|| ast > oo. Similarly, the equation for the orbit-flip with respect to the unstable 
manifold is given by 


lime"! (pi, x(t) — x9) = 0. (C.2) 


t>—0o 


At a point where either condition (C.1) or (C.2) is fulfilled, the homoclinic orbit tends to the saddle 
(in one time direction) along its nonleading eigenspace (see Fig. 10.21 for an illustration in three 
dimensions). The truncated test functions which should be evaluated along the solution curve of 
(10.97) are therefore given by 
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Orbit-flip (with respect to the stable manifold): 
vu =e" (pi, a(+T) — 20). 
Orbit-flip (with respect to the unstable manifold): 
12 =e? (pt, a(—T) — ao). 
The inclination-flip bifurcation is related to the global twistedness of the stable and unstable 


manifolds W*" (ao) of the saddle x around its homoclinic orbit. Recall from Chap. 6 that at each 
point x(t) of the homoclinic orbit the sum of tangent spaces 


Zt) = XH+YO 


is defined, where 
X(t) = Tet) W* (x0), Y(t) = Tray W" (x0). 


Generically, codim Z(t) = 1, that is, X(t) MN Y(t) = span{(t)}. In the three-dimensional case, the 
space Z(t) merely coincides with the plane X (t) tangent to W*(xo) at a point x(t) in Mo (see Fig. 
10.22). In order to describe the defining equations for the inclination-flip bifurcation, we have to 
introduce the adjoint variational problem 


pt) = —A? (x(t), ay), 
y(t) > 0 as t > +00, (C.3) 
[2 (eO® — -°, vO) dt = 0, 


where A(x, a) = f(a, a). The first equation in (C.3) is the adjoint variational equation introduced 
in Sect. 6.4.1 of Chap. 6. The integral phase condition with a reference vector function y°(-) selects 
one solution out of the family c(t) for c € R!. The solution ((t) is orthogonal to the above- 
defined subspace Z(t) for each ¢, thus, its limit behavior as t — -too determines the twistedness 
of the space Z(t) around the homoclinic orbit. Inclination-flip bifurcations occur at points along 
a homoclinic curve where this twistedness changes without an orbit flip occurring. The defining 
equations for the inclination-flip bifurcation with respect to the stable manifold are given by 


lim eM" (qi, p(t) = 0, (C4) 
t->—-0oo 
and with respect to the unstable manifold by 


Jim e (gf, e®) = 0, (C5) 


where the exponential factors neutralize the decay of ||y(t)|| as t + -too. If either (C.4) or (C.5) 
holds, the stable (unstable) manifolds of the saddle xo are neutrally twisted around the homoclinic 
orbit (see Fig. 10.23 for a three-dimensional illustration). 

Next, we define P,(29, a) to be the (n_ x n) matrix whose rows form a basis for the stable 
eigenspace of A(ao, a). Similarly, P,,(ao, a) is a (n4 Xx m) matrix, such that its rows form a basis 
for the unstable eigenspace of A(2o, ~). Consider now replacing (C.3) by the truncated equations 
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(a) (b) 
Fig. 10.22 (a) Simple and (b) twisted homoclinic orbits 
Fig. 10.23 Inclination flip 


with respect to the stable 
manifold in R? 


p(t) + AT (x(t), a)p(t) + ef (a(t), a) = 0, 
P;(x0, a)yp(+T) = 0, 

Py (xo, Oy(—-T) = 0, 

Le — y(t), p°)) dt = 0. 


(C.6) 


Here, ¢ € R! is an artificial free parameter, which turns (C.6) into a well-posed boundary-value 
problem and remains almost zero along its solution curve. Evaluating the limits in (C.4) and (C.5) 
at t = +T yields the following test functions. 


Inclination flip (with respect to the stable manifold): 
dis =e MT (gt, p(T). 


Inclination flip (with respect to the unstable manifold): 
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dia = eT (qt, p(+T)). 


To evaluate practically the truncated test functions ~13,14 along the homoclinic curve, we have to 
continue the solution to the extended BVP composed of (10.97) and (C.6): 


f(xo, a) = 0, 

a(t) — f(a), a) = 0, 

L,(xo, a)(a(—T) — x0) = 0, 

Lu(xo, a)(a(T) — x0) = 0, 

[7 (a@) — 2 (t), 4°) dt — 1 = 0, 

pt) + A? (a(t), apt) +e f(x), a) = 0, 
P,(29, ~(+T) = 0, 

P. (xo, ay(—-T) = 0, 

Sre® — PO, PO) dt = 0. 


This produces the (approximations to) homoclinic solution x(t) and the bounded solution y(t) to 
the adjoint variational equation simultaneously. 

The test functions w11,12,13,14 are well defined for both the original and truncated boundary-value 
problems. 


10.8.3 Singularities Along Saddle-Node Homoclinic Curves 


Suppose that a generic saddle-node homoclinic orbit is continued. Recall that in this case the 
truncated boundary-value problem is composed of equations (10.97) and (10.99). Let po be a null- 
vector of A? (xq, a) normalized according to 


(po, Po) = 1 


and differentiable along the saddle-node homoclinic curve. Then the following test functions will 
detect noncentral saddle-node homoclinic bifurcations, where the closure of the homoclinic orbit 
becomes nonsmooth (i.e., the condition (SNH.1) of Sect. 7.1 in Chap. 7 is violated). 


Noncentral saddle-node homoclinic orbit: 


1 
Wis = peGT) — 0), Po), (C.7) 


1 
v6 = 7 (e(—T) — 20), Po). (C.8) 


These functions measure the component of the one-dimensional center manifold in which the two 
end points of the approximate homoclinic orbit lie, and are well defined along the saddle-node 
bifurcation curve (see Fig. 10.24). Both ~15 and w16 converge to smooth functions along the curve 
of central saddle-node homoclinic orbits as T — oo. Which of the test functions (C.7), (C.8) is 
annihilated is determined by whether the critical homoclinic orbit is a center-to-stable or unstable- 
to-center connection. 


Remarks: 
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Fig. 10.24 Continuation through a noncentral saddle-node homoclinic bifurcation while following 
a central saddle-node homoclinic curve 


(1) The test functions ~o9,19 and w15,16 provide us with two different strategies for detecting 
noncentral saddle-node homoclinic orbits. This allows us to switch between the continuation of 
saddle and central saddle-node homoclinic orbits at such points. 


(2) A nontransverse saddle-node homoclinic bifurcation (where the condition (SNH.3) from 
Sect. 7.1 is violated) can be detected as a limit point with respect to the parameter along a curve of 
central saddle-node homoclinic bifurcations. > 


10.9 Appendix D: Bibliographical Notes 


The literature on numerical bifurcation analysis is vast and grows rapidly, together with computer 
software developed to support the analysis of dynamical systems. We can recommend the lectures 
by Beyn (1991) and the two tutorial papers by Doedel et al. (199 1a, b) as good general introductions 
to numerical methods for dynamical systems (see also Guckenheimer & Worfolk (1993) and, in 
particular, Guckenheimer (2002)). More advanced readers will enjoy (Govaerts 2000). A compre- 
hensive survey on the numerical bifurcation analysis is provided by Beyn et al. (2002); see also 
Meijer et al. (2009). 

The theory of Newton’s method to locate solutions of nonlinear systems is fully presented in 
Kantorovich & Akilov (1964); see also Babenko (1986). Rank-one updates to improve iteratively 
the quality of the Jacobian matrix approximation in Newton-like iterations were first introduced by 
Broyden (1965) using certain minimal conditions. A detailed convergence analysis of the Broyden 
method can be found in Dennis & Schnabel (1983). 

An algorithm to compute the Taylor expansions of the stable and unstable invariant manifolds of 
a hyperbolic equilibrium was derived by Hassard (1980). Our presentation in Sect. 10.1.3 that uses 
the projection technique is based on Kuznetsov (1983). Computation of global two-dimensional 
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invariant manifolds in ODEs (including stable and unstable invariant manifolds of equilibria and 
limit cycles, as well as invariant tori) has recently attracted much attention; see, for example, 
Homburg et al. (1995), Dieci & Lorenz (1995, 1997), Krauskopf & Osinga (1999), and Osinga 
(2003). 

The integral phase condition for limit cycle computation was first proposed by Doedel (1981). 
Computation of limit cycles by shooting and multiple shooting has been implemented by Khibnik 
(1979) and Holodniok & Kubiéek (1984a). A combination of the shooting methods with automatic 
differentiation techniques has been studied by Guckenheimer & Meloon (2000). Systematic usage 
of orthogonal collocation for computation of limit cycles is due to Doedel & Kernévez (1986) 
(see also Doedel et al. (1984)). General convergence theorems for collocation at Gaussian points 
have been established by de Boor & Swartz (1973). An efficient algorithm, taking into account 
the special structure of matrices arising in Newton’s method applied to the orthogonal collocation 
discretization, has been implemented by Doedel (1981). It allows for the simultaneous computation 
of the cycle multipliers (see Fairgrieve & Jepson (1991) for an improvement). 

Since equilibrium computation and many bifurcation problems can be reduced to the continu- 
ation of implicitly defined curves, a number of continuation packages have been developed. They 
are all based on the predictor-corrector method with slight variations. Early standard codes to solve 
continuation problems were developed by Kubiéek (1976) (DERPAR) and Balabaev & Lunevskaya 
(1978) (CURVE). Note that the Moore-Penrose inverse was implemented in CURVE to perform 
the corrections. Since then, several universal continuation codes have appeared. We mention PATH 
by Kaas-Petersen (1989), PITCON by Rheinboldt & Burkardt (1983), BEETLE by Nikolaev (see 
Khibnik et al. (1993)), ALCON by Deufihard et al. (1987), several illustrative codes in the book by 
Allgower & Georg (1990), as well as the continuation segments of the bifurcation codes AUTO86/97 
by Doedel & Kernévez (1986), BIFPACK by Seydel (1991), and CONTENT by Kuznetsov and Lev- 
itin. The survey paper by Allgower & Georg (1993) contains some information on the availability of 
these and other continuation codes. The general theory of continuation is developed and presented 
by Keller (1977) (who introduced pseudo-arclength continuation), Rheinboldt (1986), Seydel (1988, 
1991), and Allgower & Georg (1990). 

The detection and location of bifurcation points based on monitoring the eigenvalues (multipli- 
ers) is implemented in AUTO86. Test functions to locate Hopf and Neimark-Sacker bifurcations 
based on Hurwitz determinants have been proposed by Khibnik (1990) and implemented in the 
code LINLBF, where they are also used for the continuation of the corresponding bifurcations by 
the minimally augmented approach. The detection of Hopf bifurcations with the help of the bial- 
ternate matrix product is essentially due to Fuller (1968) (who refers to even earlier contributions 
by Stéphanos (1900)). Jury & Gutman (1975) used the bialternate product to detect the Neimark- 
Sacker bifurcation of maps. This approach has been reintroduced within a bifurcation/continuation 
framework by Guckenheimer & Myers (1996) and Govaerts et al. (1997), successfully applied to 
several problems, and implemented in CONTENT. Appendix B introduces the bialternate product 
in the most straightforward manner. An alternative approach based on the tensor matrix product can 
be found in Govaerts (2000). The regularity theorem for the resulting minimally augmented system 
is due to Guckenheimer et al. (1997). Several test functions appropriate for large systems have been 
developed by Moore et al. (1990) and Friedman (2001). In the latter work, the continuation of low- 
dimensional invariant subspaces is used (Dieci & Friedman 2001). Modified minimally augmented 
systems, where the defining function for the bifurcation is computed by solving a bordered linear 
system, were proposed by Griewank & Reddien (1984) for the fold continuation and by Govaerts 
et al. (1997) for the Hopf continuation. Other methods to continue Hopf bifurcation using bordered 
systems are discussed by Beyn (1991), Chu et al. (1994), and Werner (1996). General properties of 
bordered matrices were established by Govaerts & Pryce (1993) and presented in detail in Govaerts 
(2000). The location and continuation of fold and Hopf points via extended augmented systems 
have been considered by several authors, including Moore & Spence (1980), Rheinboldt (1982), 
Roose & Hlavaéek (1985), and Holodniok & Kubiéek (1984b). These methods are implemented in 
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AUTO86 (see Doedel et al. (1991a)) and CONTENT. The solution of the linear systems arising at 
each Newton correction can be efficiently implemented by using their special structure. 

Detection and analysis of branching points (called “bifurcation points”) can be found in Allgower 
& Georg (1990). Regular extended defining systems to locate the branching points are proposed 
by Moore (1980) and Mei (1989). The program STAFF by Borisyuk (1981) (based on the program 
CURVE) detects branching points and supports branch switching, so do the programs AUTO86 
and CONTENT, as well as several other bifurcation codes. Note that this feature allows switching 
to the continuation of the double-period cycle at a flip bifurcation point. AUTO86, CONTENT, 
and other programs can also start cycle continuation from a Hopf point. MATCONT supports the 
continuation of branching points of equilibria and limit cycles with respect to an appropriate number 
of parameters (Doedel et al. 2005). 

Verification of the nondegeneracy condition for the fold bifurcation is supported by LINLBF, 
where formula (10.49) is used. Numerical computation of the first Lyapunov coefficient is performed 
by the code BIFOR2 by Hassard et al. (1981) and by the corresponding part of the program LINLBF 
by Khibnik. Both programs use numerical differentiation and compute intermediate quadratic coef- 
ficients of the center manifold. The algorithm presented in Sect. 10.2.3 differs from those just 
mentioned in using the invariant expression for /; and requiring only the directional derivatives. It 
is implemented in CONTENT and MATCONT (Dhooge et al. 2003). The coefficients of the peri- 
odic normal forms at the fold, period-doubling, and torus (Neimark-Sacker) bifurcations of limit 
cycles are computed in MATCONT; see Kuznetsov et al. (2005). 

Two-parameter continuation of all equilibrium, fixed-point, and cycle codim 1 bifurcations, 
as well as many codim 2 bifurcations in three parameters, is supported by the program LINLBF 
and its variants (see Khibnik (1990), Khibnik et al. (1993)). Codim 1 bifurcations of equilibria 
and cycles can be continued by AUTO86, CANDYS/QA (Feudel & Jansen 1992), CONTENT, 
and MATCONT. Moreover, CONTENT supports the three-parameter continuation of all codim 2 
equilibrium bifurcations (see Govaerts et al. (2000a, b)). MATCONT implements the continuation 
of all limit cycle codim 1 bifurcations using bordered boundary-value problems as proposed in 
(Doedel et al. 2003; Govaerts et al. 2005). It detects all eleven codim 2 bifurcations of limit cycles 
while tracing branches of the codim | bifurcations and computes the coefficients of the periodic 
normal forms at the detected codim 2 points (De Witte et al. 2013, 2014). 

One way to locate a homoclinic orbit numerically is by the continuation of a limit cycle to large 
periods (see Doedel & Kernévez (1986)). A shooting technique for homoclinic orbit location and 
continuation was implemented into the code LOOPLN by Kuznetsov (1983) (see also Kuznetsov 
(1990, 1991)). Rodriguez-Luis et al. (1990) also developed a homoclinic continuation method 
based on shooting. Since these approaches have obvious limitations, boundary-value methods to 
locate and continue codim | homoclinic bifurcation have been proposed and analyzed by Hassard 
(1980), Miura (1982), Beyn (1990a,b), Doedel & Friedman (1989), Friedman & Doedel (1991, 
1993), Schecter (1993), Bai & Champneys (1996), Sandstede (1997b), and Demme! et al. (2000). 
Champneys & Kuznetsov (1994) and Champneys et al. (1996) have extended these BVP methods to 
deal with codim 2 homoclinic bifurcations, including orbit and inclination flips (see Appendix C), 
and wrote a standard AUTO86 driver HomCont (Champneys et al. 1995) for these problems. There 
is a way to obtain a good starting solution for the homoclinic continuation by a homotopy method 
(see Doedel et al. (1994), Champneys & Kuznetsov (1994), and Doedel et al. (1997)). This method 
was first implemented in AUTO97 and is efficiently supported in MATCONT (De Witte et al. 2012). 
Boundary-value methods were also successfully used to locate and continue homoclinic orbits to 
limit cycles and heteroclinic orbits connecting equilibria with cycles; see, e.g., Doedel et al. (2008, 
2009). 

Beyn (1991, 1994) has developed a method to start the saddle homoclinic curve from a 
Bogdanov-Takens bifurcation that was later improved in (Kuznetsov et al. 2014; Al-Hdaibat et al. 
2016). Gaspard (1993) and Champneys & Kirk (2004) proposed algorithms to start saddle-focus 
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homoclinic curves from a fold-Hopf point, which, however, are only applicable in special cases (see 
Dumortier et al. (2013)). 

Numerical bifurcation analysis of maps was only briefly touched on in this chapter. Location, 
analysis, and continuation of fixed-point bifurcations are very similar to those for equilibria of ODEs 
(and are supported by AUTO97, LOCBIF, and CONTENT; see, for example, Govaerts et al. 1999). 
Other problems require special algorithms. Such algorithms were developed for the computation 
of the one-dimensional stable and unstable invariant manifolds of fixed points by You et al. (1991), 
Lou et al. (1992), Krauskopf & Osinga (1998) (and implemented in DYNAMICS (Nusse & Yorke 
1998), and the latest version of DsTool (Back et al. 1992) and MATCONTM (Neirynck et al. 
2018)); for the continuation of homoclinic orbits and their tangencies by Beyn & Kleinkauf (1997) 
(implemented in MatconM (Ghaziani et al. 2009; Neirynck et al. 2018)); and for the computation 
of normally hyperbolic invariant manifolds (i.e., closed invariant curves) by Broer et al. (1997) and 
Edoh & Lorenz (2001). The most complete support of the numerical bifurcation analysis of maps 
is currently provided by MATCONTM that is described in (Kuznetsov & Meijer 2019). This book 
summarizes results, methods, and algorithms originally proposed in Kuznetsov & Meijer (2005a), 
Kuznetsov et al. (2004), Kuznetsov & Meijer (2005b), Govaerts et al. (2007), Ghaziani et al. (2009), 
and Neirynck et al. (2018). 

Systematic bifurcation analysis requires repeated continuation of different phase objects, and 
detection and analysis of their singularities and branch switching. These computations produce 
a lot of numerical data that should be analyzed and finally presented in a graphical form. Thus, 
continuation programs should not only be efficient numerically but should allow for interactive 
management and have a user-friendly graphics interface. The development of such programs is 
progressing rapidly. An early history of the development of interactive bifurcation software is 
summarized by Govaerts & Kuznetsov (2007). 

One of the most popular continuation/bifurcation programs, AUTO86, comes with a simple 
interactive graphics browser called PLAUT that allows for graphical presentation of computed 
data. There are versions of PLAUT for most of the widespread workstations, as well as a MATLAB 
version, mplaut,!! written by O. De Feo. There were several attempts to improve the user interface 
of AUTO. A special interactive version of AUTO86 was developed at Princeton by Taylor & 
Kevrekidis (1990) for SGI workstations. The program XPPAUT for workstations and PCs is another 
example.!? It also performs simulations and computes one-dimensional invariant manifolds of 
equilibria (for a description of a recent version of XPPAUT, see Ermentrout (2002)). An interactive 
version, AUTO94, for UNIX workstations with X11 was also designed by E. Doedel, X. Wang, and 
T. Fairgrieve. This version had extended numerical capabilities, including the continuation of all 
codim | bifurcations of limit cycles and fixed points. The software was upgraded in 1997 to support 
the continuation of homoclinic orbits using HomCont; it was called AUTO97 (Doedel et al. 1997). 
For IBM-PC compatible computers, an interactive DOS program LOCBIF has been developed 
by Khibnik et al. (1993). The numerical part of the program is based on the noninteractive code 
LINLBF and allows for the continuation of equilibrium, fixed-point, and limit cycle bifurcations 
up to codim 3. LOCBIF supported much of the continuation strategy described in Sect. 10.4 of this 
chapter.!? A popular simulation program, DsTool!* (Back et al. 1992), incorporates the numerical 
part of LOCBIF and emulates its interface. 


'l Available at http://www.math.uu.nl/people/kuznet/cm. 
2 XPPAUT is available via http://www.math.pitt.edu/~bard/xpp/xpp.html. 


'3 LOCBIF is freely available at https://webspace.science.uu.nl/~kouzn101/LOCBIF but is no 
longer supported. 


'4 DsTool is available via http://pi.math.cornell.edu/~gucken/software.html. 
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The new generation of continuation/bifurcation software is represented by the interactive pro- 
gram CONTENT!> developed by Yu. A. Kuznetsov and V. V. Levitin with contributions by O. 
De Feo, B. Sijnave, W. Govaerts, E. Doedel, and A. R. Skovoroda. It is designed to run on most 
popular workstations under UNIX/X11/ (Open)Motif and on PCs under Linux or MS-Windows 
95/NT/98/2000/ME/XP and supports the numerical computation of orbits, continuation of equi- 
libria (fixed points) and cycles, detection and normal form analysis of local bifurcations, their 
continuation in two and three parameters, and branch switching, as described in this chapter and in 
Kuznetsov et al. (1996) and Govaerts et al. (1999, 2000a, b). Two new MATLAB interactive tool- 
boxes for the continuation and bifurcation analysis are based on CONTENT: MATCONT (Dhooge 
et al. 2003, 2008) for autonomous ODEs and MATCONTM (Kuznetsov & Meijer 2019) for iterated 
maps.!° 

During the last decades, considerable efforts have been made to develop/improve general codes 
for the numerical bifurcation analysis of ODEs, which implement known numerical methods but 
focus on efficiency. The latest AUTO version AUTO-07P!” is the successor to both AUTO97 
and its C-version AUTO2000. It includes some parallelization, dynamic memory allocation, and 
the ability to use user equation files written in C. Bifurcation analysis of large systems of ODEs 
requires special software tools such as LOCA!® (Salinger et al. 2005) or cl MATCONTL (Bindel 
et al. 2014). Dankowicz & Schilder (2013) have presented COCO, a platform to develop MATLAB 
toolboxes for continuation and bifurcation analysis based on efficient treatment of boundary-value 
problems with parameters. !? 

The development of computer algebra has an impact on dynamical system studies (see, e.g., a 
collection of papers edited by Tournier (1994) on computer algebra and differential equations). One 
can attempt to locate equilibria of a polynomial system using methods from commutative algebra 
implemented in popular symbolic manipulation systems such as MAPLE (Char et al. 1991a,b), 
Mathematica (Wolfram 1991), and REDUCE (Hearn 1993). A very good presentation of the relevant 
notions (ideals, varieties, Groébner basis, etc.) and algorithms is given by Cox et al. (1992). Another 
important field of application of symbolic manipulations is the theory of normal forms (see, e.g., 
Chow et al. (1990), Sanders (1994), and Murdock (2003)). Actually, the most complex expressions 
for normal form coefficients given in this book have been obtained with MAPLE. Finally, let 
us mention an interactive system SYMCON for continuation/bifurcation analysis of equilibria of 
symmetric systems of ODEs by Gatermann & Hohmann (1991), in which a combination of symbolic 
and numerical methods is implemented (see also Gatermann (2000), Gatermann & Hosten (2005)), 
and variants of automatic differentiation implemented in CONTENT by Levitin (1995) and in 
MATCONTM by Pryce et al. (2010). 


3 CONTENT is available via https://webspace.science.uu.nl/~kouzn101/CONTENT/ but is no 
longer supported. 

® MATCONT and MATCONTM are available via https://sourceforge.net/projects/matcont. 

7 AUTO-07P is available at https://github.com/auto-07p or https://sourceforge.net/projects/auto- 
O7p. 

8 LOCA is available at https://www.cs.sandia.gov/loca. 


9 COCO is available at https://sourceforge.net/projects/cocotools. 


A 


Basic Notions from Algebra, Analysis, and Geometry 


In this appendix, we summarize for the convenience of the reader some basic math- 
ematical results that are assumed to be known in the main text. Of course, reading 
this appendix cannot substitute for a systematic study of the corresponding topics 
via standard textbooks. 


A.1l Algebra 


A.l.1 Matrices 


Let A be ann x m matrix with complex elements aj; € C! 


@11 G12 °** Alm 
A= 421 G22 *** Gm : 
Gnt Qn2°** Anm 
and let A’ denote its transpose 
@11 21 *** Qn 
AL — G12 422 +++ An2 
Aim A2m°*** Anm 


The product of ann x m matrix A andanm x [ matrix Bis then x J matrixC = AB 
with the elements 
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m 


65 = Yo aiees: @=1,2,...,n, 7=1,2,...,1. 
k=l 


The following property holds: 
(AB)’ = BTA’. 
The determinant of a square n x n matrix A is the complex number defined by 


detA= So (H1)% a5 aia ++ Gigns 


(41522,-.-stn)ESn 


where S,, is the set of all permutations of n indices, and 6 = 0 when the multi-index 
(71, 22, ..-, 2n) can be obtained from the multi-index (1, 2, ..., n) by an even number 
of one-step permutations; 6 = 1 otherwise. A square matrix A is called nonsingular 
if det A 4 0. For a nonsingular matrix A, there is the inverse matrix A~!, such that 
AA~! = A~!A =I, where J is the unit (identity) m x m matrix 


100.---0 
00--- 01 


If A and B are two n X n matrices, then 
det(AB) = det A det B. 
The order of the largest nonsingular square submatrix of ann x m matrix A is called 


its rank and is denoted by rank(A). 
The trace of a square n x n matrix A is the sum of its diagonal elements 


n 
trA= SS Aii- 
i=l 


The sum of two n x m matrices A and B is the n x m matrix C = A+ B with 
the elements 


Cig = Giz + bi;, 4S 1. 22, FH 1,2 er. 


The product of a complex number 4 and an n x m matrix A is the n x m matrix 
B = A with the elements 


bj = Aaiy, 1=1,2,...,n, 7 =1,2,...,m. 
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Consider a function 7 +> f(a) defined by a convergent series 
[oe 
k 
SO) = She 

k=0 
(analytic function). Given a square matrix A, we can introduce a square matrix f(A) 
by 


fA=)>0 frA*, 
k=0 


where A° = I,,, A’ = AA*!, k =1,2,.... For example, 


0° 
eA => ) 
k=0 


[= 


A*® 
% 


en 


A.1.2 Vector Spaces and Linear Transformations 


A complex n x 1 matrix 


U = (UI, V2, -6+5Un) = 


Un 


is called a vector. The set of all such vectors is a linear space that can be identified 
with C”. In this space, addition of two elements and multiplication of an element by 
a complex number are defined component-wise. 

A subset X C C” is called the linear subspace (hyperplane) of C” if ~ € X and 
y € X imply x+y € X and Ax € X for any \ € C!. A linear subspace Z is called 
the sum of two linear subspaces X and Y if any vector z € Z can be represented as 
z=ax+y for some vectors x € X and y € Y. Symbolically: Z = X + Y. If sucha 
prepresentation is unique for each z, Z is called the direct sum of X and Y and is 
denoted by Z=X Q@Y. 

Vectors {a!, a?,..., a*} from C” are called linearly independent when 


aya! +ana* +--+ a,a* = 0, 
if and only if a; = 0 for all j = 1,2,..., &. The set 
k 


L = span{a',a’,...,a*} = veC’:v= a;a', nec 


i=l 
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is a linear subspace of C”. If {a!, a?,..., a} are linearly independent, dim L = k. 
A set of n linearly independent vectors is called a basis. The set of unit vectors 


1 0 0 
da] peal l poeta f! 
0 0 1 


is the standard basis in C”. Any vector v € C” can be uniquely represented as 


U1 
U2 
v= = viel + ue? +--+ + une”. 
Un 
If {e!, e700, é"} is another basis, any vector v € C” can also be represented as 


Sie! age 2 oye 
where u; € C! are components of v in this basis. Denote u = (u1, U2,..., Un)! . 
Then 


v=Cu, 


where the n x n matrix C is nonsingular and has the elements c;; that are the com- 
ponents of the basis vectors €; in the standard basis 


: 1 2 , : 
a = ce + coe +++ + enje", el tae Aer 


Ann x n matrix A can be identified with a linear transformation of the space C” 


vb> Av. 
In a basis {e!, <7, ..., e”} this transformation will have the form 
ur Bu, 
where the matrix B is given by 
B=C''AC. 


The matrices A and B are called similar. The ranks of similar matrices and their 
determinants coincide. 
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A.1.3 Eigenvectors and Eigenvalues 


A nonzero complex vector 
UV = (U1, U2, ---, Un) € C” 
is called an eigenvector of ann x n matrix A if 
Av = Xv, 


for some \ € C!. The complex number 4 is called an eigenvalue of A corresponding 
to the eigenvector v. The eigenvalues of A are roots of the characteristic polynomial 


h(A) = det(A — AI), 


and every root is an eigenvalue. Thus, there are n eigenvalues if we count their 
multiplicities as the roots of h(\). The eigenvalues are continuous functions of matrix 
elements. The coefficients of the polynomial A(A) will not change if we replace A 
by any similar to A matrix. Since 


NOOSE + Cty aA oe et A, 


the determinants and traces of similar matrices coincide. 


A.l.4 Invariant Subspaces, Generalized Eigenvectors, and 
Jordan Normal Form 


A linear subspace X C C” is called an invariant subspace of the matrix Aif AX C X, 
that is, if w € X implies Aw € X. 

If \ is a root of the characteristic polynomial, then there is an invariant subspace 
(eigenspace) of A that is spanned by the eigenvector v € C” associated with A: 


X={reC":r=wv,we C}}. 


If \ is a multiple root of the characteristic polynomial of multiplicity m, then one 
can find 1 <_< /™m linearly independent eigenvectors viiu,...,v, correspond- 
ing to A. For each eigenvector v’, there is a maximal chain of complex vectors 


{wID) wI 2. wFk}, such that 
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Apt — tg) 
Ag S yD yD 


Awhk) = dpi a waki-D, 


The chain can be composed of only one vector w4"), that is merely the eigenvector v/. 
The vectors w4*) with k > 2 are called generalized eigenvectors of A corresponding 
to the eigenvalue \. They are not uniquely defined. The subspace 


X={reC?:ca=uwh +unwh® +---+u,wF”, we Cy 


is an invariant subspace of A. 

Eigenvectors and generalized eigenvectors corresponding to distinct eigenvalues 
are linearly independent. The vectors {w’!, w/-?,..., w*/} composing a chain cor- 
responding to a multiple eigenvalue . are also linearly independent. 


Theorem A.1 (Jordan normal form) The space C” can be decomposed into linear 
invariant subspaces of the matrix A corresponding to its eigenvectors and generalized 
eigenvectors. In a basis given by all the eigenvectors and generalized eigenvectors, 
the matrix A has a block-diagonal form with square blocks 


A 1 0.---0 
0 A 1.---0 
0) sears 1 
(Meee OX 


whose dimension is equal to the length of the corresponding chain. 


This form is called the Jordan normal form or Jordan canonical form. Notice that 
several Jordan blocks of dimension m > | can be associated with one eigenvalue . 
Their number N(m, A) can be computed by the formula 
N(m, Xd) =Tlm4+1 — 2rm eis 

where rp = n and rz, = rank(A — XJ,)*. 

It also follows from Theorem A.1! that the product of all the eigenvalues of the 
matrix A is equal to its determinant: 

det A = A,A2--- An, 


while their sum is equal to the trace: 


AS oe tod 
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If the matrix A is real, then it has linear invariant subspaces of R” spanned by 
eigenvectors and generalized eigenvectors corresponding to its real eigenvalues and 
also by the real and imaginary parts of complex eigenvectors corresponding to its 
complex eigenvalues with, say, positive imaginary part. Such subspaces are called 
(real) generalized eigenspaces of A. 

If \ is an eigenvalue of A, then 1. = f(A) is an eigenvalue of B = f(A), where f 
is an analytic function. 


A.1.5 Fredholm Alternative Theorem 


Let A be areal n x m matrix and let b € R” be a real vector. The null-space of A is 
the linear subspace of R” composed of all vectors x € R™ for which Ax = 0. The 
range of A is the set of all 2 € R” for which Ay = x for some y € R”™. 


Theorem A.2 (Fredholm Alternative Theorem) The equation Ax = bhasa solu- 
tion if and only if b' v = 0 for every vector v € R" satisfying A’ v = 0. 


Notice that b’v = pe , 0;v; is the standard scalar product in IR". The theorem 
means that the null-space of A’ is the orthogonal complement of the range of A 
and that together they span the whole R”. In other words, any vector b € R” can 
be uniquely decomposed as b = b, + bo, where b, is in the range of A, bo is in the 
null-space of A’, and b, is orthogonal to bo. 

If A is acomplex matrix and b is a complex vector, Theorem A.2 remains valid if 
we replace transposition by transposition composed with complex conjugation. 


A.1.6 Groups 


A set G is a group if a product “o”: G x G — G is defined which satisfies the 
following properties: 


(i) fo(goh) = (fog) oh forall f,g,h eG; 

(ii) there is a unit element e € G such that goe=eog =g, forall g € G; 

(iii) for each g € G, there is a unique element g~! € G, such that g-!og= 
go g =e. 
All real nonsingular n x n matrices with the matrix product and the unit matrix 
T,, form the general linear group denoted by GL(n). All n x n matrices satisfying 
A’ A = I, compose its orthogonal subgroup O(n). 
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A.2. Analysis 


Ify = g(x), g: R” > R”, andz= f(y), f: R" > R*, are two maps, then their 
composition h = f ogisamap z = h(x), h: R” > R*, defined by the formula 


A(x) = f(g(2)). 
Let f,(y) denote the Jacobian matrix of f evaluated at y € R™ 


— (Fy 
fy(y) = ( Oy; ). 


where i= 1,2,...,k, 7 =1,2,...,m. If we similarly define h(a) and g,(x), 
then 


h(x) = fy(y)]| [gr(x)] 


y=9(2) 


(the chain rule). 


A.2.1_ Implicit and Inverse Function Theorems 


Consider a map 
(x,y) > F(x, y), 


where 
F:R" xR” > R"”, 


is asmooth map defined in a neighborhood of (2, y) = (0, 0), such that F(0, 0) = 0. 
Let F,(0, 0) denote the matrix of first partial derivatives of F with respect to y 
evaluated at (0, 0) 


’ 


OF (a, 
F,(0, 0) = (a=) 
(e,y)=(,0) 


Oy; 


where 7,7 = 1,2,...,m. 


Theorem A.3 (Implicit Function Theorem) — /f the matrix F,,(O, 0) is 
nonsingular, then there is a unique smooth locally defined function y = f(x), 


f:R" > R®, 


such that 
F(x, f(x)) =0, 
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or all x in some neighborhood of the origin of IR". Moreover 
fe 8 g 


f-0) = —[F, 0, 0)" F,(0, 0). 


The degree of smoothness of the function f is the same as that of F. 
Consider now a map 


y = 9(2), 
where 


g:R" > R" 


is a smooth function defined in a neighborhood of x = 0 and satisfying g(0) = 0. 
The following theorem is a consequence of the Implicit Function Theorem. 


Theorem A.4 (Inverse Function Theorem) /f the matrix g,(0) is nonsingular, 
then there is a unique smooth locally defined function x = f(y), 


f:R° SR’, 


such that 


gfY) =y 


for all y in some neighborhood of the origin of R”. 


The function f is called the inverse function for g and is denoted by f = g™!. 


If a function f : R” — R” is invertible and both f and f~! are smooth, the map 
xt» f(x) is called a diffeomorphism. 


A.2.2 Taylor Expansion 


Let Q be a region in R” containing the origin x = 0. Denote by C*(2, R”) the 
set of maps (vector-valued functions) y = f(x), f : 82 — R"”, having continuously 
differentiable components up to and including order k > 0.If f ¢ C*(2,R™) witha 
sufficiently large & > 1, the function f is called smooth. A C® function has continu- 
ous partial derivatives of any order. Any function f €¢ C*(, R™) can be represented 
near x = 0 in the form (Jaylor expansion) 


k 


|i] Ad : 
f(x) = » : ee) vias ain + R(x), 


i 'q5! 5 f i 9,02 in 
az lol+++ty! xan 
fico °1°%2 n Ox; Ox, Ox; [etl 


where || = 7; + i2 +--+ i, and R(x) = O(|\a||*+!) = o(|z||"), namely 
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|R@)II 
l|a||* 


as ||x|| > 0. Here ||x|| = Va? x. 
A C®-function f is called analytic near the origin if the corresponding Taylor 
series 


a6 : 

1 dl f@) a) 12 in 

Do aa in! Ox! Ox” Ox ae 
Uzst2i °° Unt see if 

zo 21°22 nt OX}' 0X5 Tn | 9 


converges to f(a) at any point x sufficiently close to x = 0. 


A.2.3 Metric, Normed, and Other Spaces 


A set X is a metric space if a function p : X x X — R! is defined, such that: 


Gi) p(x, y) = ply, x) forall x, y € X; 
(ii) p(x, y) > 0 and p(a, y) = Oif and only if z = y; 
(iii) p(x, y) < pla, 2) + plz, y) for all x,y,z € X. 


The function p is called a metric (or distance). A sequence {x;,}7°., of elements 
x, € X hasalimit x® € X (convergent) if for any ¢ > O there is an integer N (€) such 
that 


P(LE, Lo) < €, 


for all k > N(e). Notation: x° = limp_,oo 2,. A function f : X — X is continuous 
at x9 if 

lim f(x) = f(x), 

k->0oo 


for all sequences such that limp.+4.0 Up = x. A function g:X — X is called 
Holder-continuous at x° if there exist a constant Lo and an index 0 < GB <1, such 
that 


(g(x), (ao) < Lolp(a, x0)” 


for all x sufficiently close to xo. 

A set S C X is closed if it contains the limits of all convergent sequences such 
that for any finite k, x, ¢ S. A sequence {x;,}7°, of elements x, € X is a Cauchy 
sequence if for any € > 0 there is an integer N(e) such that for every n,m > N, 


Pn, Lm) <€. 


If the sequence {x;,}(° , has a limit, it is a Cauchy sequence. If any Cauchy sequence 
has a limit in X, the space X is called complete. 
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Let X be a set of elements for which addition and multiplication by (complex) 
numbers satisfying standard axioms are defined. The set X can consist of functions, 
for example, X = C*(Q,C”). 

The set X is a normed space if a function || - || : X — R! is defined, such that: 


(i) ||x|| = O and ||a|| = 0 implies x = 0; 
(ii) ||ax|| = |a|||a|| for any (complex) number a; 
(iii) lla + yll < el] + [lyll for all x, y € X. 


The function || - || is called a norm. Any normed space is a metric space with the 


metric p(x, y) = ||” — y||. If X is complete in this metric, itis called a Banach space. 
The space of continuous functions C °(2,C™) is a Banach in the norm 


| fll = max sup|f;(&)|. 
roel CEQ 


i=1,2 


A set S C X is bounded if ||x|| < C with some C > 0 forall z € S. 

The set X is a space with a scalar product if for each pair of (x, y) € X acomplex 
number (x, y) (called the scalar product) is defined so that the following properties 
hold: 


(i) (x, y) = (y, x) forall x,y € X; 

(ii) (x, ay) = a(a, y) for all x, y € X and any complex number a; 
(iii) (a + y, 2) = (x, z) + (y, 2) for all x, y, z © X; 

(iv) (x, x) > O and (x, x) = 0 if and only if x = 0. 


Any space X with a scalar product is a normed space with ||x|| = /(z, x). If it is 
a Banach space in this norm, it is called a Hilbert space. The space C” is a Hilbert 
space with the scalar product 


n 
(x,y) = 8" y = Do Feye. 
k=1 
Thus, it is also a Banach space and a complete metric space. Note that 


(x, Ay) = (Ax, y), 


for any x, y € C” and a complex matrix A. The space C°(2, C™) is a space with 
the scalar product 


(f,9) = i f" (a)g(@) dx, 


but is not a Hilbert space. 
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A.3 Geometry 
A.3.1 Sets 


To denote that x is an element of a set X, we write x € X. A set A is a subset of X 
(A c X)ifx € Aimplies x € X.If A and B are two sets, then the set A U B consists 
of all elements that belong to either A or B, while the set AM B is composed of all 
elements that belong to both A and B. The set consisting of all elements of A which 
do not belong to B is denoted by A \ B. The set of all ordered pairs (a, b), such that 
a € Aandb € B, is called the direct product of two sets A and B and is denoted by 
Ax B. 
The following notations are used for the standard sets: 


R!: the set of all real numbers —oo < x < +00; R! denotes the set of all non- 
negative real numbers x > 0; 
IR”: the direct product of n sets R!; an element x € R” is considered as a vector 
(one-column matrix) x = (41, %,..., Lp)3 

C!: the set of all complex numbers z = x+ iy, where x,y ¢R!, i? =—-1. 
Any z € C! can be represented as z = pe'” = p(cosp + isin), where p = |z| = 
Jv? +y? and yp = arg 232 = x — iy; 

C”: the direct product of n sets C'; an element z € C” is considered as a vector 
(one-column matrix) z = (2, 22,..-, Zn)3 

Z: the set of all integer numbers {..., —2, —1, 0, 1,2, ...}; Z, denotes the set of 
all nonnegative integers k = 0, 1, 2,...; 

S!: the unit circle: S' = {x € R? : at +25 = 1}; 

T°: the two-torus: T? = S! x S|}. 


A.3.2 Maps 


Let X and Y be two arbitrary sets. A (single-valued) map (or function) 
[:x-Y 


is said to be defined from X to Y if, for any element x € X, an element y € Y is 
specified. We write 


y = f(@), 


or 
rr f(a). 
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Amap f : X — X iscalleda transformation of X. A map f : X — Y can be defined 
only for elements of a subset D C X. In this case, D is called the domain of definition 
of f. 

The set f (Xo) of ally € Y such that y = f(a) forsomex € Xo is called the image 
of Xo C X. The image f(X) is referred to as the range of f. The set f—!(Yo) of all 
x € X such that f(x) € Yo is called the preimage of Yo C Y. 

A map f is invertible if f~'(Y) = X and f~'({y}) consists precisely of one 
element x = f~'(y) for any y € Y. In this case, the inverse map f~'!: Y > X is 
defined, such that f~'(f(x)) = 2 for all x € X, and f(f~'(y)) = y forall y € Y. 


A.3.3 Manifolds 


For our purposes, it is sufficient to consider the manifold M C R" as a set of points 
in R” that satisfy a system of m scalar equations: 


F(x) =0, 


where F : R” > R” for some m < n. The manifold M is smooth (differentiable) if 
F is smooth and the rank of the Jacobian matrix F;, is equal tom at each point x € M. 
At each point x of a smooth manifold M, an (n — m)-dimensional tangent space 
T,M is defined. This space consists of all vectors v € R” that can be represented as 
v = ¥(0), where y : R! + M isasmoothcurve on the manifold satisfying y(0) = x. 
Alternatively, TM can be characterized as the orthogonal complement to 


span{VF,, VFo,..., VFin}, 


where 


VF, = (S OY we at) k=1,2,...,m, 
Ox, Ox Oy, 
are linear independent gradient vectors at point x. One can introduce n — m coordi- 
nates near each point x € M by projecting to TM, so that a smooth manifold M is 
locally equivalent to R"~”. 
A region Q € IR” is a closed set of points in R” bounded by a piecewise smooth 
(n — 1)-dimensional manifold. 
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supercritical, 146, 308, 455 
numerical analysis of, 569 
of equilibria and fixed points, 69 
of fixed points of codimension two, 441 
of limit cycles, 189, 210, 349, 361, 362, 
627 
codimension two, 553 
in symmetric systems, 318 
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Takens-Hopf, 440 
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of maps, 130 
theory, 87, 128 
torus, 130, 214 
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period-doubling, 554 
tangent, 558, 559 


bifurcation diagram, 73-75, 83, 255, 284, 


315, 334, 338, 341, 357, 372, 379, 
380, 383, 392, 401, 439, 441, 445, 
455, 469, 490, 493, 494, 556, 557, 
560, 569, 610, 627 

definition of, 72 

for 1:1 resonance, 468 

for 1:2 resonance, 479 

for 1:3 resonance, 488, 489 

for Bautin bifurcation, 347 

for Bogdanov-Takens bifurcation, 357 

for fold-Hopf bifurcation, 373, 377 

for Hopf-Hopf bifurcation, 394, 398 

for the generalized flip bifurcation, 450 

of a fold bifurcation, 91 

of a normal form, 77 

of a pitchfork bifurcation, 73 

of Bazykin’s predator-prey system, 361 

of one- and two-dimensional systems, 73 

one-parameter, 76, 585 
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universal, 76, 233 
bifurcation function, 591 
bifurcation sequences, 494, 500, 502 
bordered system, 194, 406, 408, 410, 414, 
540, 541, 544, 547, 549, 612, 614, 
619, 652, 653 
boundary conditions, 43 
Dirichlet, 41, 43 
Neumann, 41 
periodic, 579 
projection, 621 
boundary-value problem 
augmented, 619 
for continuation of the Neimark-Sacker 
bifurcation of cycles, 618 
for cycle continuation, 590, 617 
for flip continuation, 618 
using bordering, 619 
for fold continuation, 617 
for homoclinic continuation, 621, 622 
for saddle-node homoclinic continua- 
tion, 623 
minimally augmented, 619 
periodic, 579 
branch switching, 608 
at codim 2 points, 626 
branching point, 604 
detection of, 608 
location of, 610 
simple, 607 
Broyden update, 573, 575, 628 


Cc 
CANDYS/QA, 653 
Cartesian leaf, 241 
center manifold, 175 
periodic, 175, 208-210 
Center Manifold Theorem, 176, 327, 361, 
383, 404, 445 
for homoclinic orbits, 254, 265, 267 
Periodic, 209 
with symmetry, 312 
chain rule, 664 
change of coordinates, 94 
chaotic dynamics, 169 
chaotic oscillations, 556 
characteristic 
equation, 45 
matrix, 45 
polynomial, 31, 575, 661 
cl_MATCONTL, 655 
closed invariant curve, 526, 538 


Index 


COCO, 655 
codimension, definition of, 74 
combined reduction/normalization — tech- 
nique, 191, 208, 228, 327, 334, 405 
complexification, 127 
composition, 49, 108, 235, 239, 251, 254, 
272, 275, 292, 296, 321, 582, 664 
computer algebra, 116, 428, 655 
condition 
Hurwitz, 639 
conditions 
Andronov-Pontryagin, 83 
bifurcation, 73, 76-78, 89, 129, 282, 330, 
349, 441, 445 
for cusp, 446 
for the Bautin bifurcation, 346 
for the homoclinic bifurcation, 232 
Hopf, 102 
Dirichlet boundary, 221 
for structural stability, 82 
genericity, 77, 96, 112, 135, 155, 234, 
242, 247, 248, 250, 254, 270, 284, 288, 
289, 291, 317, 331, 334, 337, 346, 349, 
356, 361, 380, 443, 446, 450, 595 
for Hopf bifurcation, 77 
invariance, 578 
Morse-Smale, 83 
nondegeneracy, 77, 78, 96, 115, 155,282, 
331, 337, 355, 360, 369, 379, 391, 394, 
397, 403, 444, 454, 456, 468, 488, 499, 
563 
for 1:1 resonance, 468 
for 1:2 resonance, 478 
orthogonality, 385 
periodicity, 584 
phase, 579, 584 
integral, 580, 591, 617, 620, 628 
Shil’nikov chaotic, 382 
transversality, 77, 96, 155, 242, 331, 337, 
355, 371, 403 
conjugacy, 183 
constant 
Feigenbaum, 144, 169 
numerical approximation to, 628 
CONTENT, 653-655 
continuation, 556-558, 579, 585, 615 
fold for cycles, 618 
Moore-Penrose, 589 
natural, 589 
of codim 1 bifurcations of limit cycles, 
617 
of codim 1 equilibrium bifurcations, 611 
of equilibria and cycles, 586 


Index 


of homoclinic orbits, 620 
of limit cycles, 590, 626 
from a Hopf point, 602 
pseudo-arclength, 589 
strategy, 626 
continuation problem, 586, 590, 604, 625 
for the fold bifurcation, 611 
for the Hopf bifurcation, 611 
numerical solution of, 586 
perturbation of, 609 
Contraction Mapping Principle, 19, 148,573 
convergence, 590 
criteria, 575 
linear, 573 
quadratic, 572 
superlinear, 575 
coordinate 
change, 52, 53, 135, 140, 141, 150, 151, 
153, 154, 236, 334, 337, 446, 450, 453, 
472 
complex, 342 
linear, 356 
complex, 150 
dilatation, 169 
polar, 97, 119, 148 
shift, 135, 431 
parameter-dependent, 149, 335, 342, 
352, 384 
transformation, 151, 346, 353 
linear, 461, 471 
correspondence map, 582 
cross-section, 283, 302 
local, 189, 235 
transversal, 288 
CURVE, 652, 653 
curve 
bifurcation, 328, 338 
flip, 443 
fold, 328, 332, 337, 358 
fold for maps, 443 
for planar NS, 443 
Hopf, 329, 333 
invariant, 302 
smooth, 669 
cycle, 29, 222 
blow-up, 377, 399 
cross-section to, 28 
definition of, 10 
heteroclinic, 377, 383, 401, 424, 427, 
479, 489, 497, 498, 500, 644 
hyperbolic 
in planar systems, 67 
in three-dimensional systems, 67 
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limit, 10, 120, 240 
saddle, 67 
of a continuous-time system, 10 
of a discrete-time system, 11 
of a reaction-diffusion system, 42 
of period three, 158 
of period two, 138, 158 
period of, 10 
stable, 18 
of period seven, 308 


D 
delays, 44 
Denjoy’s Theorem, 326 
determinant, 658, 662 
diffeomorphism, 12, 61, 62, 348, 360 
definition of, 665 
local, 29 
differential equations, 26, 31, 46 
autonomous, 21 
delay, 44 
ordinary, 23 
time-periodic, 34, 553 
with partial derivatives, 41 
directional derivatives, 597 
discretization, 580, 585, 590, 618 
displacement, 571 
dissipative structure, 42, 222 
distance, 666 
divergence, 33, 36, 67, 257, 264, 428 
doubling operator, 169, 170, 627 
restricted to the unstable manifold, 171 
DsTool, 654 
dynamical systems 
classification of, 47 
continuous-time, 5, 48, 89, 176, 184, 189, 
307, 311, 585, 592 
an example of, 7 
definition of, 7 
diffeomorphic, 53 
discrete-time, 5, 6, 18, 19, 48, 129, 133, 
169, 182, 183, 207, 307, 452, 585, 590, 
594, 613, 616 
conjugate, 49 
equivariant, 311, 312 
finite- and infinite-dimensional, 5 
generic, 58 
Hamiltonian, 233, 265, 271 
induced, 78, 424 
infinite-dimensional, 41, 45, 221 
invariant, 311, 383, 403, 422, 479, 482, 
488, 493 
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invertible, 5, 6 
Morse-Smale, 87 
noninvertible, 5, 45 
notion of, 1 
smooth, 7 
structurally stable, 83, 87 
on tori, 306 
symmetric, 73 
numerical analysis of, 655 
with symmetry, 310 
dynamics 
random, 16, 17 
strange, 382, 403, 424 


E 

eigenbasis, 576 

eigenspace, 621, 661 
central, 265 
generalized, 663 
leading, 265 
principal (leading), 247 

eigenvalues, 575 
central, 265 
critical, 176 
definition of, 661 


double, 332, 333, 349, 356, 362, 439, 


482, 566 
leading, 265 
multiple, 661, 662 
principal (leading), 247 
eigenvector 


adjoint, 350, 459, 470, 483, 490, 577, 624 


definition of, 661 
generalized, 350, 459, 470 
definition of, 662 
elliptic integral, 435, 440, 480 
equation 
algebraic branching, 607 
Bautin’s, 118 
characteristic, 60, 102 
Duhamel’s integral, 228 
fixed point, 441 


homological, 123, 193, 196, 202, 204, 


405, 540 
logistic delayed, 155 
Rayleigh’s, 118 
restricted to the center manifold, 191 
Riccati, 437 
Ricker’s, 143, 158 
Van der Pol’s, 118 
variational 

adjoint, 648 
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fundamental matrix solution of, 32 


equations 


Brusselator, 116 
delay differential, 44 
differential, 20 
FitzHugh-Nagumo, 83 
Lorenz, 311 
center manifolds of, 206 
Hopf bifurcation, 206 
Picard-Fuchs, 435 
planar, 36 
reaction-diffusion, 41 
time-periodic, 445 
variational, 32 
Volterra, 420 
with delays, 46 


equilibria 


conjugate, 314, 317 
hyperbolic, 58, 59 
of a reaction-diffusion system 
homogeneous and nonhomogeneous, 
42 
saddle, 70 
topologically equivalent, 59 


equilibrium, 10, 37, 40 


analysis, 575 

center, 422 

central, 554 

continuation, 569 

definition of, 10 

fixed, 314, 317 

focus-focus, 270, 274 

hyperbolic, 57, 78, 89, 176, 269, 586 
on the plane, 60 

location, 569, 570, 626 

node, 283 

of a reaction-diffusion system, 42 

of ODE, 24 

repelling, 570 

resonant node, 126 

saddle, 59-61, 72, 247, 259, 269, 283, 

399, 576 

definition of, 57 

saddle-focus, 59, 247, 248, 254, 259, 

270, 382 

saddle-node, 282, 359, 498 
three-dimensional, 286 

saddle-saddle, 287, 288 

stable, 18, 25, 43, 45, 55, 61, 570 

unstable, 61 


equilibrium curve, 586, 591, 604 
equivalence, 47 


finite-smooth, 239 


Index 


local topological, 59, 79 
node-focus, 55 
of bifurcation diagrams, 74 
orbital, 54, 57, 112, 333, 403, 404, 423 
local, 343 
smooth, 369, 388, 391, 482 
relation, 47 
smooth, 53, 57, 302, 478 
local, 180 
smooth local, 518, 529 
smooth orbital, 57 
topological, 48, 53-57, 59, 60, 62, 72, 
73, 75, 81, 120, 162, 170, 233, 248- 
250, 255, 282, 284, 289, 302, 305, 402, 
448, 455, 500, 569 
and orientation properties, 62 
definition of, 48 
local, 54, 75, 77, 78, 93, 100, 119, 
134, 137, 142, 147, 179, 185, 187, 189, 
315-317, 319, 320, 322, 323, 340, 341, 
348, 360, 379, 380, 383, 394, 403, 420, 
425, 447, 448, 451, 467, 482 
near a homoclinic bifurcation, 233 
of phase portraits, 48 
error estimate, 573, 585 
extended system, 184, 244 


F 
Feigenbaum cascade, 562 
Feigenbaum’s universality, 169, 562 
finite differences, 582, 596, 598 
first return map, 556 
fixed point, 10 
attracting, SO 
definition of, 10 
repelling, 50 
semistable, 50 
positive, 20 
fixed points 
attracting, 19 
hyperbolic, 61, 64, 304 
locally topologically equivalent, 62 
of the doubling operator, 170 
repelling, 19 
saddle, 61, 63, 64, 170, 254 
semistable, 19 
negative, 19 
positive, 19 
stable, 309 
unstable, 309 
fixed-point curve, 594 
flow, 5, 11 
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semi-, 5 
suspension, 27 
Fredholm Alternative Theorem, 123, 192, 
194, 366, 406, 459, 471, 541, 663 
Fredholm solvability condition, 215 
frequency locking, 306 
function 
analytic, 659, 663, 666 
angular, 304 
continuous, 666 
H6lder-continuous, 268, 666 
Hamilton, 21, 35, 426, 427, 432, 565 
inverse, 665 
multilinear, 192, 215 
smooth, 665 
functional, 579 
fundamental domain, 49, 51, 139, 160 


G 
gradient, 26, 28, 242 
group, 311, 313 
definition of, 663 
general linear, 663 
inverse element, 663 
orthogonal, 324 
representation of, 311, 383, 403 
symmetry, 325 
unit, 311, 663 


H 
Hénon map, 17, 130, 158, 207, 295, 298, 325, 
563 
generalized, 326, 566 
Hadamard Graph Transform, 165 
half-parabola, 347 
Hamilton function, 271 
Hamiltonian systems, 375, 383, 404, 427, 
432, 440, 564, 565 
perturbation of, 359, 425 
Hassel-Lawton-May model, 629 
heteroclinic structure, 381, 382, 459, 502, 
538 
heteroclinic tangency, 382, 527 
history, 44 
HomCont, 653, 654 
homeomorphism, 48, 49, 53, 54, 56, 75, 83, 
120, 170, 239, 271, 316, 348, 360, 
383, 420, 447, 483 
close to identity, 87, 93 
conjugating, 49, 52, 122, 139, 162 
parameter-dependent, 75, 360, 420 
homoclinic loop, 423, 497 
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big, 363 

homoclinic structure, 68, 456, 459, 469, 482, 

489, 490, 554, 560, 562 

homoclinic tangency, 295, 469 
computation of, 654 

homotopy method, 609 

hypernormal form, 526 

hysteresis, 338 


I 
image, 669 
Implicit Function Theorem, 92, 95, 101, 128, 
142, 149, 159, 316, 329, 335, 336, 
353, 360, 370, 390, 435, 448, 507, 
520, 586, 604 
formulation of, 664 
increment, 597 
interaction 
fold-Hopf, 379 
Hopf-Hopf, 402 
interpolation, 584 
intersection 
of stable and unstable sets, 229 
transversal of manifolds, 231, 233, 244, 
469 
invariant circle, 454, 455 
invariant curve, 64, 456, 489 
closed, 146, 147, 155, 163, 310, 323, 456, 
468, 469, 481, 490, 502, 554, 556, 654 
destruction of, 562 
stable, 158, 169 
invariant manifold, 58, 62, 64, 85, 175, 184, 
187, 189, 235, 237, 247, 259, 290, 
294, 380-382, 402, 403, 456, 469, 
489, 502, 554 
approximation of, 576, 654 
center, 176-180, 182-185, 189, 199, 205, 
209, 222, 225, 282, 283, 288, 307, 312, 
316, 324, 341, 349, 384, 441, 498, 554, 
555, 596 
computation of, 191 
in parameter-dependent system, 184 
linear approximation to, 180 
nonuniqueness of, 178, 188, 192 
parameter-dependent, 186 
quadratic approximation to, 181 
representation of, 191 
restriction to, 180, 181, 284, 287, 332, 
333, 444 
global behavior of, 64 
normally hyperbolic, 303, 326, 334, 654 
of a cycle, 66 
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of a fixed point, 66 
of a limit cycle, 251 
twisted, 68 
stable, 58, 61, 63, 84, 148, 170, 576, 578 
topology of, 249 
twisted, 250 
unstable, 58, 61, 63, 170, 171, 188, 577 
one-dimensional, 622 
invariant set, 58, 281, 299, 312, 313, 556 
closed, 12 
definition of, 11 
stability of, 18 
invariant subspace, 661-663 
invariant torus, 302, 325, 377, 392, 402, 554 
destruction of, 381, 403 
three-dimensional, 392, 402 
Inverse Function Theorem, 95, 109, 137, 
336, 439, 464 
formulation of, 665 
involution, 445 
iterate, 445 
fourth, 492 
second, 138, 474, 482 
third, 486 


J 
Jordan block, 351 
Jordan normal form, 662 


K 
Klein bottle, 299 
Kronecker delta, 594 


L 
Lagrange basis polynomials, 584 
Legendre polynomial, 585 
Lemeray diagram, 8 
limit cycle, 98, 189, 234, 242, 248, 254, 269, 
288, 307, 364, 375, 377, 431, 489, 
569, 602 
conjugate, 315 
continuation, 569 
diffeomorphic, 53 
fixed, 314 
hyperbolic, 66, 67, 294, 402, 579 
stable, 431 
invariant, 314 
location, 569, 579, 585 
nonhyperbolic, 209, 362 
principal, 554, 555 
saddle, 254 


Index 


stable, 30, 348, 362, 499, 556 
symmetric, 314 
unstable, 348, 362 
linear subspace, 659, 661 
direct sum of two, 659 
sum of two, 659 
linearization 
C!, 238, 252, 254, 271, 274, 278 
finite-smooth, 278 
LINLBF, 652-654 
LOCA, 655 
LOCBIF, 654 
logistic map, 158 
LOOPLN, 653 
Lorenz system, 205, 324 
Lyapunov coefficient, 187, 206, 349, 423 
first, 110, 199, 222, 225, 333, 344, 346, 
347, 362, 375, 397, 421, 424, 439, 524, 
563, 624, 626 
invariant expression for multidimen- 
sional systems, 197, 410 
numerical computation of, 600 
second, 344, 346, 362, 421, 439 
Lyapunov function, 25 
Lyapunov-Schmidt method, 279 


M 
Mobius band, 212, 250, 251 
Malgrange Preparation Theorem, 128 
manifold, 58, 171 
definition of, 669 
equilibrium, 91, 338 
fixed-point, 133 
immersed, 58, 62, 86 
invariant, 527 
linear, 58 
noncentral, 363 
smooth, 48, 669 
compact, 81 
one-dimensional, 442, 586 
stable 
local, 61 
map 
approximate, 467-469 
approximating, 445 
definition of, 668 
inverse, 669 
invertible, 669 
range of, 669 
MAPLE, 428, 655 
maps 
conjugate, 49, 51 
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diffeomorphic, 52 
orientation-preserving and orientation- 
reversing, 62 
MATCONT, 653, 655 
MATCONTM, 654, 655 
Mathematica, 655 
MATLAB, 654 
matrix 
characteristic, 45 
elements of, 657 
inverse, 658 
monodromy, 209 
nonsingular, 658, 663 
null-space of, 663 
range of, 663 
rank of, 658, 660 
similar, 660, 661 
sum, 658 
transpose, 657 
unit, 658 
maximal chain, 661 
Melnikov integral, 245, 264, 273, 278 
for n-dimensional systems, 261 
method of unknown coefficients, 106, 141 
model 
advertising diffusion, 118 
FitzHugh-Nagumo, 258, 272 
Lorenz-84, 415, 424, 633 
of a predator-prey ecosystem, 361 
predator-prey discrete-time, 158 
model system, 334 
modulae, 76 
Moore-Penrose inverse, 590, 634 
multipliers, 62-64, 67, 129, 138, 143, 156, 
170, 182, 442, 585 
double, 459, 482, 560 
of a cycle, 66 
near a homoclinic bifurcation, 248 
of a fixed point, 61 
of a limit cycle, 53 


N 
Newton iterations, 571, 588, 589, 592 
convergence of, 572 
Newton method, 158, 571, 588, 627, 628, 
651 
convergence of, 635 
modified, 572 
Newton-Broyden method, 574 
Newton-chord method, 572 
norm, 667 
normal form, 122, 423, 431 
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approximate, 441 
coefficient 
for LPC, 217 
for NS of cycles, 221 
for PD, 219 
for flip bifurcation 
on the critical center manifold, 202 
for Neimark-Sacker bifurcation 
on the critical center manifold, 204 
periodic, 175, 208 
for fold of cycles, 210 
for period-doubling, 212 
for torus bifurcation, 213 
Poincaré, 124 
topological, 74 
truncated, 334, 337, 346, 357, 373, 379, 
383, 392, 401, 402, 426, 446, 450, 454, 
455, 508, 533, 537 
fold-NS, 521 
normal form map 
for 1:2 resonance, 563 
for 1:4 resonance, 491 
numerical integration, 570, 579 


10) 
operator 
evolution, 5, 441 
and flow, 11 
associated with ODEs, 24 
of a reaction-diffusion system, 42 
properties of, 6 
orbit, 48, 93, 119 
closed, 98 
connecting, 37, 92 
definition of, 8 
heteroclinic, 40, 229, 233, 380, 381, 479, 
524, 564 
homoclinic, 41, 70, 76, 229, 230, 233, 
235, 240, 248, 250, 254, 259, 269, 271, 
283, 284, 289, 291, 359, 361, 363, 382, 
403, 425, 431, 433, 481, 498, 500, 564, 
569, 643, 654 
algebraic, 242 
computation of, 620 
double, 257 
in Lorenz system, 312 
nontransversal, 294, 489 
nontwisted, 250 
regular, 262, 622 
saddle-focus, 424 
saddle-node, 288 
secondary, 257, 261 
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stable and unstable, 234 
to a cycle, 68 
to a nonhyperbolic limit cycle, 299 
to a saddle-node, 288, 363 
to a saddle-saddle, 291 
to nonhyperbolic equilibria, 281 
twisted, 250 
of continuous-time dynamical systems, 8 
of discrete-time dynamical systems, 8 
of ODEs, 24 
of period two, 482 
periodic, 10, 37, 38, 100, 170 
isolated, 37 
Poincaré map associated with, 28 
shift along, 26 
orthogonal collocation, 583, 604 
oscillator, 351, 353 
Van der Pol, 421 


P 
parabola 
discriminant, 357 
semicubic, 338, 446 
parameter change, 334, 337, 446, 450 
parameter portrait, 360 
PATH, 652 
period return map, 554 
phase locking, 306, 307, 402, 469 
phase portrait, 48, 57, 483, 500, 570 
definition of, 11 
elements of, 11 
of a continuous-time dynamical system, 
11 
phase space, 2 
Picard iterations, 457, 465, 467, 476, 485, 
492, 509, 522, 535 
PITCON, 652 
Poincaré, 123 
Poincaré map, 26, 66, 67, 70, 83, 120, 189, 
235, 251, 283, 288, 295, 307, 318, 
320, 347, 348, 445, 452, 553, 554, 
582, 617 
an explicit example of, 35 
for periodically forced systems, 34 
of a cycle, 29 
Poincaré normal form, 528 
for 1:2 resonance, 472 
for 1:3 resonance, 484 
for a resonant node, 126 
for double NS, 530 
for flip-NS, 529 
for NS bifurcation, 153, 154 


Index 


for the Bautin bifurcation, 342 
for the Chenciner bifurcation, 453 
for the fold-Hopf bifurcation, 367 
for the fold-NS bifurcation, 517 
for the generalized flip bifurcation, 448 
for the Hopf bifurcation, 107, 124, 127 
for the Hopf-Hopf bifurcation, 386 
Poincaré-Bendixson Theorem, 37, 40, 119 
point 
bifurcation, 333, 604 
codim 2, 331 
Bogdanov-Takens, 614, 626 
branching, 604, 626, 629 
simple, 611 
collocation, 583 
cusp, 338, 420, 626 
extremum, 592 
fold, 586, 626 
fold-Hopf, 626 
Gauss, 585, 628 
generalized flip, 449 
Hopf, 626 
Hopf-Hopf, 611, 626 
initial, 571, 586 
saddle-node, 186 
self-crossing, 604 
polarization identity, 598, 625 
Pontryagin method, 480 
prediction 
secant, 588 
tangent, 587 
predictor-corrector method, 587 
preimage, 669 
product 
bialternate, 331, 421, 593-595, 611, 638, 
641, 652 
definition of, 593 
cross, 640 
direct, 591, 668 
of the phase and parameter spaces, 
L33 
group, 663 
matrix, 657 
scalar, 350, 385, 577, 667 
projection 
central, 363 
standard, 329, 330, 338, 442, 443, 611 
property 
flat, 381, 459 
Hamiltonian, 432 
orthogonality, 366 
strong inclination, 249, 268, 272 
typical, 87 
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Q 


quasi-periodic solution, 556 


R 

range, 123 

reaction-diffusion system, 207, 221, 222, 
a 

REDUCE, 655 

Reduction Principle, 179 

region, definition of, 669 

regularity, 337, 345, 355, 356, 371, 572 

of Hopf bifurcation curve, 421 

restriction, 185, 189 

return map, 120 

rotation number, 305, 306, 455 


S 
saddle 
neutral, 330, 358, 363, 443, 614 
separatrix, 377 
standard, 182, 189 
saddle quantity, 234, 247, 252, 261, 269, 272, 
359, 363, 382, 423, 500 
scaling, 354, 397, 493 
linear, 336, 371 
singular, 359, 375, 425, 427, 432, 480, 
564, 565 
seasonal variability, 556 
separatrix, 61, 383, 433, 489, 497 
sequence 
Cauchy, 666 
convergent, 666 
of two symbols, 3 
set, 668 
biorthogonal, 385 
invariant, 37, 169 
operations with, 668 
subset of, 668 
shift 
map, 8 
unit-time, 445, 465, 475, 485, 492 
Shil’nikov snake, 254 
shooting, 580, 622 
multiple, 582 
simple, 581, 582 
singularity, 77, 626 
cusp, 338, 423 
fold, 92, 617 
Hopf-Hopf, 611 
singularity theory, 128 
Smale horseshoe map, 1, 12, 68, 83, 255, 
293, 382, 403, 490 
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and a homoclinic structure, 65 
and symbolic dynamics, 16 
construction of, 13 
invariant set of, 14, 16 
structural stability of, 16 
smoothness 
finite, 148, 179 
space 
Banach, 42, 44 
definition of, 667 
complete metric, 4, 18, 19, 165, 666 
complete normed, 42 
completion of, 42, 221 
finite-dimensional, 4 
function, 148, 170, 221, 279 
Hilbert, 43, 221 
definition of, 667 
incomplete, 42 
infinite-dimensional, 41 
linear, 659 
metric, 3, 12, 666 
closed subset of, 666 
normed, 42 
bounded set in, 667 
definition of, 667 
of continuously differentiable vector 
functions, 42 
of sequences, 3, 8, 17 
tangent, 647, 669 
with a scalar product, 667 
spectral problem, 222 
split function, 232, 234, 264, 433, 434 
singular, 243 
stability, 572 
asymptotic, 18 
global, 20 
conditions, 43 
exponential, 576 
Lyapunoy, 18 
numerical, 582 
of a closed invariant curve, 20, 148 
of a cycle, 28, 30, 32 
of a fixed point, 19, 30 
infinite-dimensional, 19 
of a limit cycle, 46 
determination via multipliers, 30 
of a periodic orbit, 19 
of an equilibrium, 25, 43 
of cycles, 347 
of equilibria, 575 
of invariant set 
definition of, 18 
of periodic solutions, 34 
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structural, 78, 79, 81, 82, 87, 306 
and genericity, 306 
Andronov’s, 81 
conditions for, 82 
strict, 81 
STAFF, 653 
state space, | 
Banach, 48 
complete metric, 48 
definition of, | 
function, 41, 170 
infinite-dimensional, 20, 170 
of a chemical reactor, 41 
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